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TRUNC, TAM KHO A HOC TIT NHIEN V A CONG NGHE QUOC GIA 
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• * 



NGUYEN VAN LIEN 



HAM GREEN 

trong vqt ly chdt ran 

Bai toan mot hat 



NHA XUAT BAN DAI HOC QUOC GIA HA NOI 



Cuon sach nay duoc hinh thanh tren co so cac bai giang cua tac gia cho 
sinh vien cao hoc chuyen nganh vat ly 6 Vien Vat ly, thuoc Trung tarn Khoa 
hoc Tu nhien va Cong nghe Quo'c gia va a Khoa Vat ly, thuoc Trudng Dai 
hoc Su pham Ha Noi, trong cac nam 1998 - 2003. Muc dich cua cuo'n sach 
la cung cap cho nguoi doc nhung khai niem ca ban v£ ham Green, tu* cac 
tfnh chat toan hoc den ap dung vao cac bai toan khac nhau cua ly thuyet 
luong tu v^t ran, tap trung chu yeu vao cac bai toan mot hat vai nhung mo 
hlnh kinh dien. Do la noi dung chuong 2 va cac chuong 5-8. Chuong 1, 
dong vai tro phan mo dau, cho tong quan ngan gon cac bai toan mot hat 
trong vat ly chat ran, se de cap den trong cac chuong sau. Nhung khai niem 
trinh bay trong chuong 3 va chuong 4 la tong quat cho cac he co tuong tac. 
Cac khai niem nay duoc su dung trong chuong 7 va chuong 8. 

Sau m6i chuong co phan thao luan bo sung va bai tap vol noi dung tro 
giup, mo rong hoac minh hoa va van dung mot each khong phtic tap cac 
kien thuc da hoc. 

M6t luong ra't han che cac tai lieu tham khao duoc chon theo nguyen 
tac: do la cac bai bao goc, kinh dien, cac bai tong quan hoac nhung cuon 
sach duoc nhi6u nguoi sir dung. 

Khi viet cuon sach nay chung toi khdng co y dinh dung mot dang bie\i 
diln, mot each ky hieu nha't quan. D6i khi, mot bieu thurc duoc co' tinh vi£t 
dong thoi trong bieu di£n toa do, xung luong (momentum), trong ky hi£u 
Dirac. Lam nhu vay, chung toi hy vong co the 7 tro* giup d6c gia trong vi&c 
tham khao tai li£u tu cac ngu6n khac nhau. 

Mac du da co' gang han che'dein mure toi da, trong cuo'n sach kh6ng tranh 
khoi van con nhdm lan, sai sot. Tac gia se v6 cung bte't on v6 nhung gop y, 
phS binh cua quy doc gia. 
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Tac gia chan thanh cam on cac d6ng nghiep a Vien Vat ly da nhueu nam 
cung nhau chia se di£u kien lam viec rat kho khan; cam cm cac anh, chi a 
Phong may tfnh, cac anh sinh vien da soan thao Latex va ve tat ca cac hinh 
trong cuon sach; cam an Ban Lanh dao Vien Vat ly da tai trgf mot phan kinh 
phi xuat ban. Tac gia cung chan thanh cam on Nha xuat ban Dai hoc Quoc 
gia Ha Noi da quan tarn, giup da de cuon sach som ra mat ban doc. Va, 
cuon sach khong the co neu tac gia khong nhan duoc su dong cam, dong 
vien thuong xuyen cua gia dinh minh. 

Ha noi, thcmg Tarn nam 2003 



Muc luc 



1. Bai toan mot electron 9 

1 . 1 Electron tu do. Song phang 9 

1.2 Ly thuyet Hartree-Fock 10 

1.3 Electron trong tinh the ly tuong. Ham Bloch 13 

1 .4 Cau-truc vting nang-lirong 15 

1.4.1 Gan dung electron gan tu do 15 

1.4.2 Gin dung lien ket manh 17 

1 .5 Cau true vung khi co truong nhilu loan 

khong tuan hoan 19 

1 .5. 1 The tap. Trang thai dinh xtr 21 

1.5.2 Anh huong cua dien trircmg 22 

1.5.3 Electron trong tu trucmg 24 

1.6 Do dan dien 25 

1 .6. 1 Khai niem do din dien 25 

1.6.2 Cong thCrc Drude 27 

1 .6.3 Hinh thCrc lu^n Boltzmann 27 

1 .6.4 Cong thCrc Kubo-Greenwood 29 

2. Ham Green cua cac phirong trinh 

vi phan tuyen tinh 33 

2. 1 Ham Green kh6ng phu thuoc thoi gian 34 

3 



4 Muc luc 

2.1.1 DinhnghTa 34 

2.1.2 Tmhchat 35 

2.1.3 Vidu 39 

2.2 Ham Green cua phuong trinh chua dao ham 

bac mot theo thai gian 41 

2.2.1 DinhnghTa 41 

2.2.2 Tinhcha't 43 

2.2.3 Vidu 45 

2.3 Ham Green cua phuong trinh chura dao ham 

b&c hai theo thai gian 46 

2.3.1 Dinh nghla 46 

2.3.2 Tmhcha't 47 

2.3.3 Vidu 51 

2.4 Bai toan umg dung don gian: m6t hat tir do 52 

2.4.1 Hinh thurc luan chung 52 

2.4.2 Bai toan m6t hat tir do 55 

3. Cac ham Green trong Vat \y chat ran 61 

3.1 Bieu dien tuang tac va S-matr$n 61 

3.1.1 Bieu dien Schrodinger 62 

3.1.2 Bieu dien Heisenberg 62 

3.1.3 Bieu di6n tuong tac 62 

3.1.4 S-matran 66 

3.2 Ham Green electron: nhiet d6 khdng 68 

3.2.1 Dinh-nghTa 69 

3.2.2 VT du: hai ham Green tir do quan trong 72 

3.3 Ham Green electron: nhi6t do hCru han 74 



Muc I uc 5 

3.3.1 Ffinh thurc luan Matsubara 74 

3.3.2 Dinh nghTa 78 

3.3.3 Mot so ti'nh chat ca ban 81 

3.4 Ham Green phonon 87 

3.4.1 Trirong hop nhiet do khong 87 

3.4.2 Trirong hop nhiet do huu han 88 

3.4.3 Ham Green phonon tr£ 90 

4. Ham Green va ly thuyet nhieu loan 93 

4. 1 Nhieu loan khong phu thuoc thoi gian 93 

4.2 Bai toan minh hoa 99 

4.2.1 Ly thuyet tan xa (truomg hop E > 0) 99 

4.2.2 Trang thai lien ket trong cac ho' the' nong 

(trucmg hop E < 0) 104 

4.3 Nhi6u loan phu thuoc thoi gian 107 

4.3.1 Dinh ly Wick 108 

4.3.2 Gian do Feynman 113 

4.3.3 Phuong trinh Dyson 116 

5. Ham Green vdi Hamiltonian lien ket manh 121 

5.1 Hamiltonian lien ket manh 122 

5.2 Cac ham Green 125 

5.2.1 Trucmg hop 1 chi6u . 126 

5.2.2 Mang vu6ng 127 

5.2.3 Mang lap phuong dem gian 131 

5.3 Khai trien nhieu loan tai chuan hoa 

va ham Green trong mang Bethe 134 



6 Muc luc 

5.3.1 Khai trien nhidu loan tai chuan hoa 134 

5.3.2 Ham Green cho mang Bethe 138 

6. Tan xa mot tarn tap 143 

6.1 Kinh thurc lu&i chung 143 

6.1.1 Trang thai lien ket 144 

6.1.2 Vung phd lien tuc 146 

6.1.3 Trang thai cong huong 149 

6.2 Lcri giai cho mot so mang don gian 153 

6.2.1 He ba chieu: mang l&p phuong don gian 153 

6.2.2 He hai chieu: Mang vu6ng 158 

6.2.3 He mot chieu 159 

6.3 Ap dung: cap Cooper va sieu dan 163 

7. Cac he khong trat tir 171 

7.1 Bai toan nhieu tarn tap 171 

7.2 Cac gan dung co ban 173 

7.2.1 G3n dung tinh the thirc 173 

7.2.2 Gan dung T-matrlln trung binh 175 

7.2.3 Gdn dung the ket hop 176 

7.3 Ham Green va c6ng thurc d6 din dien Kubo 177 

7.4 Tinh d6 din dien Kubo 182 

7.4.1 Tan xa tap cha't 182 

7.4.2 Cong thurc Drude 186 

7.4.3 B6 chinh lucmg tir 189 

7.5 Djnh xti Anderson 196 

7.5.1 Djnh xtr Anderson va chuye'n pha Mott 196 



Muc hie 7 
7.5.2 Ly thuyet ty le ve dinh xa Anderson 199 

8. Ham Green voi cac he tu* dong nhat 209 

8. 1 Spin cua electron 209 

8.2 Mo hlnh Heisenberg 212 

8.2.1 Gan dung truong phan tu 213 

8.2.2 Gan dung ham Green 216 

8.3 Mo hinh Hubbard 220 

Phu luc 231 

A. Ky hieu "bra" va "ket" cua Dirac 231 

B. Tinh chat cua ham delta 232 

C. Luang tu hoa lan thuf hai 236 

D. Ham tirang quan va ham Green 239 
Tai lieu tham khao 242 
Chi dan chu de 248 



Chirong 1 

Bai toan mot electron 



1.1 Electron tu* do. Song phang 

Sommerfeld (Sommerfeld 1928) la nguoi da de xu&'t mo hlnh electron 
tu do trong kirn loai. Trong mo hinh nay cac electron hoa trj dirge xem la 
hoan toan tu do, bo qua tuong tic giua electron voi cac nguyen tu mang, 
cung nhu tuong tac giua cac electron voi nhau. Khi do, m6i electron dugc 
mo ta bang mot song phang chuan hoa trong the tich Q cua he: 

W(k.r) = rr 1/2 exp(zkr) . (1.1) 

O day, r la toa do, k la vecta song mo ta dong luong cua electron. Tuong 
ung, nang luong cua electron la: 

2m 

vdri m la khoi luong cua electron tu do. 

Tuy nhien, khac vdi electron trong khong gian tu do v6 han, n£u mien 
Q la mot khoi lap phuong canh L, thi cac thanh phan cua vecto k chi co the 
nMn cac gia trj 

k% = (t) Ui ; i = x -'y^ z 

trong do n f la cac so' nguyen duong hoac am. 

Nhu v&y, vecto k la mot so luong tu dac trung cho trang thai cua electron. 
Neu tinh d£h spin thi ta co them mot so' luong tir nua, d6ng thou, ham song 
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C/ufo'ng I . Bai roan mot electron 



v 0 » 

toan phan se bang tfch cua ham song (1.1) voi ham song spin. O trang thai 
voi vecta song k, electron co van toe 

hk 

v=— (1.4) 

777 

va budc-sone 

A=y. (1.5) 

d trang thai co ban, trong k-khong gian, cac electron tu do lap day cac 
trang thai tu tha'p len cao den mot gia tri A- = k F nao do. Tat ca cac trang 
thai voi k > k F la trdng. Dai luong kp diroc goi la vecto song Fermi, con 
hinh cau ban kinh k F trong k-khong gian la hinh cdu Fermi. Nang luong 
tirong umg E F = H 2 k F /2m goi la nang luong Fermi. Gia trj cua vecto song 
Fermi duoc hoan toan xac dinh boi mat do electron trong khong gian, n: 

k F = (3tt 2 77) 1/3 . (1.6) 

6 day, da tfnh den ca hai phuong cua spin. 

Pho nang luong cua electron tu do (1.2) la lien tuc tu 0 den vo han, 
E > 0. Dac trung quan trong nhat cua ph6 lien tuc la mat d6 trang thai, tire 
la so trang thai tfnh tren mot don vi nang luong trong mot don vi the tfch. 
Vdri h6 electron tu do 3 emeu mat do trang thai bang 



M6 hinh electron tu do pho'i hop vol thong ke Fermi-Dirac cho phep giai 
thich nhi6u hien tuong, chang han, vi sao dong gop cua electron vao nhiet 
dung va do tu tham cua kim loai lai nho. Ngoai ra, ham song (1.1) thudng 
duoc sir dung nhu gan dung bkc khong cho cac gan dung tid'p theo. 



1.2 Ly thuyet Hartree-Fock 



Co the noi rang, phuong trtnh Hartree-Fock la khoi diem, la co so cua 
ly thuyet mot electron. Y tuong co ban cua phuong trinh nay la nhu sau. 



1.2. Lv thuxet Hartree-Fock 
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Gia sir ta cdn tim trang thai thap nha't ^ (r-j . r 2l . . . . r N ) cua he cac elec- 
tron tuang tac vol Hamiltonian 

2m ^— ' ^— ' 2 ^— ' r 7: - r, 

trong do V (r,) la the ngoai nao do (chang han cua cac nguyen tu co dinh) 
tac dung len electron thu so hang cuoi cung la tuong tac Coulomb giCra 
cac electron mang dien tfch e. 

Hamiltonian ( 1 .8) khong the giai chfrih xac vdri he du chi vai electron. 
Hartree (Hartree 1 928 ) da d& xuat mot quy trinh bien phan, trong do xem 
la gan dung bang rich cac ham mot electron doc lap %\ (r^) : 

N 

#(n,r 2 ,...,rA,) - n^( r ') • (L9 > 

1=1 

Dung (1.9) lam ham thu, cue tieu hoa nang luong \H\ #) / (V |^), ta 
nhan diroc phuong trinh Hartree cho cac ham mot electron 



h * rr2 i t / /„ \ i \[ ^ -2 /\ l^ ( r i)l 



2 



2m 1 v ^ ^ J J \Ti - r 



3 



Ipi (Ti) = Ei Ipi 



(1. 10) 

Cac nang luong E. L b day co nghia nhu cac nang luong rieng mot electron 
(xem B1.2) va la cac tham so bien phan. 

Cac phuong trinh Hartree (1.10) chi co the giai bang phuong phap tu 
hop vdti quy trinh nhu sau: (1) chon tap cac ham rieng m6t electron ban ddu 
{ipi}: (2) dung tap nay tinh cac the tuong tac Coulomb (so' hang thu 3 trong 
ve trai cua (1.10)); (3) dung cac the nMn duoc tinh cac ipi , nhan duoc tap 
{ipi} mci; (4) xem tap {ip t } moi nMn duoc nay nhu tap ham mot electron 
ban dau, tro lai bucrc (1). Qua trinh lap lai tiep di6n cho d£h khi nhan duoc 
tap cac ham ipi va cac the tu hop. Thuong thi phuong trinh Hartree cho ket 
qua g£n dung tot doi vdri nang luong, nhung chua tot doi vdi ham song. 

Quan trong hon nua la, ham thu ( 1 .9) khCng thoa man nguyen ly loai 
tru Pauli. Thong ke Fermi doi hoi ham rteng cua Hamiltonian (1.8) phai la 
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Chtfcfng I . Bai toan mot electron 



phan do'i xung, nghTa la phai d6i da'u khi hoan vi vi tn cua hai electron bat 
ky. De may rang, ham song don gian thoa man dieu kien nay va rat gan voi 
y tuong ban dau cua Hartree vi tinh doc lap thong ke cua cac dai luong mot 
electron co dang dinh thuc Slater: 



tf(r 1? r 2 ,--- ,t n ) = 



tf'i (ri) 
V' 2 (ri) 

(ri) 



Vi (i\v) 
'02 (r jV ) 



(1.11) 



CJ day, de don gian ta xem la trong ky hi6u r t bao gom ca toa do khong gian 
lan spin. 

Su dung ham thu (1.11) Fock (Fock 1930) dan ra cac phuong trinh tu 
hop ddi voi cac ham m6t electron i\ (r z ) , goi la phuong trinh Hartree-Fock: 



2m ^ J |r - r'| 



i\ (r) 



r — r 



^■(r) = E i 0 i (r) . (1.12) 



Trong ve' trai cua phuong trinh nay di phan bi£t voi so' hang tuong tac true 
tiep (so' hang thu 3 trong ngoac vu6ng) da co trong phuong trinh Hartree 
(1.10), so' hang cuo'i duoe goi la tuong tac trao ddi. Chu y la, a cac toVig 
trong (1.12) ta kh6ng can loai triir so' hang voi j = i vi cac so' hang tuong 
ung trong the' tuong tac true tiS'p va th£ tuong tac trao d6i khi do vua dung 
loai trir lan nhau. 

Vi£c giai cic phuong trinh Hartree-Fock (1.12) tat nhidn cung chi co the 
thuc thi bang each tu hop. Phan n&ng nha't trong tfnh toan lien quan voi cac 
nang luong trao d6i. Trong tfnh toan thuc te\ rieng voi phan nang luong nay, 
nguoi ta thuong phai chap nh&n them mdt gan dung bd sung nao do, tuy bai 
toan cu the' (xem, chang han, Slater 1951, Kohn and Sham 1965). 



13. Electron trong finh the ly tu'o'ng. Ham Bloch 
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1.3 Electron trong tinh the ly tuong. Ham Bloch 

Trong tinh the ly tirong electron chiu tac dung cua mot truong tuan hoan 
gay boi cac nguyen tu nut mang. Bloch (Bloch 1928) chung minh rang, neu 
the V (r) la ham tuan hoan voi chu ky mang, thi phuong trinh 



h 



2 



2 m 



V 2 + V (r) 



pir) = Ep(r) (1.13) 



co loi giai dang 

p k (r) = e* r u k (r) . (1.14) 

trong do (r) la ham tuan hoan v6i cung chu ky nhu V (r) va duac chuan 
hoa trong the tich Q cua he. Ham song (1.14) goi la ham Bloch. 

M6i ham Bloch (1.14) mo ta mot electron, vo*i nang luong E(k) tirong 
ung, chuyen dong khong va cham trong tinh the ly tuong. M6i gia tri cua 
k thoa man dieu kien luong tu hoa (1.3) xac dinh mot trang thai electron 
(chua ke den spin). Mat khac, do su tuong duong ve mat vat ly giua cac 
vecto song k va k' = k + g, trong do g la mot vecto mang dao, ta co 

E(k) = £(k + g) , (1.15) 

nghTa la E la ham tuan-hoan vdi chu-ky cua mang dao. Va nhu-v^y, ta 
co-the viet E (k) duod dang chu6i Fourier trong k-khong-gian: 

E (k) = ^C m e" ika "' , (1.16) 

m 

trong do m = {mi , m 2 , m 3 } la cac chi so cua vecto mang thu&i. 

Dieu quan trong la, trong tinh the, do phan xa Bragg, ph6 nang lucmg 
E (k) cua electron kh6ng con lien tuc nhu a electron tu do (1.2), ma phan 
thanh cac mieVi cho phep (goi la viing nang luong) va khong cho phep (goi 
la khe). Ca ham song lUn nang luong khong chi phu thuoc vao k, ma vao ca 
chi so vung n: p n k (r) = e ikr w nk (r); E n (k). Trong m6i vung, nang luong 
la ham lien tuc cua vecto song. Mdi quan he ham so E n (k) goi la cau true 
vung. Viec tim cau true vung la bai toan co ban, quan trong nha't, la khoi 
di&n cho viec tim hieu cac tinh cha't dien, quang cua v^t lieu. 
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Chirring 1 . Bai tocin mot electron 



Trong m6t vung, neu ham E n (k) cd cue tieu (hoac cue dai) tai mot diem 
nao do (thudng la a cac bien cua vung), thi ta cd the g<in dung phan tich: 

a 8 / u 

trong do k n , kj la cac thanh phdn cua k trong he toa do vuong gdc, chi so 
"0" canh dau ngoac ngu y lay gia tri tai diem cut tri. Khi viet (1.17) ta da 
chon gdc tinh nang luong va vecto song Wong ung vdi diem cue trj. Dua 
vao khai niem tenxo khdi luong hieu dung nghich dao rn~j^ dinh nghTa la: 

, i /d 2 E„(k)\ 

4ti&.;),.- (U8) 

ta tha'y he thurc ( 1 . 17) c6 dang tuong tu nhu nang luong cua electron tu do 
(1.2). That vay, vol cac thanh phan cheo 

ta co 

h 2 P 

* <*> = E it ' 

a 

Dac biet, neu cac m~ l (a = x, y. z) la nhu nhau, m" 1 = (m*) -1 , thi 
he thuc tren trd thanh 

h 2 k 2 

EAk) = ^. (1.19) 

2 771* 

He thuc (1.19) co dang giong het (1.2) chi khac d thay khdi luong electron 
tu do bang khdi luong hieu dung rn*. Nhu v&y, trong gdn dung khao sat 
electron trong tinh the bieu hien ra (phan ung lai vdi cac tac dung ngoai 
nhu di£n trudng, tu trudng) gidng nhu mot electron tu do vdi khdi luong 
m*. Theo dinh nghTa (1.18). tuy theo diem phan tich ung vdi cue tieu hay 
cue dai cua E n (k) ma khdi luong hieu dung co the la duong (electron d 
day vung dan trong ban dan) hay am (16 trdng d dinh vung hda tri). Gia 
tri cua m* cfing co thi rat ldn hon hoac nhd hon m. Chang han, vdi GaAs 
co m*/m = 0.067, con vdi Si vi mat dang nang la ellipsoid n£n cd hai 
khdi lucmg hieu dung thanh phan: song song mj/m = 0.916 va vuong gdc 
m*/m = 0.19. 



1 .4. Cau true rung nang lia/ng 
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1.4 Cau true vung nang lirong 

Co nhi6u phirang phap tfnh cau true vung nang luong E (k) cua cac v&t 
ran tinh the* (xem, chang nan, Callaway 1964, Harrison 1980). Cac phuong 
phap nay tuy khac nhau v£ phuong dien tinh toan, nhung deu dua tren mot 
nguyen tac chung, do la phan tfeh ham rieng yjk c&n tim cua phuong trinh 
(1.13) theo mot he ham d<iy du da biet nao do. Hai he ham don gian va 
co ban nhat la he cac ham song electron tu do (song phang) va he cac ham 
song electron trong nguyen tu nut mang. Hai gan dung tuong ung goi la g&n 
dung electron gdn tu do va gan dung lien ket manh. 



1.4.1 Gan dung electron gan tir do 

Y tuong cua gan dung nay la nhir sau. Ne'u bien do cua the' nguyen tu 
nut mang V (r) khong Ion, ta co the xem the nay la nhieu loan va tim nang 
luong E (k) cua (1.13) duoi dang: 

trong do nang luong khdng nhi6u loan Eq (k) chinh la (1.2): 

E 0 (k) = — . (1.21) 
2 m 

So hang bo chinh bac mot, (k |V| k), khong phu thu6c vao k, ky hieu la V 0 . 
Vol so' hang bo chinh bac 2, ta chu y, do tinh tuan hoan cua the V (r) ye'u to 
ma tr&n (k | V| k') chi khac khong va bang V g nS'u (k — k') bang m6t vector 
mang dao g nao do. O d&y, V g la he so' trong phan tich Fourier 

V (r) = £ Vg e igr . (1.22) 
Thknh thu, nang luong (1.20) tra thanh 

g(k ) = E 0 ( k) + K 0 + X: Eo(k) l^ (k + g) . (U3) 
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Chifcfng I . Bai todn mot electron 



Day chinh la bieu thurc cau true viing E (k) can tim trong khu6n khd 
gdn dung electron gan tu do. De bieu thurc nay co nghTa, he so Fourier V g 
phai giam du nhanh khi g tang de co the xem la nho b&c mot. Dong thai, 
mau so' E 0 (k) - E 0 (k + g) phai du Ion. Vori k thoa man cac dieu kien nay, 
dang dieu cua E (k) chu yeu quyet dinh bai E 0 (k) (1.21). vS6 hang V 0 chi 
tuang duang djch goc tinh nang luong, con so hang cuoi cung trong (1.23) 
la nho. 

Nguac lai, a nhung gia tri cua k ma mau so {E 0 (k) - E 0 (k + g)) la 
nho, tfti gdn dung tra nen vo nghTa. Giai han (E 0 (k) - E 0 (k + g)) = 0 
tuong duang vai di6u kien 

(l/2)^ 2 + kg-0 . (1.24) 

Day chinh la dieu ki£n phan xa toan phan Bragg (xem, chang han, Kittel 
1986, chuong 2) va dong thai cung la phuong trinh cac mat phang giai han 
vung Brillouin. Nhu vay, khi ddu mut cua vecta k nam tren bien cua viing 
Brillouin, tac dung cua truang tinh the len electron tra nen ra't manh, khong 
con co the xem la nhieu loan va ket qua (1.23) tra nen vo hghTa. 

Dd tim cau true vung E (k) trong lan can bien cua vung Brillouin, ta 
phan tfch: 

V k = e ikr a k + g e ,gr = ]T "k+s e ,(k+g) " • ( 1 - 25 > 

g g 

Dang phan tfch nay bao dam ipu thoa man djnh ly Bloch. 

Thay ip^ (1 .25) vao phuong trinh (1.13) ta nMn duac phuang truth doi 
vai cac h6 s6' a g : 

[E (k) - E 0 (k + g)] a k+g - ^ V g+g > a k+g < - 0 . (1.26) 

9' 

R6 rang la g&n dung (1.23) tuang duang vai vi£c trong phan tfch (1.25) va 
tuong ung trong t6ng a so hang thir hai cua (1.26) ta xem tat ca cac h6 so' 
ak+g la nho, trtr h£ so a k (a^ « 1). Khi do 
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Nhung, a lan can cua bien vung, mau so cua (1.27) la ra't nho, he so n k+g 
co the tra nen rat lorn, khong the' bo qua. Chi'nh viec bo qua he so (1 .27), chi 
giir lai n k la nguyen nhan vi sao ket qua (1.23) khong the mo ta dugc cau 
true E (k) a gan bien cua vung. 

Neu giu lai ca hai he so o k va n.k+ g , bo qua tat ca cac he so khac, thi 
( 1 .26) se dan den he hai phuong trinh cho hai he so nay. Di6u kien de he 
phuong trinh co lai giai, tuc la yeu call dinh thurc tuong ung bang khong, 
cho ta mot phuong trinh bac hai doi vdri E (k) vol lai giai tai bien vung la 



Nhu vay tai bien vung ham E (k) bi gian doan, trong pho nang luong 
xuat hien mot khe ca'm vai do r6ng 2 \ V S \. Day la ket lu&n ra't quan trong 
cua ly thuye't electron g£n tu do, la ca sa de hieu cac tfnh chat vat ly cua 
cac loai v&t lieu khac nhau, trade he't la cac kirn loai. 

Hinh 1 . 1 mo ta dinh tfnh cau true vung nang luong trong tinh the m6t 
chi6u, bao gom cac vung cho phep xen ke cac khe cam. Trong m6i vung 
phu thuoc E (k) la lien tuc. O day vung E (k) co dang (1.23). Cac khe xu&'t 
hi6n a biSn vung vai do rong ty le vai bien do cua the mang. 

1 .4.2 Gan dung lien ket nianh 

Gia sir ip s (r - a^) la ham song electron trong mot nguy£n tu nam tai 
nut mang a^: 



trong do U 8 (r) la the nguyen tu* (hay ion) nut mang. Trong gan dung lien 
k£'t manh ta chon h£ cac ham <p a {r — si) lam gdn dung b&c kh6ng va khai 
tri^n ham rieng cua phuong trinh (1.13): 



E(k) = E u (k)±\V i 



(1.28) 



2m 



VVs + U s (r) ip s = E s if, 



(1.29) 




(1.30) 
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E(k) 


t 




B' 


B 


7' "4 


A' 






A 



Hinh 1.1: Ca'u true vung nang lircmg trong tinh the mot chieu 

(so do viing ma rong). 



Trong kho'i exp (i ka^ ) bao dam cho ham (1.30) thoa man dinh ly Bloch. 
Mat khac, a gan m6i nut mang ham (1.30) co dang dieu rat gan voi ham 
song electron trong nguyen tix co lap. 

Vol ham song (1.30), a gan dung b£c mot, ta co gia tri trung binh cua 
nang luong la 

E(k) = J r k (r) [(-h 2 /2m) V 2 + V (r)] ^ (r) dv j J ^ fa dv . 

Neu sur phu nhau gitfa cac ham nut lan c&n la kh6ng qua lem, thi nhan tu 
chuan hoa a m&u so trong bleu thurc tren co the xem bang don vi, con tu so 
co thi viet dtfoi dang 

£(k) = £ s + ^V ka <£, , (1.31) 

trong do 

Et = j <p\ (r + a,) [V (r) - U s (r)] <p a (r) dv . (1.32) 

Cac bieu thurc (1.31) va (1.32) cho cau true vung E (k) trong gan dung 
li£n k£t manh, trong do so' hang gan dung bac khfing E s chfnh la nang luong 



/.5. Can trite rung khi co trtfcrng nhicu loan khong titan /wan 



19 



cua electron trong nguyen tu nut mang co lap (phuong trinh (1.29)). Su phu 
thuoc vao k cua nang luong chi lien quan voi so hang thu hai trong ve phai 
cua (1.31). So hang nay xuat hien la do sir phu nhau giua cac ham song 
electron a cac nut khac nhau. Thudng thi su phu chi la dang k£ neu cac nut 
la lan can gan nhat cua nhau. Khi do, tong theo (' a bieu thuc (1.31) se tro 
nen rat don gian. 

De minh hoa, xet truong hop mang l$p phuong don gian. Neu chi tinh 
den su phu nhau cua ham song a cac nut lan can gan nhat, thi moi |a^| = a 
(hang so mang), cac E £ (phu thuoc vao |a^| = a) la nhu nhau, Ei = A, va 
E (k) (1.31) co dang gian don: 

E (k) = E s + 2 A (cos ak x + cos ak y + cos ak z ) . ( 1 .33) 

Ta nhan duoc mot vung nang luong ddi xung qua E s v&i do rong bang 12 \A\ 
(noi chung A la am). Doc theo m6i true cua khoi l^p phuong trong k-kh6ng 
gian ham E (ki) co cue tieu tai /c z = 0 va cue dai tai bien cua vung Brillouin 
(ki = n/a). Trong mot vung, ve dang dieu, cac ducmg cong E (ki) co dang 
gan giong nhu trong gan dung electron gdn tu do, nhung do cong a day vung 
phu thuoc vao A. 

De nMn duoc buc tranh chi tiet cua cau true vung ta phai tfnh day du 
cac tich ph^n ( K32) va tong trong (1.31). Ket qua se rat nhay cam voti dang 
dieu ham song nguyen tu <p s va gia tri cua hang so mang a. Ham song ip s 
cang dlnh xu hay a cang Ion thi vung cang hep (trong giod han se la mot 
muc nguyen tu). Chi tiet v6 phuong phap lien ket manh va cac mo* rong cua 
phuong phap nay co the xem a Callaway 1964 hay Harrison 1980. 

1.5 Cau true vung khi co trtfcmg nhi£u loan 
khong tuan hoan 

Muc dfch cua ti€t nay la xem xet anh huong cua m6t truong nhi6u loan 
khong tudn hoan 16n ca'u true vung m6t electron trong tinh the. Truong nhi£u 
loan co the la truong cua mot nguyen tu hay ion la (tap cha^t), truong cua 
16 trong (trong die'u kien nha't dlnh din den cac trang thai lien ke^t exiton), 
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di6n truong hay tir trucmg ngoai. Anh hucmg cua be mat hay l£ch mang cung 
tuong ducmg nhir sir co mat cua m6t trucmg phu. 

Bai toan v6 anh hucmg cua trucmg nhidu loan kh6ng ru£n hoan da duoc 
nghien cuu m6t each co he thtfng ki tir sau nhfrng cdng trinh ra't co ban 
cua Wannier (xem Wannier 1959). 6 tren da chi ra rang, the" mang man 
hoan pha huy tinh li£n tuc cua ph<5 nang lucmg, tach no thanh cac vung cho 
phep xen ke cac khe cam. Gia thie't co ban khi giai cac bai toan vdi nhi£u 
loan kh6ng tuaVi hoan la, the" nhilu loan phai thay d6i du cham de 1 kh6ng 
gay ra sir chuye^n trang thai electron tir vung nay sang vung khac. Diem can 
nha'n manh nua la ngucri ta thucmg kh6ng chon ham Bloch lam gan dung bac 
kh6ng, ma chon ham Wannier, dinh nghTa nhu sau: 

W n (T-ae) = -^= Ye- lk * f tnu(r) , (1.34) 
VN k 

trong d6 ip,^ (r) la ham Bloch. He thuc ( 1 .34) co dang phan tfch Fourier, 
n€n ta cung co he thurc ngiroc, phan tich </ ; nk (r) theo ham Wannier: 

V; nk (r) = -±= W n (r - a,) e lka < . (1.35) 
C£c ham Wannier tuong ung vdi cac nut khac nhau la true giao voi nhau: 



/ 



dr W* (r - at) W n (r - a,,) = 0 vdi l± i ' . (1.36) 



Tai m6i nut ri£ng bi£t ham Wannier dinh xu manh (co cue dai nhon). 

Tro lai bai toan electron trong tinh the khi co nhieu loan kh6ng man 
hoan U (r). Phuong trlnh Schrodinger tuong ting la 



Lai giai ^/ c6 the 7 tim dudi dang 



(r) = (r) • (1-37) 



*/(r) = £/< ;) (^)^n(r-a,) 



(1.38) 
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trong do 7? la chi so vung, a/ la vecto vi trf cua nut L Tuong ung voi m6i 
vung, tuc la m6i loai ham dia phuong W n , co mot ham bao /„.. Neu the 
U (r) thay doi cham tren khoang each co hang so mang, thi tir (1.37) va 
( 1 .38) ta nhan duoc phuong trinh doi voi cac ham bao: 

E n (-/V) ft" (r) + U (r) (r) = (r) , (1.39) 

trong do toan tu E n (—/V) xac dinh theo he thuc (1.16) cua electron trong 
tinh th6 vdi k thay bang (-/V). Phirong trinh (1.39) co dang mot phuong 
trinh Schrodinger vdi f n (r) la mot ham lien tuc cua r (nhir mot song truy6n 
trong tinh the), U (r) la the nhi^u loan khong tuan hoan. Day la mot phuong 
trinh tong quat, co the giai cho cac U (r) khac nhau. 

1.5.1 The tap. Trang thai dinh xu 

Phuong trinh (1.39) se co dang rat don gian neu nang luong E n (k) la 
ham do'i xung cdu, co cue tieu (hay cue dai) tai k = 0. Khi do, trong ga>» 
dung bac hai ta co E n (-?'V) = — (h?/2rn*) V 2 . Them vao do, neu the 
U (r) cung la doi xung cau, thi phuong trinh (1.39) chmh la phuong trinh 
song cua mot hat kho'i luong m* trong truong doi xung xuyen tarn U (r), mot 
dang phuong trinh co ban trong co hoc luong tu (xem, chang han, Landau 
and Lifshitz 1960). Nang luong rieng cua phuong trinh nay la cac muc gian 
doan nam 0 phfa tren (so vdi trin) hay phia dudri (so voti day) cua vung kh6ng 
nhieu loan, tuy thuoc the U (r) la d^y (duong) hay hut (am). 

De cu the, xet truong hop U (r) la the Coulomb cua mdt tain tap tua 
Hydro: 

U(r) = -— , (1.40) 

XT 

trong do x la hang so dien moi cua tinh the. Tri rieng tuong ung khi do la 
cac muc gian doan (muc tap): 

E » = -w*-i' " = 1,2 - (L4,) 

tinh tu day vung khong nhi&i loan. Ta thay, kho'i luong hi6u dung m* (lien 
quan vdi dang di^u E n (k)) cang Ion, cuong d6 th6' nhi6u loan (dac trung 
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boi e 2 1 x) cang manh, thi \E V \ cang Ion, mure tap nam cang sau trong vung 
cam, trang thai ri6ng tuong ung cang dinh xu manh. Dai luong 

m* e 4 
1 ]| = 2H 2 x 2 

thuong duoc goi la nang luong ion hoa tarn tap. Trong ban dan ra* thuong 
nho, con x lai Ion, nen nang luong ion hoa tarn donor tua Hydro thuong 
nho (tarn nong). Chang nan, vcri GaAs: m* = 0.063m, x = 12.9, |^i| chi 
khoang 0.06 eV. 

Buc tranh tuong tu cung nhan duoc cho trucmg hop the U (r ) ( 1 .40) mang 
dau (+) (tarn acceptor). Khi do, E v > 0 la cac muc gian doan nam trong 
vung cam, gan dinh vung hoa tri. Tuy nhien, d day c^n luu y rang, o gan 
trdn vung hoa tri cau true vung E (k) thuong co dang phuc tap, cdn duoc 
xem xet cu the (Harrison 1980, Callaway 1964). 

Neu trong he co nhi6u tarn tap (nhieu loan) thi khi khoang each khong 
gian trung binh giua cac tap la du nho, cac trang thai electron dinh xu tren 
cac tap lan c&i co the phu nhau tao thanh vung tap cha't. Ti'nh chat dan 
truy6n cua he o nhi6t d6 thap chu yeu lien quan vdi vung nang luong nay 
(Mott and Davis 1979, Shklovskii and Efros 1984). 

1.5.2 Anh huong cua dien trucmg 

Cau true vung cua mot electron trong tinh thi khi co mat dien trucmg 
ngoai ta't nhien co thi nhan duoc bang giai true tie^p Hamiltonian khoi luong 
hi6u dung dang (1.39) vol U (r) la the nang cua electron trong dien truong 
(xem, chang han, Ziman 1964). Tuy nhien, o day ta co the ly giai van di 
m6t each don gian hon (Anderson 1997). 

Gia su dien truong E la yeu, kh6ng du de gay ra su chuyen electron 
giua cac vung. Trong qua trinh chuyen d6ng, do co dien truong, ca d6ng 
luong h k va nang luong E n (k) cua electron diu thay d6i, nhung khdng 
th^ vuot ra ngoai viing khao sat. Phuong trinh chuyen d6ng cua electron la 
hdk/dt = e£. Tu day suy ra k = k 0 + e€t/h. Tr6n hinh 1.2 md ta su 
thay ddi cua E„(k) theo k (va thoi gian t) trong truong hop tinh the" mot 
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j also 

I 
I 



i 

i 



and of 



Hinh 1.2: Phu thuoc k (va t) cua nang luong E n (t) trong tinh the 
mot chieu (a) va thay doi tuong ung cua van toe v (b). 

chieu. Khi t tang, A- tang va E n cung tang. Khi k dat gia tri ting vol bien 
vung k = G/2 (G la vecto co so cua mang dao), E n cung dat tori tran cua 
vung. Theo thdi gian, k tiep tuc tang, nhung vl dien trucmg khong du de 
chuyen electron qua khe cam sang vung tiep theo, doi voi E n (k) ta phai ap 
dung tinh tuan hoan trong k khdng gian (1.15): E n (k) = E n (k± G), dan 
toi nang luong vong lai day cua vung va ta co buc tranh dao dong nhu tren 
hinh 1.2(a). 

Nhu v&y, bang ly giai gan c6 dien gian don, ta thay rang, dien trucmg 
nrueu loan dan den su dao dong cua nang luong electron giura hai nguong 
vung vol chu ky T = HG/eS. Tuong ung, v&n toe nhom cua electron cung 
dao dong nhu tr6n hinh 1 .2b. VI v&n tdc v d6i dau tuan hoan n6n cur sau 
m6i chu ky, dich chuyen tong the cua hat x = f* dtv(t) lai bang khong. Do 
la If do vl sao m6t vung choan day ly tuong (di6n m6i) lai khdng co kha 
nang mang dong. Muon co dong phai co cac hi6u ung h6i chuyln, pha vd 
chuyen dich tuln hoan cua hat, lam cho phan b<5 hat tr£n hai phucmg +v 
va — v la khac nhau, din den chuyen dich tong the khac kh6ng. Trong kirn 
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loai hay ban dan hien tuong hoi chuyen chu yeu lien quan vai tan xa cua 
electron len cac ddi tuong nhu tarn tap hay phonon. Thong thuong, thai gian 
chuyen d6ng tu do trung binh (giua hai tan xa lien tiep) cua electron trong 



tinh the la ca 10 _11 s. Trong khi do, ne'u hang so mang la vai A, cuong do 
dien truang khoang 10 3 - 10 4 V/ cm, thi chu ky dao dong cua nang luong la 
T « 10 _8 s, r^'t Ion hom khoang thai gian trung binh giua hai tan xa. Day 
la If do vi sao su dao d6ng cua nang luong electron trong dien truang nhi^u 
loan thuong khong the hien ra du r5 de co the quan sat duac. 

1.5.3 Electron trong tir trirong 

Trong tvr truang dong nha't B, huang theo true 2, Hamiltonian khoi luong 
hieu dung cua electron trong tinh the co dang 



Lai giai rieng cua Hamiltonian nay la (Laudau and Lifshitz I960): 



trong do Eq lien quan vai goc tinh nang luong trong vung khao sat, u> c = 
\e\ B/m*c. So hang thur hai trong ve phai cua (1.42) la dong nang cua 
electron theo phuong cua tir truang. Theo phuang nay tir truang khong anh 
huang den chuyen d6ng cua electron, nang luong kh6ng bi luong tu hoa. So' 
hang cuoi trong (1.42) tuong ung vai chuyen dong cua electron trong mat 
phang vu6ng goc vol trucmg, a day nang luong bi luong tir hoa thanh cac 
mice gian doan vai gian each hu c oc B y goi la cac mire Landau. 

Nhu v^ly, tir trucmg nlueu loan dk\ den su* luong tu hoa nang luong 
electron thanh cac mire Landau va tir do dan deln nhi6u hi6u ung quan trong, 
trong do co hieu irng Hall luong tir (Klitzing et al. 1980). Anh huang cua 
hi6u ung tach mure Landau cang ro, neii nhiet d6 cang thap, khi khoang each 
giua hai mire Landau lan c^n hu c = ehB/m*c rat Ion hern nang luong nhiet 



o 





(1.42) 



k B T. 
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1.6 Do d^n dien 

Phuong phap ham Green dac biet hieu qua de mo ta cac tinh chat dan 
truy6n cua vat lieu, trong do trade net la tfnh dan dien. Do din dien cua vat 
lieu phu thuoc true tiep vao cau true vung. Co hai each m6 ta do dan dien: 
hlnh thuc luan Boltzmann va cong thurc Kubo-Greenwood. Theo each thur 
nha't, tnrdng tan xa lam thay doi vecta song cua electron, dan den sir khac 
nhau trong phan bo electron tren hai chieu doc theo phuong dien tnrdng 
(xem, chang han, Kittel 1986, Ziman 1964). Hinh thurc luan Boltzmann chi 
dung trong gicd han tan xa yeu. Cong thurc Kubo-Greenwood (Kubo 1956, 
Greenwood 1958), xuat phat tvr chinh trang thai rieng cua electron trong 
trucmg tan xa, la tong quat han va co the sir dung r6ng rai trong ca cac he 
co cau true tinh the cung nhu cac he khong trat tu (Mott 1974). 



1.6.1 Khai niem do dan dien 

Khi co dien trucmg £, trong he xua't hien ddng dien vol mat do j. Do dan 
dien duac dinh nghTa la he so trong phdn phu thuoc tuye'n tinh cua j vao E: 

j a {r,t) = dr J dr'oafffar'rtSfikr'tt-T) . (1.43) 

6 day, a, (3 ky hieu cac thanh phan trong he toa do vu6ng goc, tong duac 
lay theo chi so' lap lai (5. De don gian, ta gia thiet ca E lan j diu nam tren 
phuong x. Khi do ta chi phai tinh a xx (sau nay se bo qua cac chi so cho 
gon). Viec md r6ng tinh toan cho cac thanh ph£n a a (3 khac la rat don gian. 

Thudng thi ca E lan j thay d6i kh6ng dang ke 7 tren khoang each ma ta 
quan tarn. Khi do, sau khi dura E ra khoi da'u tich phan theo r' r6i trung binh 
theo r, ta co the" vie't lai (1.43) dtrai dang 

poo 

j (t) = / dra{r)E{t-r) , (1.44) 
Jo 

trong do 

cr ( r ) = i j dr dr'a (r, r'; r) . (1.45) 
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Bien d6i Fourier cua (1.45) cho dang phu thu6c tan so' cua d6 din: 

/*oo 

<t{u)= / dro(T)e lu}T . (1.46) 
Jo 

Trong tnrdng hop, khi didn tnrdng co dang 

S(t) = Fe- iwt + re iwt , (1.47) 
thi theo (1.44) va (1.46), ta co 

j (t) = a (uj) F.e~ lujt + a (-uj) F*e iujt . (1.48) 

Vi m&t dd dong j phai la mot dai luong thuc nen tit j* = j va vol j (t) 
d (1.48), suy ra 

o-(-uj) = <7*(cj) . (1.49) 

H6 thtic nay ngu y, phan thuc cua d6 din, cr x = Re {cr}, la ham chan 
cua tan so' (cri = <7i (— w)), con phan ao, cr 2 = 7ra{cr}, la ham le 
(cr 2 (— uj) = — cr 2 (a;)). Gitfa phan thuc <7i (a;) va phan ao cr 2 (a;) co h£ thurc 
(Economou 1983): 

g 1 (uj) = -P j^-^- , (1.50) 

7T ,/ a/ — UJ 



1 fdu'ai(u') 
a 2 (uj) = —P , U ; + 

• -7T . J UJ' — UJ 



K } 1 - , (1.50') 
a; 



trong do P ngu y tich phan theo nghia tri chfnh (xem B1.3), iA la thang du 
cua a (uj) tai uj = 0 (ne'u co). Nhor cac he thurc nay ta chi can tfnh m6t trong 
hai dai lucmg, cri hoac cr 2 . 

Do tinh nhan qua, a (t) chi khac kh6ng vol r > 0 (xem dinh nghia 
(1.43)). Su dung dieu ki£n nay, tCr (1.46) suy ra rang, ham a (uj) la giai tich 
kMp noi trong ban mat phang phurc tren, Im {uj} > 0, trong do co the 7 loai 
tru di^m uj = 0. 
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1.6.2 Cong thuc Drude 

Ly thuyet don gian nha't ve phan ting cua he ddi vdi mot dien tnrong 
ngoai bien ddi la mo hinh Drude (Drude 1900). Gia thiet ca ban cua mo 
hinh nay la xem electron la tu do. Khi co dien tnrong ngoai F.e lujt , v&n 
toe cua electron thay ddi tuaYi hoan vdi cung tan so uj. Gia su* trong qua 
trinh chuyen dong, ngoai dien tnrdng, electron con chiu mdt lire "ma sat" 
— m v/r y ma trong do m la khdi luang, v la v&n tdc cua electron, va r co thir 
nguyen thori gian (thai gian h6i chuyen). Phuong trinh chuyen dong Newton 
co dang 

771 V 

— iu>mv = \- e F . (1.51) 

r 

Theo dinh nghTa, mat do dong dien la j = nev. V6"i v rut ra tvr (1.51) ta co 
the viet j dirdi dang j = o (uj) F, vdi 

/ \ ne 2 r e ^ 

a(oj) = — : -. (1.52) 

m (1 — iujt) 

Day la cong thurc ndi tieng Drude. Hai tnrong hop gidi han cua no la 

o 

77 F T 

<r(0) = (1.53) 

777 

ddi vdi dong khong ddi, va 

2 



777 UJ 

vdi tnrong hop tin sd cao. 

C6ng thurc Drude dirge sir dung rat rdng rai, m6 ta tot nhie\i ket qua thurc 
nghi6m. Tuy nhi6n, y nghTa cua thai gian r cung nhu each xac dinh thai 
gian nay chi cd the tim thay trong mot ly thuydt hoan thi£n hon, do la hinh 
thurc lu&n Boltzmann. 

1.6.3 Hinh thurc luan Boltzmann 

Tan xa lam thay ddi vecta song cua electron, k — > k'. Goi / 0 (k) la ham 
phan bd Fermi khi khdng cd di£n tnrcmg, thi khi cd diSn tnrong ddng nha't 



28 



Cluftfng I . Bai todn mot electron 



S ham phan bo' co the? bieu dien dirdi dang: 

/(k) = / 0 (k)-|^.er(k)(v5) , (1.55) 

trong do E la nang ltfong, v la v£n toe nhom cua electron. Dai ltfcmg r (k) 
goi la thori gian h6i chuy6n d6ng ltfong (momentum), dtfot dinh nghTa qua 
xac sua't W (k, k') de trong mdt don vj thai gian electron chuyen ttr trang 
thai k sang k': 

r_1 ( k ) = J2 W ( ki k ') ( x - cos °) (1 - 56 ^ 

k' 

voi 9 la goc giua k va k'. 

Theo dinh nghTa, m&t do dong la: 

2e 
8tt 

Thay vao day / (k) ttr (1.55), ta co 



J = -^Z3 / v/(k)dk. (1-57) 



J= 4 



^/r(k)f§v(v*)dk. 
Vori thanh ph£n a cua m£t d6 dong j trong h£ true vu6ng goc ta co the viet 

ja = ^2va0£p, (1.58) 

& 

trong do tenxa d6 din dien a Q p dirac xac dinh bang 

6 d^y, v^n toe nhom v = (1/ti) dE (k) /5k, r (k) la thai gian hoi chuyen 
(1 .56). Mot khi da biert cau true vung E (k), thi viec tinh a quy v6 tmh r (k) 
vori timg co che tan xa cu the. So hang cos 9 trong (1.56) lien quan vai viec 
tinh den sir ba't dang hirong cua tan xa (tan xa goc nho thuong anh huomg 
deri dien tra y£u hom tan xa goc Ion!). Neu tan xa la ding hirong (chang 
nan tan xa tarn die'm) thi sau khi lay trung binh, so' hang cos 9 se kh6ng con 
ntfa. M6t each gin dung, r co gia tri nhir khoang thoi gian chuyen d6ng tu* 
do trung binh cua electron va lien quan vai quang duang tu do trung binh t 
bang he thurc v F r = £, trong do v F la v£n toe Fermi. 



1 .6. Do dan dien 
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1.6.4 Cong thurc Kubo-Greenwood 

Ioffe va Regel (Ioffe and Regel 1960) chi ra rang hinh thurc luan Boltz- 
mann tra nen vo nghla khi kC < 1 (turc la khi ?. ca hang so mang), vi khi do 
k khong con la mot so luong tir tot nua. Di6u nay thudng xay ra or cac vat 
lieu khong co cau true tinh the, ban dan pha tap, tinh the long ... Vol cac 
trudng hop nay, thay cho hinh thurc luan Boltzmann ta phai dung cong thurc 
Kubo-Greenwood. Duai day, ta dan ra cong thuc t6ng quat nay. 

Cong sua't cua mat do dong j trong dien trudng £ trong the' tich Q la 
P = il ( £ j ) . O day, ta quy \x6c £ va j d€u doc theo true x, gach ngang 6* 
tren ngu y trung binh theo thai gian. Su dung £ (1.47) va j (1.48) vol chu 

y a (uj) = ay (uj) + 1(7-2 (uj), trong do <j\ (J) la ham chan con a 2 (uj) la ham 
le, sau khi trung binh theo thai gian U ta co 

P = 2Q IFfaiiu) . (1.60) 

Mat khac, cong sua't P co the tinh bang 

P = ^2 E $ a Pq P = \ ]C E ( ja (P a 0 ~~ 1 ( l - 61 ) 

trong do E$ a = hup Q = Ep - E Q la nang luong do he hap thy khi trang 
thai electron chuyen tu* \a) sang \p) duci tac dung cua dien trudng; p a p la 
budc (rate) chuyen. Trong tong (1.61) da bao ham ca spin. Dai luong p a p 
co the xac dinh bang: 

Pa0 = fa(l~ h)W a0 . (1.62) 

C) day, f a = / (E a ) la ham phan bo Fermi, con xac sua't W a(i co the' tinh 
theo quy tac vang Fermi: 

W a0 = -^-\(a\H 1 \p)\ 2 S(E 0 -E Q ) (1.63) 
vai nhi6u loan H x trong bai toan dang khao sat la 



H x (t) = ex£(t) 



(1.64) 
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Chuctng I . Bai toan mot electron 



Vi6c xem H\ (t) (1 .64) la nhiSu loan ngu y ta dang lam viec trong g&n dung 
tuye'n tfnh. 

Dat (1.62) (1.64) vao (1.61) r6i can bang ket qua nMn dugc voi (1.60), 
ta rut ra 



a } (uj) = — — ]P Kalxl/?)! 2 ^ (/ a - f fj )5(huj - hu<3 a ) 



Six dung he thuc p x = m dx jdt = im [Hx — xH] / h va do do ( a \ p x \ p) 
= imuj0 a (a \x\ (3), ta vie! lai bieu thurc tren cua phan thirc a { (uj) cua do 
dan du6i dang: 

CTA^) = ^y,\^\pAP)\ 2 ^^H^-^a) ■ d.65) 
Mm 1 ^ uj 0a 

a, (3 

Phan ao cr 2 (a;) dugc tinh qua o\ (uj) bang su dung he thurc (1 .50') vol chu y 
la, hang so A co thi xac djnh bang each yeu caii a 2 (uj) thoa man gioi nan 
ia 2 —*■ (1-54) khi uj — > oo. Ta nhan dugc A = e 2 n/m. Ket hop <j 2 (a;) 
tfnh dugc vdi (1.65) ta nhan dugc cong thirc Kubo-Greenwood 



ra Qm 2 ^ ujpa J uj + iS 



a,0 



i2m^ ^ "Ufa UJp a — UJ — 10 



+ 



(1.66) 

So' hang e 2 n/m thudng dugc ggi la phan nghjch tu cua do dan. Phan con lai 
cua o (uj) (1.66), ggi la phdn thuan ru, co the 7 vi£t dudti dang 

a„ (w) = -i^r^- Y, 1 ( Q iBx I /?) f f ° " • d-67) 
ilm z hu ^-^ ujQ a — uj — id 

Edwards (Edwards 1958) chi ra rang, neu tan xa la yeu thi c6ng thurc Kubo- 
Greenwood cho lai chinh xac cac bieu thurc (1.59) vdi t (k) (1.56) trong 
hinh thurc luan Boltzmann. 



1 .6. Do dan dien 
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Thao luan bo sung va bai tap 

Bl.l Vai he electron tu do hai chi£u (two dimensional 2D) va mot chieu 
(one dimensional ID), tuang ting vol (1.6) va (1.7), ta co 



[ Tin 

o(E) - { ml * h * {2D) (169) 

Tai nguong vung, E = 0, trong khi vai ba chi£u p{E) (1.7) la lien 
tuc, vai 2D p (E) (1.69) la gian doan, con vol ID ham p (E) co ky 
di dang 1 / \fE. 



B1.2 Trong cac phuong trlnh Hartree hay Hartree-Fock tham so E\ dugc 
tinh trong su phu thuoc vao phan bo trung blnh cua tflft ca cac electron 
j i. Do do, noi mot each chinh xac, E x khong phai la nang luang 
mot electron. Ve y nghia cua cac tham so nay Koopmans (Koopmans 
1933) da chung minh dinh ly sau (Dinh ly Koopmans): Ne'u gia thiet 
rang cac ham song mot electron khong thay doi khi ta rut ra khoi 
he khao sat m6t electron i bat ky, thi hieu cac nang luang toan ph<in 
truac, E (N), va sau khi rut bat electron z, E (N — 1), se cho chinh 
xac tham so' E ( : E t = E (N) - E (TV - 1). 

B1.3 De nh&n dirge cac he thuc (1.50) ta phai su* dung tinh giai ti'ch tr6n 
nua mat phang tren cua do dan a (lj) va dong nha't thurc 

lim — ^— = P[ - ) q= itt8{x) . (1.70) 
y-o+ x±iy \ x J 

D6ng nha't thurc nay se thucmg xuy£n su dung trong cac chuong sau. 
B1.4 Tun ham ri6ng va tri ri£ng cua phuong trinh 

h 2 d 2 



2 m d x 2 



i/j k = E k ip k 
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Chtfcfng /. Bai todn mot electron 



vdi dieu kien bien ty k (0) = i) k {Na) - 0, trong do a la hang so mang. 
N la so' nguyen tu* trong mang 1 chieu. Co bao nhieu gia tri cho phep 
cua k trong vung Brillouin thur nha't? 

B1.5 Hay chting minh djnh ly Bloch: Ne'u the V (r) la ruin hoan vori chu 
ky mang thi loi giai cua phuong trlnh (1.13) co dang (1.14) 

B1.6 Cho mang mot chieu cac nguyen tir voi hang so mang a. M6i nguyen 
tu nut mang dirge bieu dien bang mot the delta: V (x) — ciVqS (x). 
Hay: (a) xac djnh d6 rong khe nang lircmg giua cac vung trong g&n 
dung electron gaVi tu do; (b) tfnh d6 r6ng cua vung nang luong tha'p 
nha't trong gaVi dung lien ket manh. 
Tra loi: 

(a) Cac khe nhu nhau vdi cung do r6ng A = 2V 0 . 

(b) W = 4 (aV 0 ) 2 me- aa '* 2 vol a = -aV a m/h 2 . 



Chiromg 2 



Ham Green ciia cac phiromg trinh 
vi phan tuyen tinh 



Trong Vat ly ta thuong phai giai bai toan tim truong tai diem r gay boi 
mot nguon (dien, nhiet ...) co kich thirds huu han va m£t do p (r ; ) nao do. 
Neii G (r, r') la truong tai r gay bai mot ngu6n diem tai r', con truong 
cung tai r g^y boi toan bo nguon vdi mat do p (r') la bang tich phan cua 
G (r , r')p (r') tren toan bo mi6n phan bo cua nguon, thi ham G (r, r ; ) chinh 
la ham Green (Green 1 828). 

Hoac, bai toan di£u kien bien: neu G (r, r') la truong tai didm r nam 
ngoai mat bien trong truong hop gia tri bien bang khong khap nai trtr tai mot 
diem r', con truong cung tai r trong truong hop gia tri bien la ip (r') nao do 
la bang tfch phan cua G (r, r') ip (r') tren toan mat bien, thi G (r, r') cung 
la ham Green. 

Hai bai toan tren co su tuong dong neu ta xem mat bien nhu mot nguon 
co phan bo tuong ung vdi gia tri bien. Phuong trinh truong khi co ngu6n la 
mot phuong trinh vi phan khong d6ng nha't, trong do s6 hang kh6ng d6ng 
nha't khong chura truong, ma chi chira mM do nguon, (vi du, phuong trinh 
Poisson V 2 0 = 4 n p). Neu khong co nguon thi phuong trinh la dong nha't 
(vf du, phuong trinh Laplace V 2 0 = 0). Tuong tu, voi bai toan bien: n£u gia 
tri bi6n kh6ng bang kh6ng khap noi tren mat bien trong bai toan Dirichlet 
(hoac thanh phdn phap tuyeln khCng bang kh6ng khap noi trong bai toan 
Neuman), thi ta co phuong trinh kh6ng d6ng nha't (xem, chang han, Morse 
andFeshbach 1953). 
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Chtfrtng 2. Ham Green cua cac phwmg trinh vi phan tuyen tinh 



Noi chung, ham Green la lai giai cua phuong trinh vi phan d6ng nhat 
khap nai tru tai mdt diem (ngu6n diem). Trong chuong nay, truac net, chung 
ta xem xet cac dac trung toan hoc ca ban cua ham Green cua cac phtfong 
trinh vi phan tuyen tfnh. 

2.1 Ham Green khong phu thuoc thoi gian 

2.1.1 Dinh nghla 

Ham Green khong phu thuoc thai gian la lai giai cua phuong trinh vi 
phan khong dong nhat dang 

[r) - C (t)] G(t, t' ; ti) = 5(t - t') , (2.1) 

thoa man di6u kien bien nao do tren mat S thuoc mien Q chura r , r'. Trong 
phuong trinh nay rj la mot bien phuc, con £ (r) la mot toan tu vi phan tuyen 
tfnh, Hermite, khong phu thuoc thai gian. 

Phuong trinh (2.1) co the viet lai trong ki hieu Dirac (xem Phu luc A): 

(i-flcw = i. an- 

Toan tu £ co cac ham rieng |0„) va tri rieng E n 

£ \</> n ) = E n |0 n ) . (2.2) 

Cac ham rieng |0„) thoa man cung dieai kien bien nhu ham Green G. Chung 
l&p thanh mot he ham true giao: 

(4>n | <t>m) = &nm (2.3) 

va diy du 

]T 1^) (M = 1 • (2.4) 

n 

Luu y rang, t6ng theo n trong (2.4), cung nhu a cac bi^u thuc tuong tu se 
gap sau nay, co the g6m hai phan: t6ng theo ph6 gian doan va tfch phan 
theo ph6 li£n tuc. 



2.1 . Ham Green k/wng phu thuoc rhiri gian 



35 



Bay gid, neu tat ca cac tri rieng cua (7/ — C) la khac khong, turc la neu 
rj khong thuoc pho tri rieng cua £, thi ttr (2.T) va (2.4) co: 

G (V) = - L 7 = E- L r = E < 2 - 5 ' 

ri — L n — L 77 — E n 

Day chmh la ham Green cua phuong trinh (2.1), trong do |0„) va E n la ham 
rieng va tri rieng cua toan tu C. Neu C co ca ph6 gian doan lan lien tuc thi 
nhu vira ghi nh£n a tren, dang cu the hon cua (2.5) la: 

G{ ) = y MM + / dE \MM. (2.6) 

^ 7] - E n J 7] - E 

hay trong r - bieu dien 

G(r ,r';j?) = V + [ dE^^l . (2.7) 

n 

2.1.2 Tmhchat 

Trudc het, tu* (2.7) ta thay ham Green thoa man quan he dao (reciprocity 
relation): 

G*(r,r':77) = G(r , ) r;ry*) . (2.8) 

Xem xet tiep (2.7). Vi tri rieng cua toan tu" Hermite £ (E n trong tong 
va E trong tich phan) ludn la thuc, cac man so trong (2.7) khac kh6ng khap 
noi trir nhtfng diem tren true thuc, ma tai do rj triing voi tri riSng cua C. Noi 
khac, ham Green G {rf) giai tich khap noi tren mat phang cua bien phurc r) 
trir nhung diem rj triing v6"i tri rieng cua £, tai do ham Green co ky dj. Xet 
hai truong hop ung vdi hai loai pho. 

N€u 7] triing voi mot tri ri£ng gian doan E n cua £, thi theo (2.7), tai 
diem 77 do ham Green G (rj) co m6t cue don gian. Nhu v&y, ta co the xac 
dinh phd tri ri6ng gian doan cua toan tu* C bang each tim cac cue cua ham 
Green tuong ung. Day la mot trong nhung ket lu&n quan trong nha't trong 
ung dung ham Green vao cac bai toan vat ly chat ran. Ngoai ra, tai m6i cue 
don gian ij = E n> theo (2.7), ta co thang du 

Res {G(rj)}\ En = <t> n (r) 0* (r') , 
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C hiring 2. Ham Green cua cac phifcfng rrinh vi phdn tuyen tinh 



hay, vai yeu t6' cheo 

Res{G(r,r;»j)}| ai = |A 1 (r)| a . 

nghia la, thang du cua ham Green tai cue don gian cho ta thong tin v& ham 
ridng cua C. 

Neu 77 trung vol gia trj nang luong b<ft ky trong mi6n pho lien tuc cua 
£,77 = £\ thi ham G (77) cung kh6ng xac dinh. Tuy nhien, tai cac diem lan 
c^in tren 7/ + = E + 1 5 va lan can duai t/_ = E — i5, ham G(rj) luon giai 
tich, du 8 nho bao nhieu cung duac (S > 0). Ttr nhan xet nay suy ra ta co 
the\ thay cho G (E), dinh nghia cac ham gidi han: 

G + (r. r'; E) = lim G (r. r'; E + i8) , (2.9) 

(S-*0 + 

G~ (r. r'; E) = lim G (r, r'; E - id) . (2.10) 

Hai ham giai han nay de\i ton tai, nhirng khong bang nhau. Dieu nay cung 
co nghia la, a ham Green G (77) co mot cdt nhanh (branch cut) doc theo true 
thuc. Mat khac, ta biet, cac trang thai ting vdi pho lien tuc thirong la cac 
trang thai lan truyen. Nhu vay, trong khi cue don gian cua ham Green m6 
ta tri ri6ng gian doan tuong urig trang thai dinh xiir, thi cat nhanh mo ta ph6 
lien tuc tuong ting trang thai lan truy6n. 

Tir he thtic dao (2.8) va cac dinh nghTa (2.9), (2.10) ta co: 

G"(r, t'-E)= [G + (t\ r • E)]* (2.11) 

hay 

Re {G~ (r, r'; E)} = Re {G + (r 7 , r; E)} , (2.12) 

Im {G" (r, r'; E)} = - Im {G + (r 7 , r; E)} . (2.13) 

D6ng thai vdi cac ham giai han G ± y ta cung se quan tarn den dai luong 

G(r,r / ;£;) = G + (r,r , ;£;)-G-(r / ,r / ; J E;) . (2.14) 
Theo (2.12) va (2.13), 

G(r,r';E) = 2ilm{G + {T,r';E)} = -2zlm {G~ (r'^r'; E)} . (2.14') 



2.1 . Horn Green k/wng phu thudc thcri gian 
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Sir dung cac he tntfc (2.5), (2.9), (2.10) va dong nhat thurc (1.70), ta co the 
viet tiep 

G(r. r' ; E) = -2m S (E - E n ) d> n (r) ^(y') . (2.15) 



n 



Cac ham G ± va G dinh nghia a tren co quan he true tiep vol mat do trang 
thai, la dai luong quan trong nhat trong vat ly cha't ran. De tha'y di£u nay, ta 
sir dung d6ng nhat thurc (1.70), viet cac yeu to cheo cua G ± dudti dang 



G ± (r. r; E) = P ]T 



4>n (r) <F n (r) 



E-E 



n 



=F i tt 8 (E — E n ) 4> n (r) <ft (r) , (2.16) 



n 



trong do P la ky hieu tri chinh. 
Hay, sau khi tich phan theo r 

TvG ± {E) = T i^Y. 5( ^ E ~ E -) ■ ^- l7 > 

n n n 

Tr la ky hi£u lay vet Tr = £ n (n\ . . . |n) vdi |n) la m6t he (My du nao do. 

Theo dinh nghia, dai lucmg N (E) = J2 n S (E - E n ) chinh la mat d6 
trang thai (so' trang thai trong mdt don vi nang luong). Nhu vay, he thurc 
(2. 1 7) cho phep xac dinh mat do trang thai N (E) qua cac ham gidi han G + 
hay G": 

N(E) = T~lm {TvG ± {E)\ . (2.18) 

7T 

Dol vdi mat do trang thai tr£n mot don vi th^ tich p(r,E) y ngu y 
J p(r, E) dr = N (E) , thi de thay 

p(T,E) = Y,6(E- En) <t> n (r) <ft (r) . (2.19) 



n 



So sanh (2.19) voi (2.16), ta co 

1 



p (r, E) = qp - Im G ± (r, r; £) . (2.20) 

7T 



38 



Chtftfng 2. Ham Green cua cac phuvng trinh vi phdn tuyen tinh 



Hay, theo (2.14'): 



P (t 1 E) = -^G(t,t;E) . (2.21) 



Cac ha thurc (2.18) (2.21) bieu dien mat do trang thai qua cac ham G ± hay 
G. Do la nhung he thurc ra't quan trong va se thuong xuyen sir dung trong 
cac chuong sau. 

Hon nua, chi'nh ham Green G (r, r'; rj) cung co thi bieu dien qua G hay 
G ± . That v£y, sir dung (2.5), sau do (2.15), ta viet duoc: 



G(r, t>;t,) = £ 



0n (r) ft (r') 



V - E n 

J-°° n r >~ E 



^^4^1. (2 . 22) 

Theo (2.21), tir (2.22) ta co yeu to cheo cua ham Green: 

G (r , r ; 77) = f° dE (2.23) 

Bed vi p (r, £) duoc tinh qua G ± theo (2.20), cac ha thurc (2.22) va (2.23) 
cho phep ta xac dinh G (rj) mot khi biet G ± (E) hay G (E). 

Ta cung chu y tham rang, tai cac diem 77 nam tran true thuc, 7/ = 
i?e{?7} = £, nhung kh6ng triing voi tri riang cua toan tix C y e ^ {E n . E}, 
ham Green G (i\ r' ; e) la giai tich va vi 77 = e la thuc nan ha thurc dao (2.8) 
khi 66 co dang 

G*(r, r';£) = G(r', r;e) , 
ngu ^ G (r, r' ; e) la Hermite. Riang vol ya'u to' cheo thi 

G*(r, r;e) = G(r, r;e) , 



nghia la, tai cac diem tran true thuc ma kh6ng triing voi tri riang cua £, ya'u 
to' cheo cua ham Green la thuc. 



2.1 . Ham Green khong phu thudc thcfi gian 
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Cuoi cung, v6 mat toan hoc, mot khi da biet ham Green G(r, r' ; 77) cua 
phuong trinh (2. 1 ), ta co the biet loi giai cua phuong trinh vi phan khong 
dong nhat t6ng quat tirong ung: 

[77 - C (r)] <p (r, 77) = f (r) , (2.24) 

trong do so hang khong d6ng nhat / (r) la m6t ham da cho, con ham phai 
tim if (r , 77) thoa man cung dieu kien bien tren mat S nhu ham G a (2.1). 
Thuc hien cac bien d6i tuong tu nhu da lam vol (2.1) ta d£ tha'y loi giai cua 
(2.24) co dang: 

^ (T n) _ / / G (r, r'; 77) f (r') dr'; neu r, ? E n 

* [T > V) I SG ± (r, r'; 77) / (r') dr> + ^ (r, 77) ; neu 77 = £ . U ^ 

6 day, hay £ tirong ung thuoc ph6 tri rieng gian doan hay lien tuc cua 
L, ifQ (r, 77) la ldi giai tong quat cua phuong trinh vi phan d6ng nha't tuofng 
ung vol (2.24). Tai cac diem 77 = E n phuong tiinh (2.24) khdng co loi giai 
tru truong hop ham / (r) true giao vol ta't ca cac ham rieng ung vol E n . Ve 
y nghia vat ly, neu xem ham y> (r) mo ta phan ung cua h6 d6'i voi ngu6n 
/ (r'), thi ham Green G (r, r') md ta phan ung cua cung h£ do nhung do'i 
voi m6t ngu6n die'm tai r'. Va, lori giai (2.25) ngu y, phan ung cua h£ vdi 
m6t ngu6n / (r) nao do luon co the 7 bieu di6n nhu t6ng cac phan ung voi 
cac nguOn di^m phan bo theo ham / (r). Cung chu y rang, theo h6 thuc dao 
(2.8) thi phan ung tai r d6'i vdi ngu6n diem tai r' bang phan ung tai r' do'i 
vdi ngu6n di^m tai r. 



2.1.3 Vi'du 

Hay tim ham Green cua phuong trinh (2.1) vdi C = - V 2 . Mi6n Q, la 
toan bo kh6ng gian thuc. Die*u ki£n bien la cac ham rieng cua C phai huu 
nan a v6 cung. 

Giai. Toan tu C (r) = — V 2 co ham ri6ng 

(r|k) = 4=exp(ikr) (2.26) 
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Chtfcfng 2. Ham Green cua cdc phtfcmg trinh vi phdn tuyen tinh 



voi tri rieng ph6 lien tuc 

E = k 2 . (2.27) 
Ham Green phai fun, thoa man phuotig trinh 

(rj + V 2 )G(t,t' ]V ) = 8 (r-r') , (2.28) 

theo (2.5), co dang 

G(t r , nl V- <r|k> (k|r') f rfk e'Mr-O 

6 day, ta xet truong hop ht ba chi£u. Dat p = r - r' ; 0 la goc giua k va p, 
ta vie't lai bieii thuc tren 

G(r " r ' ;7?) = (^f/^ jd»™ee*> — 



T) — k 2 ik p 



°° kdk 



Ham duoi da'u tich phan co cue tai k = ±y/rj. Neu r\ khong phai la thuc va 
khdng am thi trong hai cue se co m6t thu6c nua mat phang tren vol phan 
ao duong, lm{^/fj} > 0, con cue kia nam 6" nua mat phang duoi vol phan 
ao am. Tich phan trong (2.28) co thi lay chang han theo vong kin bao nira 
mat phing tr£n. Khi d6, vl thang du cua ham duoi d#u tich phan tai cue don 
gian y/fj bang - exp (i ^/rj p) /2, ta co 

1 _ / eiy/np' 

4l7T 2 p 

— -i— exp (i^n |r - r'|) . (2.30) 
47T |r — r I 



Day chinh la ham Green phai tim (lm{y/rj) > 0). 

N6'u 7] trung vol tri rieng cua V 2 (tuc la 77 — E y thuc, khong am), thi 
ham G khdng xac dinh. Cac ham gi6i han (2.9) va (2.10) khi d6 la 

±tN/E|r-r'| 

G ± (r, r'; E) = - — ; E > 0 . (2.31) 

4 7r r — r' 
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Trong tnrang hop rieng, khi rj = 0, phuong trinh khao sat (2.28) chuye'n 
thanh dang Laplace (Jackson 1967): 

V 2 G(r, r'; 0) - S (r - r') . (2.32) 

Ham Green tirong ting la (2.30) vdi 77 = 0: 

G (r, r'; 0) = - —I . (2.33) 

4 7r |r — r I 

Su dung (2.33) va (2.25) ta co the vid't ngay loi giai t6ng quat cua phuong 
trinh Poisson (Jackson 1967): 

VV(r) = -47rp(r) (2.34) 

duoi dang 

<p(r) = J G(r,r']0)(-47rp(r')) dr' + const 
o(Y')dv' 

, J „ 4- const . (2.35) 
|r — r I 

Day chfnh la bieu thurc dinh lu^Lt Coulomb cho th£ tinh di6n tai r gay b6i 
m6t v&t mang dien vdd m&t dd di£n tich p (r'). 



2.2 Ham Green cua phircmg trinh chua dao ham 
bac mot theo thoi gian 

2.2.1 Dinh nghia 



Trong tiet nay ta khao sat ham Green g (r, r' ; t, t') cua phuong tiinh 
chira dao ham b&c m6t theo thoi gian dang 



i_d_ 
c dt 



-£(r) 



g(r t r'-t, t') = 8(r-r')5(t-t') , 



(2.36) 
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Chucrng 2. Ham Green cua cac phuang trinh vi phdn tuyen tinh 



trong 66 c la mdt hang so' duomg, C (r) la todn tu vi phan tuyen tinh Hermite, 
nhu da gidi thidu 6 tren. Lien quan vol phuong trinh ham Green (2.36) co 
phuong trinh d6ng nha't 



1 d r< \ 
cdl- C{T) 



0(r, 0 = 0 



(2.37) 



va phuong trinh khdng d6ng nha't 



1 d r / \ 



(2.38) 



trong dd cac ham <? (r, r' ; t, t'), (p (r, t) va v? (r, t) thoa man cung m6t dang 
dieu kten bien. 

Trong vide xem xet ham g (r, r' ; £') phuong phap chung la: dung 
bi£n d6i Fourier chuye^n phuong trinh (2.36) sang dang khong phu thuOc 
thoi gian, la dang da duoc khao sat chi tie't trong tie't 2. 1 . Th£t v&y, voi chu y 
rang, cac bien thoi gian t va t' chi xua't hi£n d6ng thoi trong hi£u (t - £'). ta 
dua vao bien r = t — t' va thuc hi6n bien d6i Fourier ham g (t, t') = g(r): 



/oo 
•oo 



2^ 



e~ iUT g(u>) ■ 



(2.39) 



Thay (2.39) vao (2.36) ta nh£n duoc phuong trinh do'i voi g {uj): 

(^)flM^(r-r') - 



(2.40) 



Trong hai phuong trinh tren de 7 gon ta khdng vie't ro cac bien r, r' cua ham 
g. Di£u quan "trong la phuong trinh (2.40) sS trung chmh xac voi phuong 
trinh (2. 1 ) n£u trong (2. 1 ) thay 77 bang u/c. Di£u d6 c6 nghia la ham g trong 
(2.40) chmh la G (r?) trong (2.1) vol 77 = u/c : 



g(u) = G(u/c) . 



(2.41) 



Ham G (77) da duoc xac dinh b tie't tren. Nhu vay, ht thuc (2.41) cho phep 
xic dinh g (u) y rdi six dung (2.39) ta c6 th^ nh&n duoc g (r) cua phuong 
trinh (2.36). 



2.2. Ham Green cua phirang trinh ehtia dqo ham bdc mot.. 
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2.2.2 Tinh chat 

Cung nhir ham G (rf), ham g (u) (2.41) giai tfch khap noi tru mot so' 
diem gian doan hay cat nhanh tren true thuc. He qua cua di6u nay la tfch 
phan (2.39) khong the lay tren true thuc. Thay vi, ta dinh nghTa cac ham 
gidi han 

</ p > (r) = Um J ^ e'^G (w/c) , (2.42) 

trong do P la duong tfch phan nao do, tien tod gidi han true thuc Po cua mat 
phang uj. R6 rang, co v6 so' each chon con duong P, nhung v& mat vat ly 
chi co hai each chon co y nghTa nhu chi ra tren hinh 2.1a va 2.1b. Hai ham 
gidi han tirong ung vdi hai each chon nay la 

/CO J 
^G + Wc)^"'; (2-43) 

/CO J 
^G~(u;/c)e-^\ (2.43') 

trong do G ± (u/c) la cac ham gidi han da dinh nghTa a (2.9), (2.10). Theo 
dinh nghTa nay va theo he thuc gitfa G + va G~ (2.11), ta co: 

g-(r,r';T)=[g + (r',r;-T)]* . (2.44) 

Dong thdi, tuong tu nhu G (2.14), ta cung dinh nghTa ham g (r) vol 
duong lay tfch phan nhu tr£n hinh 2.1c: 

9 to = 9 + to - g- (r) . (2.45) 



g + (T) <=> - Re {co} (a) 

g"(x) <=> » " Re {to} (b) 

g(T) <=> \ Re {co} (c) 

Hinh 2.1: (a) - (b) - (c). 



D6 y la, vol r > 0 (hay < 0) ta co the 7 d6ng kin duong tfch phan do'i vol g ± 
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Chuang 2. Ham Green cua cdc phucmg trinhvi phdn tuyen tinh 



bang nira hinh tron v6 han trong nira mat phang duoi (hoac tren). Tir nh&n 
xet nay va dinh nghia (2.45), suy ra 

g ± (r) = ±e(±r)g(r) , (2.46) 

d day 6 (r) la ham b&c thang (Heaviside function): 

f 1 ne'u r > 0 
* (r) = \ 0 ne'u r<0. 

Pho'i hop (2.43), (2.45) vol dinh nghia G (2. 14) r6i (2. 15), ta co the 1 bieu 
di£n # (r) qua ham rieng </> n (r) va tri rieng E n cua toan tir C: 

9(r) = J^J^e-^GWc) 

/OO I 
— e-^Y. 6 ^1° - E ») (r) C (r') 

= -i c Y, e- UE " T 4>n (r) <p' n (r') . (2.47) 



n 



Trong truong hop voi r = 0, h£ thirc tren co dang don gian: 

g(0) = -ic5 (r-r') 



th&y them f nghia cua ham Green g, ta vie't lai (2.47) trong ky hidu 

Dirac: 

g{r) = -ice~ icCT ]T l<M W = -*c exp (-ic£r) . (2.48) 



Chu* # la, toan tir 

£/ (t - 0 = exp \-i cC(t- t')\ (2.49) 
chfnh la toan njr tien h6a, hay toan tir truyen (propagator) v6i y nghia: 

\<f>(t)) = U(t-t') \<t>(t')) , (2.50) 



2.2. Ham Green cua phiftmg trinh chira dqo ham bde mot... 
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trong do \<f> (/.)) la loi giai cua phuong trinh dong nhSft (2.37). So sanh (2.48) 
va (2.49), suy ra he thuc giua ham Green g va ham truyen U : 



Nhu vay, ham g co y nghia cua mot ham truyen. Va, vi toan tu U co 
tinh chat 



nen ham Green g cung co tinh chat nhu v&y. M6t he qua quan trong cua hai 
he thurc (2.50) va (2.51) la 161 giai 0 (r, t) cua phuong trinh vi phan d6ng 
nha't (2.37) co the bieu di£n qua ham Green g (r, r'; t, t') cua phuong trinh 
(2.36) dtfoi dang: 



T&'t nhien, bang he thuc (2.46), trong bieu thuc tren ta co the dung g ± thay 
cho g. 

Ngoai ra, ta cung co the bieu di6n 161 giai cua phuong trinh vi phan 
kh6ng dong nha't (2.38) duoi dang tong cua loi giai tdng quat cua phuong 
trinh d6ng nha't tuong ung <fi(t)va. mdt loi giai rieng xac dinh qua g + hay g: 



<p (r, t) = </> (r, t) + / dv' dt' g + (r, r'; t-t')f (r', t') . (2.53) 



Luu y rang, phan ung cua h6 6" thoi diem t phu thudc chi vao trang thai cua 
nguon a thoi diem trudc do, t' < t. Di6u nay xac dinh c£n cua tfch ph<ln 
theo t' trong (2.5£la tu — oo d£n t. 

2.2.3 Vidu 

Tun ham Green cua phuong trinh (2.36) cho truong hop £ = — V 2 , 



U{t-t')= -~g{t-t') 



(2.51) 



U(h-t 2 ) = Ufa-h) U(t 3 -t 2 ) , 




(2.52) 




(2.54) 
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Chuctng Z- Ham Green cua cdc phvcang trinh vi phdn tuyen tinh 



Giai. Ta chi c£n tinh g la du vi cac ham khac co the" tinh qua g. Vi ham 
rieng cua C la <j> (r) = e ikr /\/fi va tri rieng la £ = A; 2 , theo (2.47) ta co: 

-ik(r-r') 

g(r, r;r) = -2 c 2^ q - e 

Jt 

= —icf pr . exp (ikp — ick 2 r) , 

7 (2tt) d V J 

trong do D la so' chi£u, p = r - r'. Di y, k p = J]f fcj p ; ; /c 2 = /c 2 , 
ta vie't lai biiu thijrc tren 

9(r,r';r) = - lc f[J^J^e^- ic ^ 

D / „■ „2 

= — i c exp 



Act j 2n V icr 



= —li^)^^^. 1 ' (2 - 55) 

Day la ham Green can tim. Tvr ham nay ta co the 1 tinh g ± theo (2.46). Theo 
(2.52) ham g (2.55) cho phep ta nghidn curu tien hoa, chang han, cua mot 
bo song co tu do. 



2 3 Ham Green cila phuong trinh chua dao ham 
bac hai theo thai gian 

2.3.1 Dinh nghta 

Trong tie't nay ta khao sat ham Green thoa man phirong trinh chtia dao 
ham b&c hai theo thoi gian dang 

( _ ? w ~ c ) 9 (r> r ' ; 4 - 0 = 6 (r ~ r ' } s {l ~ 0 ' (2 - 56) 



23. Ham Green cua phucrng trinh chtia duo ham bdc hai.. 
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trong do c la mot hang so dirong, C (r ) la toan tu vi phan tuyen tfnh Hermite, 
nhu da di cap a cac tiet 2. 1 , 2.2. Lien quan vol phuong trinh (2.56) co phuong 
trinh dong nha't 

va phuong trinh kh6ng dong nha't 

(~ ^ - C ) V ('-*) = / (r, 0 ■ (2-58) 

Cac ham g (r, r' ; t — t'), 0 (r, t) va </? (r, t) thoa man cung mdt dang dieu 
kien bien. 

Di tun ham Green g cua phuong trinh (2.56), tuong tu* nhu 6* tiet tr£n, 
phuong phap chung la, dung bien doi Fourier chuyen phuong trinh nay sang 
dang khong phu thuoc thoi gian. That v&y, vol r = t — t\ bang bien d6i 
Fourier (2.39): 

9 (r) = £Je- 9 ( W ) , 

ta chuydn phuong trinh (2.56) vi dang phuong trinh kh6ng phu thu6c thoi 
gian (2.1) voi r\ thay bang uj 2 /c 2 : 

(uj 2 /c 2 -C)g(cu) = 5(T- r') . (2.59) 

Thanh thu; ta co the viet ngay 

g(tj) = G {uj 2 /c 2 ) , (2.60) 

trong do G (77) la ham Green cua phuong trinh (2.1). Dat (2.60) tro* lai bi£n 
d6i Fourier (2.39) ta nh&n duoc ham Green g (r) cua (2.56). 

2.3.2 Ti'nhchat 

Ta bi£t ham Green G (uj 2 /c 2 ) giai rich khap noi, trir nhfing di^m ma a 
do uj 2 /c 2 trung vdi tri rieng E cua C. Vi E co the^ duong hay am, cac di^m 
ky di lu = cy/E co the nam tren ca true thuc l&n true ao cua mat phang phuc 
u. 6 day, ta se gioi nan chi xem xet trudng hop, khi cac di&n ky di cua 
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Chucfng 2. Ham Green cua cdc phucmg trinhvi phdn tuyen tinh 



g(uj) = G {u 2 /c 2 ) nam tr£n true thuc. Khi do, vi tich phan (2.39) khdng 
x£c diiih tren true thuc, tirang tu voi (2.42) ta phai xet cac gici han: 

(r) = lim / e"^ = lim f ^ G U/c 2 ) . 

y v } p-Po J 2ir y v ' p-Po J 2tt v 1 } 

Trong so' cac con dufong P co the\ chi co 3 con ducmg nhir m6 ta tren hlnh 
2.2 a, b va c la d£ng quan tarn v& mat y£t ly. Tuomg umg vori ba con duong 
nay co 3 ham Green (2.61)_(2.63), theo tM tu, ky hieu la: 



^"(oj) <=> --- v Re{(0| (a) 

^(oj) <=> --- (b) 

g A (co) <=> --, *• (c) 

g(co) !■..„.-.>■ (d) 

S'((o) <=> (e) 

r((0) ^ > - (0 

gr ((0) <=> - Re{co} (h) 

Hlnh 2.2: Cac dirdng tich phan trong mat phang u: 
(a) (h) cho tuang ting cdc ham Green (2.61)-(2.67). 



g c (uj) = Urn G^ + i5^j =G + (u 2 /c 2 ) = hm # (cj + 2 J ? (a;)) , 



(2.61) 



g R (u>) = lim G (%r +i5 q {u)) = lim # (u + i <5) , (2.62) 



a, 2 



0 H = c lim G \~2~ i S Q M I = , lim 9{u-i6) , (2.63) 

<5->0+ \C Z J (5—0+ 

trong do q(x) = 6 (x) - 6 (- x) = 1 neu a: > 0 va -1 neu x < 0. Ba ham 
nay la cac ham co scr. Ham g c thiromg goi la ham Green nhan qua, hay don 
gian la ham Green vol ky hi£u g. Ham nay duoc sir dung rdng rai nha't. Ham 
g R goi la ham Green tr6 (retarded): g R (r) = 0 khi r < 0. Ham goi la 
ham Green som (Advanced): g A (r) = 0 khi r > 0. 



2.3. Ham Green cua phuang trinh chua dqo Mm bdc hal.. 
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Tir ba ham ca sa (2.61) (2.63) ta co the dinh nghia cac ham khac, tuong 
ling vcti cac duong tfch phan tu (d) den (h) tren hinh 2.2: 

g(uj) = G~ {lo' 2 /c 2 ) = lim g (u - iSq(uj)) , (2.64) 

9> = 9 ~ 9 A , (2.65) 
P < = <7 - 9 R , (2.66) 
S = g R - g A =g> - g< . (2.67) 

Chu y la, cac duong tfch phan tren hinh 2.2 co the dong kin theo nira mat 
phang duoi (hay tren) khi r > 0 (hay < 0). Tu* day, true tiep suy ra cac he 
thuc sau 

g(r) = 9 (r) g> (r) + B (-r) g< (r) , (2.68) 
^(r) = 0(t)$(t), (2.69) 
/(r) = -«(-T)j(r), (2.70) 

g(r) = -0 (r) g< (r) - 9 (-r) g> (r) . (2.71) 

Tu (2.67) - (2.71) ro rang la, neu biet g> va g < ta co the xac dinh tat ca cac 
ham khac. 

Hon nua, cac ham Green g, g a tren deu co the 7 bie\i dien qua cac ham 
Green kh6ng phu thu6c thori gian G, G ± va G, de roi co the 7 bidu diln tiep 
qua cac ham ri£ng, tri ri6ng cua toan tur £. Chang han, 



g>(v 1 r'-r) = J~ g e— G+ (c 2 /c 2 ) + £ g^^" (^/c 2 ) 

e- iwr [G + (u; 2 /c 2 ) - G~ (a; 2 /c 2 )] 



r°° du 
Jo 2tt 



= 1°° £ e " <uT 27r * £ 5 ( w2/c2 - ^ 0n (r) *» (r,) • 

6 day, ta da sfr dung he thifc (2.15) cho G. Tfch phan tien co the' tfnh bang 
each viet /du> =.c 2 / (1/2 w)d(w 2 /c 2 ),r6isur dung tinhchSt cua ham delta. 



50 Chifcyngl. Ham Green cua cac phuong trinh vi phdn tuye'n tinh 

Ket qua cho, 

9 > (r, r>; ^-^ ^ ^ ^ ■ exp {^c^Kr) , (2.72) 



trong do y/E^ > 0. 
Bang each tirong tu, ta co: 

g < (r, r; r) = - — ^ 7= • expf zcV^nTj . (2.73) 



2 ^ ^ 

n v 

So sanh (2.72) voi (2.73) cho ta he thtic 

g < (r,r';T) = -[g > (r',r ] T)}* . (2.74) 

Tu* va g < nMn duoe, ta co the 7 vid't cac bieu thtic tirong tu cho cac 
ham Green khac. Chang han, theo (2.67), (2.72) va (2.73), 

g (r, r'; r ) = -c £ *lM^<"2 sin (c^r) . (2.75) 



n 



Liru y la, cac he thirc tr6n se gon hon, ne'u ta vie't chung duoi dang toan tu. 
Chang han, voi (2.75): 

sin ( c \/~Ct ) 

~g(r) = -c V ^ y ; r = t - ■>' (2.76) 

(£ la toan tu* trong (2.56) voi ham rieng 0 n (r), tri rieng E n ). 

Cuo'i cung, de dang kie'm tra cdc bie\i thtic sau day do'i voi loi giai cua 
phucmg trinh d6ng nha't (2.57): 

4>(r i t)= ~ J dr'g(r,r';t-t')<j>(r\t') 

-^Jdr'~g (r, r'; t-t')4> (r', t') , (2.77) 
va loi giai cua phuong trinh khdng d6ng nha't (2.58): 

<p(T,t) = 0(r,*) + J ' dv'dt , g R {v 1 v , ;t-t') /(r',0 

= 4>{v,t)+ [ dr' f dt'g(r,r';t-t')f(T\t') .(2.78) 



2.3. Ham Green cua phuo'ng trinh dura dao ham bde hai.. 
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Trong (2.77), dau cham tren cac ky hieu ngu y dao ham theo i, con (j) (f) la 
d<p/dt vdi t = t'. Trong (2.78), ham 0 (r, t) chinh la 161 giai tong quat cua 
phuong trinh dong nha't tuong ting, ham g R ngu y rang, phan ung <p (r, i) 
tai t phu thuoc vao trang thai cua nguon / (r. t') at' < t. 



23.3 Vi'du 

Tun ham Green cua phuong trinh (2.56) voti C = — V 2 . 

Giai. Ta chi cari tim g > va g < la du. Theo bieu thurc (2.72), ta co 

9 > (r) = jf° g e"'- T (G + (^/c 2 ) - G~ (u; 2 /c 2 )) . 

Bie't 

(xem (2.31) vdri p = |r - r'| ; y/E , E > 0), ta viet duoc: 

^> (p. r) = - / — e - iUT (e l " p/c - e ~ iuJp/c ) . (2.79) 

Six dung ket qua nay va he thtrc (2.74), ta co tiep: 

1 poo J 

<?< ( p> T ) = _ _ / e iuJT (e iu,p/c - e ~ lup/c ) . (2.80) 
Ta se tinh cu the, chang han, ham g. Thay (2.79) va (2.80) vao (2.67), duoc: 

1 poo J 

~g(p,r) = - / ( e ^ p / c - e - iu}p/c ) (e iuJT - e - <WT ) 

1 ( r°° did ^{p/c+r) _ e -iu;{p/c-r)^ ^ 




4tt p iJ 0 2tt 

+ — ( e -i«»(p/c+T) _ e iu{ P /c-r)^ 

]_ r°° du / iu (p/c+r) _ i U {p/c-r)\ 

vpj-oolir V ; 
4jr [6(p/c + t)-6(p/c-t)] 

^L[6( p + ct)-6(p-ct)] . (2.81) 



47T 
1 
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O day, ta van dung cac ky hieu quen thu6c : p = |r — r'| va r = t — t' . 

Tvr cac ket qua tren, theo (2.69) va (2.70), ta co the viet tiep ngay cac 
ham g R va g A : 

• g R (r,r';t-t') = -— ^ j:S(\t-t'\ - c(t-t')) ,(2.82) 

47r |r — r I 

g A (T,r>;t-t') = - 6 (|r - r'| + c (t - 0) , (2-83) 

47r |r — r | 

Cac ket qua nhan dtfoc co y nghia vat ly rat rd rang. Ham g R mo ta sir cham 
cua tuong tac: trang thai cua ngu6n diem tai (r', £') chi quan sat duac a r 
sau mdt khoang thoi gian (t - t') = |r - r'| /c. Ham g A nguac lai, m6 ta 
hiSu umg som. Thay (2.82) vao (2.78) ta co loi giai cua phuong trinh kh6ng 
d6ng nha't [(-1/c 2 ) d 2 /dt 2 + V 2 ] tp (r, t) = f (r, t) la: 

„ (r , 0 = 0 (r , t) _ _L / *W Mlr-rVc-(^-0] , (r , ^ 

47T 7 p 

- /(r 'V"i r ;, r '' /c) - <"*> 

So' hang thur hai trong ve' phai cua ke't qua tren chuih la bieu thuc cua the 
cham quen thu6c trong didn d6ng lire hoc (xem, Jackson (1967)). 



2.4 Bai toan umg dung don gian: mot hat tir do 

N6i dung cua tie't nay la t6ng quan van tat nhung tinh chat quan trong 
nha't cua ham Green trong ap dung vao cac bai toan vat ly chat ran, r6i minh 
hoa bang bai toan m6t hat tu do. 

2.4.1 Hinh thtrc luan chung 

Voi cac h£ vat ly, toan tvr C trong (2.1) thuomg la Hamiltonian H cua 
he. Phuong trinh ham Green (2.1) khi do la: 



[r/ - H (r)] G (r, r' ; r?) = 6 (r - r') 



(2.85) 



2.4. Bai toan ifng dung do'n gian: mot hat nf do 
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Phuong trinh dong nhat tirang ung chinh la phuang trinh Schrodinger khong 
phu thuoc thai gian: 

{E - H) (r) = 0 . (2.86) 

Cac ham G va t/> thoa man cung mot dang dieu kien bien. Lai giai \j) n (r) 
va E n cua (2.86) chinh la ham rieng (4> n (r)) va tri rieng cua £ trong (2.1). 
Va nhu vay, theo (2.5) - (2.7), ta co 

G(r, r^) = (r) y ' } , (2.87) 

hay trong ki hi6u Dirac 

G( , ) = E M<^ = i . (2 . 88) 



n 



Theo phan tich chung trong tiet 2.1, tir ham Green (2.88) ta co the khai 
thac cac thong tin sau: 

(1) Vi tri cac cue cua G (rj) cho cac tri rieng gian doan cua Hamiltonian H. 

(2) Thang du cua G (r, r' ; 77) tai cue rj = E n bang ^ ( r ) ^ ( r T> 
trong do t6ng lay theo Mc suy bien f n cua ham ridng ung vol tri rieng E n . 
Nhu v&y, b&c suy bien cua trang thai ip n (r) co the xac dinh bang: 

J dv Res {G (r, r ; E n )} = j dvJ2 ^ (r) ^ (if = / n 

hay 

/ n =Tr(Res{G(£ n )}) . (2.89) 
Trong truong hop cua trang thai khong suy bien, f n = 1, thi ta dan gian c6 

1> n (r) r n (O = Res {G (r, r 7 ; £ n )} , (2.90) 

va, dac bi£t, vol y6u to' cheo thi 

|^ n (r)| 2 = Res{G(r, r; E n )} . (2.91) 
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Chucrng 2. Ham Green cua cac phitang trinh vi phdn tuyen tinh 



Neu quy udc pha cua ijj n (r 7 ) tai r' = 0 la bang kh6ng, thi tu (2.90) va (2.91) 
suy ra pha cua ham nay tai r la: 



V? n (r) = - i In 



Res{G(r, 0; E n )} 



[Res{G(r, r; E n )} . Res {G (0, 0 ; E n )} } 



1/2 



(2.92) 

Nhu v&y, thang du cua ham Green tai cue diem cho ta biet khong chi bi£n 
d6 (2.91) ma ca pha (2.92) cua ham song. 

(3) Cat nhanh cua G (rj) tnSn true thuc trung vcri pho lien tuc cua H. 

(4) Mat do trang thai trong m6t don vi the tich co the tinh qua cac ham gioi 
nan G ± trong mi6n pho lien tuc: 

p (r, E) = T~ Im {G ± (r, r; E)} = - G (r, r; E) , (2.93) 

7T Z7T I 

con rn^lt d6 trang thai trong toan he bang 

N(E) = J dr p (r, E) = qp ^ Im{Tr (£)} . (2.94) 

(5) Sir dung cac ket qua trong ti£t 2.2 ta co the 7 vieit loi giai cua phuong trinh 
Schrodinger phu thuoc thoi gian 



dutfi dang 



IV (t)) = U(t- 010(f)) . 

trong d6 toan tu tieln hoa thoi gian 



(2.95) 



(2.96) 



U(t- t') = exp 



■in {t-t) 

h 



(2.97) 



6 dfty, chu y, /i trong (2.95), (2.97) d6ng vai tro c~ l trong (2.37). Su dung 
(2.51), ta vie't tie'p 



/OO J 
■oo 2?r 



(2.98) 



2.4. Bai toan irng dung do'n gidn: mot hat tu do 
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Tinh den he thuc nay giura (/ (t - t') va g (/ - t'). ta co the' viet lai (2.96) 
trong r-bieu di6n 



y (r, /;) = i h J g (r. v' \ t - t!) ip (r 1 . t') dr' 



(2.99) 



2.4.2 Bai toan mot hat tif do 



Ta ap dung cac ket qua tren cho bai toan mot hat tu do vol khoi luang 
m„ Hamiltonian co dang H = Ho = — (h/2m) V 2 va phuong trinh ham 
Green (2.85) la 

T) + 1^ V2 ) G ° (r ' r ' ; ^ = 6 (r ~ • (2J00) 

O day va sau nay ta se dung chi so " o " (Go, Hq) cho cac dai luotig mo ta 
m6t hat tu do. 

Viet lai phuong trinh tren dudi dang 

So sanh phuong trinh nay vol phuong trinh+iam Green cua toan t\x C = — V 2 , 
ta thay ngay giua Go va G cua (2.28) co d6ng nha't thirc 

Go (r, r' ; v ) = G ( r, r' ; — rj) . (2.101) 

Dang cua G phu thuoc vao so' chieu. Xet cac trucmg hop cu the 7 . 

Trudng hop 3 chieu. Tir cac ke't qua (2.30) va (2.31) d6'i vol cac ham 
G va G ± cua toan tu C — - V 2 , sir dung (2.101) ta vie't duac ngay 

m g-fcolr-r'l 

Go(r ' r,; ^ ) = "2^7T~rT ; E - 0 ' (2 - l02) 



Gtf(r, r'; E) = --^-^— — — ; E>0, (2.103) 



m e ±ifco ' r - r, l 



2-kW- |r — r 
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Chircmg 2. Ham Green cua cac phirang rrinh vi phdn my en t'inh 



trong do k 0 = yj2m\E\/h > 0. 

Ham G 0 (v) co cat nhanh tren nua true thuc rj = E > 0, tirong umg voi 
pho lien tuc cua Hq. Doc theo cat nhanh ta co 

G (r, t']E) = G + (r. r' ; E) - G~ (r, r' ; E) 

= - 2 ^^_, ^fal r - r/ l) ,(^). ai 04) 
2-n £ Ti £ |r — r| 

Tu* day, theo (2.93), co ngay mat do trang thai mot hat tu do trong mot don 
vi the tfch trong he 3 chieu la 

Mr , £) _ __l_G (r , r;£) = i^l., (£) 

m 3 ' 2 r- 

= 0(E) -=— VE. (2.105) 

V 2 ir z nr 

N£u tinh den spin (nhan them voti 2) thi ket qua nay trung chinh xac voi 
bieu thurc (1.7). 

Trufomg hop 2 chieu. Su dung ket qua cua bai tap B2.2 (cuo'i chuong 
nay) va he; thurc (2.101) ta co ngay cac ham Green cua phuong trinh (2.100) 
trong truong hop 2 chieii la: 

777, 

G 0 (r, r'-E) = - — K Q {k 0 | r - r' |) ; E < 0, (2.106) 

7T (V- 

Gf(r, v'-E) = -^H^(±k Q \T-r'\) ; £ > 0, (2.107) 

trong do k 0 = y/2m\E\/ h>0,K o la ham Bessel bia'n di£u b&c kh6ng, con 
la ham Hankel loai mot, b|c kh6ng. Sir dung (2.107) va cac he thuc 
(xem, chang han, Abramowitz and Stegun (1965)): 

H^(-x) = -^ 2) (x) 

H { 0 1] = J 0 + iY Q ; hW = J 0 -iYo, 

ta co the 7 tinh tiep ham G 0 (r, r' ; E): 

Go (r, r'; E) = -gfl (E) (z/' 1 ' (fc„ |r - r'|) - <»> (-*„ |r - r'|)) 

777 

= -27rid(E) T—^Joikolr-r'l) . (2.108) 

27T nr 



2.4. Bai roan ung dung dan gidn: mot hqr tu do 
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Trong cac bieu thuc tren, J 0 la ham Bessel loai mot, bac khong, con Y 0 la 
ham Bessel loai hai, bac khong. 

MM do trang thai tren mot don vi dien tich dugc tinh theo (2.93), su 
dung G 0 (2.108): 

Pq {t;E) = B{E) (2.109) 

Neu tinh den spin (nhan them voti 2), thi ket qua nay trung chmh xac vol 
bieu thtic (1.69). 

Trufong hop 1 chieu. Su dung ket qua cua bai t^p B2.2, lam tuong tu 
nhu truong hop 2 chieu ta co cac ham Green cho hat tu do I chilu: 

777. 

G 0 (x,x'-E) = --— r exp(-k 0 \x-x'\) ] E<0 (2.110) 

li /Cq 
7 777 

G%(x,x';E) = Tt^- exv(±ih 0 \x-x'\); E>0, (2.111) 

~ TYL 

G Q (x,x'\E) = -27ri9(E)-——-cos{k 0 \x-x'\), ,(2.112) 

7T ii Kq 

va melt d6 trang thai tren m6t don vi chieu dai: 

Neu tinh den spin, thi ket qua nay cung trung chfnh xac vol (1.69). 

Cac rn^lt d6 trang thai nhan duoc cho ca ba truong hop: 3 chieu (2.105), 
2 chieu (2. 1 09) va I chieu (2. 1 1 3) duac mo ta bang d6 thi tren hinh 2.3. Day 
la nhung ket qua quen thuoc, quan trong trong vat ly cha't ran va se duoc su 
dung trong cac chuong sau. O day co mot so' di^m c£n ban luan. 

Trong ca ba truong hop ph6 lien tuc deu co nguong ducti a E = 0 : 
p 0 (E) = 0 vol E < 0. Tuy nhien, dang diau cua p 0 (E) (hay G (E)) a gdn 
nguong vung thi ra't khac nhau. Vi nhieu tinh chat vat ly cua ha lian quan 
vol chmh dang diau cua mat dd trang thai a gan nguong vung, nan su khac 
nhau nay se din deh nhung ha qua quan trong, dac thu cho so' chieu cua ha. 

Noi chung, dang diau cua p (E) (hay G (E)) b lan can m6t nang luong 
E 0 nao do quy dinh tinh chat giai tich cua ham Green 6* lan can nang luong 
do: neu p (E) (hay G (E)) la ham lian tuc quanh E 0 , thi G ± (E) cung la 
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Chucfng 2. Ham Green cua cdc phucmg trinh vi phdn tuyen tinh 





Hinh 23: Mat d6 trang thai p 0 (E) cho cac he 3 chieu (3D), 
2 chieu (2D), 1 chieu (ID) 

ham lien tuc trong mien do ; ne'u p (E) (hay G (E)) c6 gian doan tai E 0 
thi G ± (E) co ky di logarit tai do ; cud'i ciing, neu p (E) (hay G (E)) co 
dang oc (E - £ 0 )~ 7 voti 0 < 7 < 1, thi G ± (E) cung dan ra v6 han nhu 
{E - £ 0 )~ 7 khi E din toi E 0 . 

Vol ha 3 chieu, po (E) dan lien tuc den khdng theo oc y/E - E 0 khi 
E — > E 0 = 0+. He qua la cac ham G ± (E) cung lien tuc tai ngudng duoi 
E 0 = 0. Vol he 2 chi&i, ham p 0 (E) co gian doan tai E 0 = 0. He qua la, 
cac Green c6 ky dj logarit. That v£y, khi E — ► 0+, turc la k 0 — > 0+ cac ham 
(2.106) va (2.107) chuygn v£ gift han: 

G 0 (E) = ft, |r - r<|) ^ In (k 0 |r - r'Q , 

(2.114) 

(2.115) 

Vol he 1 chieu, p Q (E) (hay G (£?)) dan ra v6 han nhu a l/y/E khi 
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E — » 0+. He qua la cac ham Green (2. 1 10) va (2. 11) deu d<in ra vo han khi 
k 0 - 0+. 



Thao luan bo sung va bai tap 

B2.1 George Green sinh nam 1793 tai Nottingham (England). Co ra't ft tu 
lieu ve thoi ni6n thieu cua Ong. Nam 1828 Green cong bo bai bao 
d&i tien "An Essay on the Application of Mathematical Analysis to 
the Theories of Electricity and Magnetism". Day la mdt c6ng trinh vT 
dai, nhung dang a m6t nha xua't ban tu nhan tinh le, nen m6t thoi gian 
dai khdng duoc ai bie't den. Nam 1829 George Green d£h Cambridge 
hoc, roi a lai lam viec tai Gonville & Caius College. Vi ly do sure khoe, 
Ong tra v6 que va ma't tai do nam 1 841 . Ong di lai ta't ca muoi bai bao, 
trong do vT dai nha't la "Essay" nam 1828. Mai den nam 1845 (bon 
nam sau khi George Green ma't!) "Essay" vT dai cua Green mai dtfe/c 
William Thomson phat hien va cho in lai tren Grelle's Journal. V& ban 
chat, trong bai bao nay George Green da khai sinh phuong phap ham 
Green vol ung dung vao bai toan dien va tu* (t6n goi "Green's function" 
la do Riemann d& xua't). 

B2.2 Tun ham Green cua phuong trinh (2.28) cho 2 trtfong hop: (a) H6 2 
chieu; (b) H£ I chi&i. 
Tra M : 

(a) 

G(r, r' ]V ) 
G ± (r, r' ; E) 

(b) 

G (x, x' ; rj) 
G ± (a;, x' ; E) 



= - l - (v^|r-r'|) ;Im{0?}>O, 
= - % - H { 0 1) (±y/E\r-r'f) ; £ > 0 , \/£ > 0. 

= -2T7f- ;Im{ ^ }>0 ' 

= (iiv^lz-x'l) ]E>0,VE>0 
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Chtfcmg 2. Ham Green cua cac phu&ng trinh yi phdn tuyen tinh 



B2.3 Tim ham Green cua phirang trinh khuyech tan 



— a 



Tra loi : 

So sanh phirang trinh nay voti (2.54) ta thay chi khac a ch6 thay (i/c) 
bang (— a 2 ). Tu d&y suy ra, cac ham Green cua phuong trinh khuyech 
tan co the nh£n true tiep tu cac ket qua tuong ung trong vi du a tiet 
2.2 bang thay (i/c) — ► (-a 2 ). Chang han, tu (2.55) ta co tuong ung 
ham Green cua phuong trinh khuyech tan: 



B2.4 Hay kiem tra lai cac ket lu&n (2.76) va (2.77) (xem, chang han, Morse 
and Feshback (1953)). 

B2.5 Hay tim cac ham Green cua phuong trinh song (2.56) voi C = - V 2 
cho hai truong-hop: (a) He 2 clueu, (b) He t chi£u (tuong tu nhu 
truong hop 3 chieu trong vi du a tiet 2.3). 



d day, t — t — t' ; p = | r - r' |; D la so chieu cua h£ khao sat. 



Tra loi : 

(a) 



9 (r, r ; ; r) 



q(r) 6(c\t\ - p) 



c 



27TyJc 2 T 2 -p 2 ' 



<T (r, r' ; r) 



9{ct - p) 



c 



2tt 7c 2 r 2 -/> 2 



(b) 




C0 (CT - Ix-X'l) 



(xem Morse and Feshback (1953)). 



Chirong 3 

Cac ham Green trong Vat ly chat ran 



Hinh thurc hi£tn Ham Green trtnh bay trong chuong 2 rat don gian va tien 
lai trong ap dung vao cac bai toan m6t hat rieng le trong truong ngoai. Noi 
dung cua chuong 3 chu ye'u la phat bieu lai dinh nghia ham Green 6* dang 
tdng quat hon, bieu dien qua cac toan tir truong trong hinh thurc lu&n luong 
tir hoa lan thur hai. Nhung dinh nghTa nay dung cho he tuong tac bat ky va 
se can dimg den trong cac chuong sau. 

Du rang phuong phap luong tir hoa lan thur hai dugc trinh bay chi tiet 
a hau khap cac sach giao khoa v6 co hoc luong tu, de 7 tien theo doi, chung 
toi torn tat n6i dung chmh cua phuong phap nay o Phu luc C, trong do cung 
thao lu&n viec bieu di6n lai cac ham Green da xet trong chuong 2 qua cac 
toan tir truong. 

Vi do'i tuong cua cuon sach nay la Vat ly chat ran, chung t6i se truac h£'t 
t|p trung xem xet ham Green electron, va sau do, ham Green phonon. Day 
cung la hai dang ham Green die'n hinh, dac trung cho hai loai hat: fermion 
(electron) va boson (phonon). Cac ham Green khac co the 7 dinh nghTa tuong 
tu nhu m6t trong hai loai ham Green nay. 



3.1 Bieu diln tirong tac va S-matran 

Co ba bi&i di6n m6 ta su thay d6i trang thai cua h£ theo thai gian, do la: 
bi&u di6n Schrodinger, bi^u diln Heisenberg va bi^u di£n tuong tac. 
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Chtfcfng 3. Cdc ham Green trong Vat ly chat rdn 



3.1.1 Bieu dien Schrodinger 

Day la bie'u dien kinh dien nha't cua co hoc lircmg tu, dua vao chinh 
phuong trinh Schrodinger 

dt w 
Loi giai duoi dang toan tvr cua phuong trinh nay la 

^(/;) = e"^V(0). (3.1) 

Trong bieii dien Schrodinger ham song phu thu6c vao thoi gian dudi dang 
(3.1), con toan tu, trong do co H, khong phu thu6c thoi gian. 

3.1.2 Bieu diln Heisenberg 

Trong bieu di6n nay ham song khdng phu thudc thoi gian, con toan tir 
phu thu6c thoi gian duoi dang: 

Q(t) = e int Q{0) e~ int . (3.2) 

H£ thurc nay tuong duong voi phuong trinh toan tu: 

ift^QW = Q(t) n - HQ(t) 

= lQ(t),H] (3.3) 
(thuong goi la phuong trinh Heisenberg). 

3.13 Bieu dien tuong tac 

Trong bie\i dien nay, ham song va toan tu diu phu thudc thai gian. De* 
dan ra cac h6 thuc phu thu6c d6, ta vie't Hamiltonian toan phan duoi dang 



H = n 0 + V , 



(3.4) 



3.1 . Bieu diin tucfng tac va S-matrdn 
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trong do Hq la phan khong tuong tac va duoc chon du dan gian di co the 
giai chmh xac; V la phan tirong tac, co the g6m mot hay nhi6u the tirong 
tac khac nhau. Ky hieu 0 (t) hay Q (t) vol da\i mu la ham song hay toan 
tu trong bieu di6n tirong tac, thi cac dai lirong nay phu thuoc vao thoi gian 
duoi dang 

j,(t) = e inot e- int ijj{0), (3.5) 



Q(t) = e inot Qe- iHot . (3.6) 

Ta tha'y, trong bieu di6n tirong tac, sir phu thu6c thoi gian cua cac toan tir 
quy dlnh chi boi phan Hamiltonian khong tuong tac Hq. Do'i v6i ham song 
(3.5) ta luu y, vi noi chung Ho kh6ng giao hoan vdi V, cac so mu trong 

(3.5) kh6ng the c6ng g6p lai. Du v&y, ta co the 7 chi ra rang, sir phu thu6c 
thoi gian cua i> (i) quy dinh chi boi the tuong tac V. That v£y, theo (3.5) va 

(3.6) , ta co: 

^-j>(t) = iHoe inot e- int iP(0)-ie inot He- int ij{0) 
= -ie inot Ve- int *P(0) 
= -ie inot Ve- inot e iHot e- int <ijj(Q) 

= -iV (t) $ (t) . (3.7) 

Ti6n hoa cua ijj{t) qua la chi phu thudc vao V (£), nhu ta mutfn chi ra. 
Di m6 ta phu thudc thdi gian (3.5), ta co the 7 vie't 

j>(t) = U (t) i, (0) , (3.8) 

trong do toan tfr U (t) duoe dinh nghla la 



U (t) = e iHot e~ int 



(3.9) 
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Chtfcfng 3. Cac ham Green trong Vat ly chat ran 



Toan tu U (t) co y nghia cua toan tir tien hoa thoi gian, da nhac den trong 
tiet 2.2, nhung chira xem xet cu the. Tu dinh nghTa (3.8), (3.9) ro rang la, 
U (t = 0) = 1 va U (t) thoa man cung phuong trinh nhu (3r7) dol voi ip (t): 

4-U(t) = ie lHot (H 0 -H) e- lHt 
ot 

= -iV(t) U(t) . (3.10) 

Giai phuong trinh nay ta se tim duoc su phu thu6c cua U (t) vao the tirong 
tac V (t), va do do xac dinh duoc ip (t) (3.8). Muon v&y, ta lam nhu sau: 

Tich phan hai ve (3.10), cho 

U(t)-U(0) = -i I dtrffa) Ufa) 

Jo 

hay, vi U (0) = 1, 

U(t)= l-i [ dtiV(ti) U{h) . 
Jo 

Ta lai co the" thay tie'p U (h) duoi dau tich phan bang cung quy trinh U (t i ) = 
1 - i f* 1 dt 2 V (t 2 ) U (t 2 ). Va, neu su thay the nhu v£y lap lai mai, ta se co: 

U(t) = l-i [ d^V fa) + (- i) 2 ( dh I' dt 2 V{t l )V{t 2 ) + ... 

Jo Jo Jo 

= Y, H)" dt l dt * ■ ■ ■ / dt nV (U) V (t 2 ) ...V (t n ) . 

n=0 J ° J ° J ° 

(3.11) 

Day chfnh la loi giai cua (3. 10). Di y la, cac thoi gian trong (3. 1 1) tuan theo 
tr$t tu: t > ti > t 2 > . . . > t n . Do tuih cha't nay, ta co the vie't lai (3.11) 
dirdl dang gon hoti bang su dung toan tu tr&t tu thoi gian (time ordering 
operator) T. Toan tu nay co tinh cha't la, khi tac dung len m6t nhom cac 
toan tu phu thudc thoi gian, no se sap x£p cac toan tir nay lai theo tr&t tu sao 
cho, cac toan tu ung voi thoi gian sorn hem se nam a b6n phai. Chang nan, 

T (V {U) V (t 2 ) V (< 3 )) = V (t 3 ) V («i) V (t 2 ) neu t 3 > U > t 2 . 
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Neu su dung ham b&c thang 0 (t) thi tinh cha't nay co the bieu di6n dudti 
dang chuan xac han: 

T(V(U) V'(f 2 )) = 0(U - t 2 ) V(U) V(t 2 ) + 

+ 0(t 2 - V(t 2 ) Vfa). (3.12) 

Tat nhien, viec sap xe'p lai nhu v&y chi co y nghia khi V (t\ ) va V (t 2 ) kh6ng 
giao hoan vol nhau. 

Nho tinh cha't nay cua T, ta co thi vi£'t, chang han: 
1 



= hi dt i f l dt *v fa) ^fe) 

+ Y\ [ dh C dil ^ {h) ^ ■ 

Vi hai so' hang b6n ve phai thuc ra la bang nhau (U va t 2 chi la cac bieln tfch 
phan), nen co 

^\fdh f dt 2 T (y(h)V{t 2 )) = J* dh J* dt 2 V (t{) V(t 2 ) . 

De 7 y la bieu thuc ben phai chfnh la so' hang thu ba trong tdng (3.11). Nhu 
vay, su dung toan tu T ta co thi viet lai cac so' hang cua t6ng (3.11) duoi 
dang tuotig tu nhu v£' trai cua dang thuc tren. Chang han, voi so' hang thu tu 
cua t<5ng (3.11): 

fdhf'dti [ 2 dt 3 V {h) V (t 2 ) V (t 3 ) = 
Jo Jo Jo 

^jdhj dt 2 J^ dt z T(y{h) v(t 2 )v(h)) • 

Ke't qua la, chu6i (3.1 1) co the" via't lai duod dang: 

U(t) = i + J^L-L / dt, / dt 2 ... 

n=l U - J ° J ° 
...J <*tnT (V (h) V (t 2 ) . . . V (f n )) . (3.13) 
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Bie\i thurc nay thtfcmg dirge viet gon nhu sau: 



U(t) = Texp 



-i / dtiV(h) 



(3.14) 



Nhung, can chu y la, dang ham e mu chi la mdt dang vie't tat cua bieu thurc 
dtydu (3.13). 

3.1.4 S-matran 

Day la m6t toan tvr co vai tro dac bi6t quan trong trong phirong phap 
ham Green. S-matr&n diroc dinh nghla bang h£ thurc: 



j>(t) = S(t, ?)j>(?) , 



(3.15) 



nghia la no chuyen ham ip (?) thanh ip (t). Mat khac theo (3.8) 4> (?) 
U (?) 'ip (0), nen ta co thi vie't: 

j>(t) = S{t, ?) U(?)rl>{Q) = U(t)il>(Q). 



Tur day suy ra: 

S (t, ?) = U (t) U + (?) . 
Voi dinh nghTa (3.15) d£ thay S-matr&n co cac tfnh cha't sau: 

(1) S(f, t) = U{t) U + (t) = 1 



(3.16) 



(2) S+(t,?) = U(?)U + (t) = S(t',t) 



(3) S(t,?) S (?,?') = S(t,?') 



Hon nffa, ta con c6 



d_ 
dt 



d 



S(t,?) = j- f U (t) U + (1?) = -iV (t) U (t) U + (f) 
= -iV(«) S(t, 0 . 



(3.17) 



3.1 . Bieu dien tift/ng tac va S-matrdn 
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nghTa la S thoa man cung mot phuong trinh dang (3. 10) nhu ddi vai toan tu 
U. Do do, phu thuoc thai gian cua 5 (t) cung co cung dang nhu (3.13) hay 



Trong toan bo dan giai a tren con mot dieu chua ro la ham tp (0) trong 
(3.8) la gi ? D6 thay rang day la ham song tai t = 0 trong ca ba bieu di6n, 
Schrodinger, Heisenberg va tuong tac (nen co the viet 0(0), khong co mu). 
No dong vai tro dac biet vi la co so xuat phat d6 xac dinh ham song tai moi 
thai diem tiep theo. Nhung, chfnh ham *0 (0) lai chua biet! Lieu co the xay 
dung mot ly thuyet dua tren mot ham chua biet ? 

Tra lai bieu thurc (3.4) trong bieu dien tuong tac, trong do Ho dugc chon 
sao cho ta co the tim chinh xac ham rieng va tri rieng cua no. Goi 0 O la ham 
song trang thai ca ban cua Hq. Co chang mot he thuc giua ip (0) (chua biet) 
va 0o (da biet) ? Mot he thuc mong muon nhu v&y da duac Gell-Mann va 
Low de" xuat nam 1951 (Gell-Mann and Low (1951)): 



(3.14): 



S(t. t') = Texp 




(3.18) 



^(0) = 5(0, -oc)(A). 



(3.19) 



Ta co the hieu he thuc nay nhu sau. Theo dinh nghTa (3.15), 



1>(t) = S(t i 0)0(0) 



Tac dung 5 (0, t) len hai ve cua ding thurc nay, co 



5(0, t)ip(t) = 5(0, t)5(t, 0)^(0) 
= 0>(O) • 



Bay gid, neu cho t — > — oo, thi dang thurc tren chuyen thanh 



^(0) = 5.(0, -oo) ^(-oo) . 



Buac quan trong tie'p theo la, neu ta d6ng nMt ip (-oo) vai 0 O thi ta se nhan 
duac chinh xac (3.19). Hieu the' nao v6 su d6ng nha't nay? Trong qua khur 
xa, t — > — oo, khi chua co tuong tac V> trang thai cua h6 duac m6 ta chinh 
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xac bed 0 O . Vai trd cua loan tvr S (0, — oo) la chuy^n doan nhiet ham song 
0o nay a t = - oo thanh ip(0)bt = 0. Trong qua trinh chuyen do tuong 
tac duoc dua vao dan dan mdt each doan nhidt sao cho d£n thoi diem t = 0 
tuong tac dupe dua vao tron ven, ham song chura day du hi£u ung cua tuong 
tac, va do do, chfnh la ham rieng cua Hamiltonian toan phan H. 

H6 thurc (3. 19) dong vai tro then cho't trong phuong phap ham Green. Di 
hie\i them, ta nhin nh&n (3. 19) tur m6t gidd han khac cua i, t — > 4- oo. Khi 
do, 

iP(oo) = S(oo, 0) ^(0) • 

Ta co the gia. thie't rang (oo) lien quan tro lai vol chfnh 0o, chang han 
chung khac nhau chi m6t nhan tir pha: 

^(oo) = 0 o e ia . (3.20) 

Vol gia thie't nay, cung voi (3.19), ta co 

(f) 0 e ia = S(oo, 0)^(0) 

= S (oo, 0) S (0, - oo) 0o 
= S (oo, — oo) 0o . 

Tur day, ta xac dinh duoc nhan tir pha trong (3.20). 

e ia = (0 o |5(oo, -oo)|0 o ) . (3.21) 

H6 thurc nay se dupe sir dung khi biiu di6n cac ham Green qua S-matr&n. 



3.2 Ham Green electron: nhiet do khong 

Trong Phu luc C ta da bie't rang, cdc ham Green m6t hat don le khao sat 
trong chuong 2 c6 thi bieu di6n qua cdc toan tir trudng. Cac k£t qua nay 
c6 the 7 t6ng quat hoa di dinh nghia ham Green cho m6t he co tuong tac vol 
Hamiltonian toan phan H = Ho + V, trong d6 Ho phan khdng nhilu loan 
co thi giai chfnh xac. 



3.2. Ham Green electron: nhier do khong 
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3.2.1 Dinh-nghia 



O nhiet do khong, ham Green electron duoc dinh nghTa la 

G [p. t - /') = -i {\T C„ (I) C; («') I) , (3.22) 
trong do C p (t) , (t') la cac toan tu trong bieu di6n Heisenberg: 



C p (t) = e iHt C p e- iH \ 



(3.23) 



C+(t) = e lHt C;e- lU \ 

voi C p m6 ta trang thai cua 7Yo; p la tap cac so luong tu xac dinh trang 
thai trong bai toan khao sat (chang han vol electron tu do thi do la vecto 
song k va spin cr); T la toan tu tr&t tu thoi gian; |) la trang thai co ban cua 
Hamiltonian toan ph£n H (vi (3.22) viet trong bieu di£n Heisenberg nen |) 
khong phu thuoc thori gian). 

Khi via't ham Green vol chi mdt bien thoi gian nhu trong (3.22) ta ngu y 
ve phai cua bieu thuc nay phu thuoc chi vao (t — t') = r. Die\i nay d€ dang 
kiem tra bang each thay true tiep (3.23) vao (3.22). Khi do, chang han voi 
t > t', ta co: 

Gfat > t ') = -i (\(e mt C p e~ int ) (e* nt ' C; e- int ') 
Neu Eq la nang luong trang thai co ban cua he, H |) = Eq |), thi 



G{p,t> t') = -ie lE ^ (\c p e-^^C+l) 



(3.24) 



Ro rang la v6' phai cua (3.24) phu thu6c chi vao (t - t'). Bie\i thurc trdn d6ng 
thcxi cho phep ta ly giai y nghTa cua ham Green G (p, t > t'). M6t hat (ki'ch 
thich) duac sinh ra, lan truyen trong khoang thoi gian (t - t')> r6i bi huy va 
he tra lai trang thai ban dau (kh6ng kfch thich). 

Tuong tu, ham Green 

G(p, t'>t) = +z(\C+(t')C p (t)\) 

mo ta xac sua't cua qua trinh, trong do m6t electron bi huy khoi trang thai 
co* ban (sinh m6t 16 trong) a thai di^m U va sau do, tai sinh (huy 16 trong) 
a thai diem t 1 . 
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Vi ham Green m6 ta sir truyen cua hat (kfch thi'ch) nhu v&y, nen thucmg 
duoc goi la ham truyen (propagator). 

Bie'n ddi Fourier cua ham Green phu thu6c thoi gian (3.22) cho ta ham 
Green phu thu6c tan so': 

/oo 
drG(p,r) (3.25) 
■ oo 

/OO I 
— G(p,u) e"^ r . (3.26) 

Trong thuc t£' ti'nh toan, ham Green tan so' thucmg duoc su dung ph6 bie'n va 
thu&n tifn hon cac ham thoi gian. 

Bieu thtic dinh nghia (3.22) co the 7 vie't lai trong bieu dien tuong tac bang 
each nhu sau. 

Goi |) 0 = 0o la trang thai co ban cua Hq. Theo (3.19) ta co ihi thay |) 
trong (3.22) bang 

|> = 5(0, - oo) |) 0 (3.27) 

D6ng thoi, cdc toan ru cung duoc chuyen sang bi&i dien tuong tic (theo 
(3.6) va (3.23)): 

C p (t) = e i7it e- inot C p (t) e iHot e- lHt 

= U + (t) C p (t) U(t) = S (0, t) C p (t) S (i, 0) . (3.28) 

Thay (3.27) va (3.28) cung hai bieu thtic tuong ting (| = 0 (| 5 (-co, 0) va 

c; (0 = 5(o, t')c;{t')s{t\ o) 

vao (3.22), ta duoc: 

C(p,*-0 = -id(t-t') 0 <|5(-oo, 0)5(0, t)C p (t) S(t,0) 

5(0, t')d;{t')S{t\ 0)5(0, -oo)|) o 



+ i$(t'-t) 0 (| 5 (-co, o) 5 (o, o c; (O 5 (<', 0) 

5(0, t)C p (05(^,0)5(0, -oo)|) o . 



3.2. Ham Green electron: nhiit do khong 
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Su dung cac tmh chat cua S-matr&n di gdp cac thtra sd', d6ng thai, six dung 
(2.21) d^thay the 

0 (|S(-oo,0) = e- ia 0 {|5(oo, -oo)5(-oo, 0) 

o(|5(oo, 0) 



0(15(00, -oo)|) o ' 
bieu thuc ham Green a tren se chuyen duac ve" dang don gian hon: 



G(p,t-t') = 



9{t-t') 0 {\S{oo,t)C p {t) 



o(| S (oo, -00) |) 0 

s(t, t')c;(t')s(t',-™)\) 0 
-e(t f -t) 0 (\s(cx>, t')c;{t') 

S(t\ t)C p (t)S(t, -oo)|) o ' 

Ta co the ti£'p tuc rut gpn bieu thuc nay bang sir dung toan tu T. Chang han, 
vol so' hang ddu 

e (t - 0 0 (| s (00, t) c p (t) s (*, t) c; (t) s (t\ -00) |) o 

= e(t- 0 0 <| tc p (t) c; (O s (00, -00) |> o 

So hang thu hai cung chuyen v£ dang tuong tu. 6 day, chu y la, so di ta 
co the g6p ba toan tu S, ung vol ba khoang thai gian khac nhau, thanh 
S (oo, — co) vi toan tu T se sap xe'p lai chung vao tr£t tu can thiet. Thanh 
thu, cuoi cung, ham Green toan phan (3.22) duac viet lai trong bie^i di6n 
tuong tac duol dang: 

Q (\TC p (t)C+W)S(oo, -oo) |) o 



G (p, t - t') = - i 



0 (|T5(oo, -oo)|> ( 



(3.29) 



Trong tnrang hop rieng, khi kh6ng co tuong tac (V = 0), thi matron 5 
la matron don vi, ham Green khdng tuong tac (hay ham Green tu do, ham 
Green kh6ng nhi6u loan, ky hieu la Go) co dang gian dan: 



G 0 (p, t-t') = -i 0 {\TC„(t)C;(t') |> . 



(3.30) 
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Cac ham Green tu do dong vai tro quan trong trong hinh mure luan ham 
Green khdng chi voi tu each ham Green md ta hat khong tuong tac, ma 
chung con la co so di ti'nh ham Green cua he co tuong tac. 

3.2.2 Vi du: hai ham Green tir do quan trong 

Trong cac bieu thuc dinh nghla (3.29) va (3.30), dang cua ham song 
trang thai co ban |) tuy thudc bai toan khao sat. Xet hai vf du don gian, 
nhung rat co y nghia trong ting dung. 

Vi du I : Hat doTi le trong vung trong. 

Xet truong hop trong vung nang luong chi co m6t electron, chang han, 
mot electron trong vung dan cua ban dan. Trong truong hop nay, trang thai 
co ban la chan khdng (kh6ng co hat nao), ky hieu la | 0). Trang thai nay 
co tmh chat C p \0) = 0. Thanh ra, so' hang (f > t) trong (3.22) la bang 
khong, va ta chi con 

G(p,t- t') = -i9(t- t') (0| C p (t) C+ (f ) | 0) . (3.31) 

Trong truong hop khdng co tuong tac (V = 0), thi C+ | 0) chinh la trang 
thai mot hat tu do (xem vi du of ti£t 2.2) va do do ham Green (3.3 1) co dang 
don gian: 

Go (p,t-t') = -i0(t- t') e - { (3.32) 
voi E p la nang luong cua hat. Bie'n d6i Fourier cua ham nay cho 

/oo 
dre iET G 0 (p, r) 
■ oo 

roo 

= -i dTe iiE - E ' +l5)T . 
Jo 

6 day, luong i 8 (6 — ► 0+) duce phu vao so' mu di dam bao cho tfch phan 
ludn hOi tu (xem B3.2). Ke't qua lay tfch phan cho 



3.2. Hani Green electron: nhiet do khong 
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Day chmh la ham Green nang lirong (tirong ung vol ham Green thai gian 
(3.32)) cua mot hat don le trong mot vung trong. 

Vi du 2: Khi electron suy hi eh. 

Xet bai toan mot electron trong bien Fermi a nhiet do khong. Neu E k 
la nang lirong khong nhilu loan (ung voi Hq), thi tat ca cac trang thai voi 
E k tha'p horn the hoa hoc [i. (hay vecto song k nho hon vecto song Fermi 
kp) la day, va nguoc lai, cac trang thai vdi E k > /i (hay k > k F ) la trong 
(xem tiet l.l). Ta co thi chon fi lam goc tinh nang lirong va dira vao tham 
so' t; k = E k — [i. Khi do, vol bai toan dang khao sat ta co: 

„<IW-I>„ = *(-&). 

„(l C k C + k \) o = 6{t k ) . 
Do do, ham Green tu do (3.30) bay gio co dang 

g 0 (m-O = -i[e(t-t')e{s k )-e(t'-t)d(-z k )] 

exp[-i£ k (t-t')]. (3.34) 

Bien d6i Fourier cua ham nay la 



G 0 (k,E) = -i 



poo 

(&) / 

J 0 



Ofa) / dr e iT{E -* k+iS) 



o 



— oo 



*(&) . j-> 0+ . (3.35) 



£ - ^ + iS E-i k -i5 

6 day, chu y la, & la nang lucmg tfnh tur mure Fermi, nen £ k (k = k F ) = 0. 
Bieu thurc (3.35) co the 7 viet .gon lai: 



G ° E ^ = p c Jtx^fc^ 5 6^ 0 + . (3.36) 
E - £ fc + id sgn(ffc) 

Cac ham Green kh6ng nhieu loan (3.32) va (3.34) hay (3.33) va (3.36) 
c6 vai tro quan trong trong ly thuyeit ham Green ap dung vao Vat ly chat 
ran. Chung duoe dung lam co so di tinh cac ham Green tuong tac. 
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3.3 Ham Green electron: nhiet do hflru han 

Moi thi nghiem deu duoc tien hanh a nhiet do huu han, nen de giai thich 
thuc nghiem, v£ nguyen tac, cac ly thuyet cho truong hop nhiet do khdng 
la khong con thfch hop nua, dii rang, trong thuc te ne'u nhiet do du tha'p so 
vol cac nang luong cua he thi cac ly thuye't nay van ra't huu ich. Matsubara 
(Matsubara 1950) la ngudi dau tien d6 xua't phuong phap ham Green cho 
truong hop nhiet d6 huu han (ham Green nhiet do). Phuong phap nay khdng 
chi hi£u qua, ma con rat d€ nam bat. Hon nua, tu cac ke't qua nhan duoc cho 
truong hop nhiet d6 huu han, bang don gian cho T = 0 ta se nhan duoc cac 
ke't qua tuong ung cho truong hop nhiet d6 khdng. Vi vay, trong tie't trudfc ta 
da kh6ng di sau vao cac tfnh cha't giai rich cua ham Green nhi&t d6 kh6ng. 
Chung se duoc xem xet b tiet nay cho truong hop t6ng quat hon cua ham 
Green nhiet do huu han. 

3.3.1 Hinh thuc luan Matsubara 

6 nhiet do khac khdng mdi hat duoc xem la tuong tac vol biSn cac hat 
khac. Ta khdng bie't trang thai chmh xac cua bien hat nay, vi chung ludn 
thang giang tu cau hinh nay sang cau hinh khac. Tham so' duy nhat ma ta 
bie't la nhidt dd, lien quan vol nang luong trung binh cua h£. Vi vay, khi 
xac dinh ham Green nhi£t do, thay vi trung binh theo trang thai ca ban nhu 
trong (3.22), ta phai lam viec vol trung binh nhiet dong. Theo dinh nghia, 
trung binh nhiet ddng cua dai luong Q la: 

(Q) = Tr{e-^Q}/Tr{e-^} 

= Z- lT Tr {e~ ^ Q) , (337) 

trong do H la Hamiltonian toan phan cua h£; (3 = (k B Tr la phep lay. 
ve t nhu da gidi thieu 6* chuong 2. 

Vdi trung binh nhiet ddng, trong bie\i thuc cua ham Green, Hamilto- 
nian H (va do d6 the tuong tac V) se co mat khdng chi a nhan tu dang 
exp (±iHt) nhu trong ham Green nhiet dd khdng, ma con ca a nhan tu 
exp (- (3H). Nhan-tu dang exp (±iHt) coihi bi&i dien qua S-matran nhu 



3.3. Ham Green electron: nhiet dp lutit hqn 
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or (3.29), r6i khai trien nhu (3.18). Con nhan tu exp(-pH) ? Y tuong 
chinh cua Matsubara la xem thai gian t va nghich dao nhiet do p nhu phan 
thuc va phan ao cua mot bien phuc duy nhat, va do do, ta chi can mot khai 
trien S-matr&n. Y Wong nay xuat hien mot each tu nhien, neu tuong tu nhu 
h£ thuc (3.2) vai toan tu Heisenberg, ta viet c 3n C p (0) e' m = C p (-i p), 
trong do p dong vai tro nhu phan ao cua thai gian. 

VI thai gian lien quan vai tan so, mot khi co thay doi trong khai ni6m 
thoi gian, ta't phai co thay d6i tuong ting vi tan so' cung nhu dang thuc 
cua phep bi£n d6i Fourier. D€ hieu di€u nay, ta bat dau bang xem xet 
cac so' choan day nhiet doi vcri boson n B (u q ) — (e 0 ^ — l)" 1 va fermion 

™f (6c) = { e ^ k + l) 1 • dai lutmg nay co the' khai trien thanh chu6i 
(xem Mahan 2000): 



1 1 °° 1 

(&) = ^ (On-LUiTT/ft-fi. ' (3 - 38) 



71/r 



2 0 n ^ x (2n + l)iir/P-^' 

1 1 00 1 

Tin (uJ a ) — — - + — > -— — : — 777T - — • (3.39) 

uy qJ 2 (3 f-^ (2nnr/P)in/P - uj q ' 



11= — oo 



Khai trien nay la dua tren dinh ly cho rang m6t ham phan hinh (meromor- 
phic) bat ky luon co the 7 khai trien thanh tong theo cac cue cua no va cac 
thang du tuong ung. So choan day boson n B (uj q ) co cue tai u q = 2n in/P, 
con so choan ddy fermion up (&) co cue tai f * = (2n + 1) iir/p. Vai ca 
hai trudng hap thang du a cac cue d6u la 1/p. 

Tu (3.38) va (3.39) ta co th£ dua vao khai ni£m tan so' a cac cue, tuomg 
ung la: 

/ (2n+ l)7r//3, vai fermion, 

W n = < a //3 MU (3-40) 

[ 2n7r/P, vai boson. 

Cac fermion co cue tai cac tan so bang m6t so' le lan cua 7r//3, con cac boson 
co cue tai cac tan so' bang so' chan lan cua 7r//3 (ke 7 ca u n = 0). Vori dinh 
nghTa (3.40) cac t6ng a (3.38) va (3.39) trd ntn c6 dang don gian: 

E— ^-r v * E— - — • (3-4D 

n Tt ^ 
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Trong tdng thur nha't (fermion) n la cac s6 le, con trong tdng thur hai (boson) 
n la cac so' chan. Di y th£m la, cac so' hang trong t6ng, 

1 . 1 



va 



lU) n - UJ q 



(3-42) 



co dang cua cac ham Green. Ngay diroi day ta se tha'y chung chinh la cac 
ham Green khdng nhieu loan trong phuong phap Matsubara. 

Six khac nhau giua boson va fermion v& gia tri co thi cua tin so' u n han 
la se diroc the* hi£n trong c6ng thirc bien dol Fourier. Trong hmh thirc lu&n 
Matsubara thoi gian trcr thanh mot dai luong phurc, r = it vol mien xac dinh 



-P < r < (3 



(3.43) 



Ta bie% n&i ham f (t) xac dinh trong mien (3.43), thi no co khai tri^n 
Fourier dang: 



1 °° 



71=1 



TITTT \ . ( U7TT 

a n cos [ —77- j + o n sm 



0 



(3.44) 



trong do 



1 /" , ,. . /mrr\ 

a " = ^/-/ r/(r)cos V~J ; 



dr f (r) sin 



Ta bie\i di6n khai trie'n (3.44) dirdri m6t dang kh£c, bang dinh nghTa 

Khi do, ro rang / (r) (3.44) chinh la 

1 00 

f w = jj Y, exp (- * niTT i® f ; (3 - 45) 

va 



n=— 00 



1 

(i w n ) = - J dr f (r) exp (i mrr//?) 



(3.46) 



3.3. Hani Green electron: nhier dp hint hgn 
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Ta co the don gian tiep cac bieu thtic nay neii tinh den dac thu cua tirng 
loai hat. 

V&i boson. Theo (3.40), neu / (r) la mot ham boson thi: 

./» = ./> + /?) ; -(3<t<0. (3.47) 
Khi do co the viet lai (3.46): 

/ (iuj n ) = i { jf* dr / (r) e in ^ 0 + J* dr f (r) e inirr ^ 

O so' hang thur hai ben phai thay r bang r + co: 

/(za; n ) = i(l + e <n ') f dr } {r) e in ^' 0 . (3.48) 

Ve phai cua dang tntfc tren se bang khong neu n la mot so' le. Di£u nay 
nghia la, phu hop voi thao lu&n d tr€n, vol boson, ham f (iu n ) chi khac 
kh6ng neu n la mot so chan. Khi do, e in7r = 1, cac he thurc (3.48) va (3.46) 
tra n6n co dang: 

/K) = I ' dT/(T)e iw - T , 

/( T ) = 4 £ «""""*/(*<*,). (3.49) 



w n = 2wk/(3 = 2nirkBT. 

Voi boson, tin so chi nh&n cac gia tri bang so chan lan cua 7r//?. 
Voi fermion. Neu / (r) la m6t ham fermion thi, theo (3.40): 

f(r) = -f{T + l3) ; -0<t<O. (3.50) 

Su dung tinh chat nay, tucmg tu* nhu voi boson, ta nh£n duac cac ht thurc sau 
cho bie'n d6i Fourier cua cac ham fermion: 

-0 



f(iu n ) = [ drf(T)e iu « r , 
Jo 



= ^E^""/^^), (3.51) 

u>„ = (2n + l)7r//3 = (2n + l)irk B T. 
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Cac he thurc (3.49) va (3.51) co cung dang, chi khac nhau a tan s<5: voi 
fermion, tdn so' u n chi nh&n cac gia tri bang mot so' le lan cua n /p. 

Viec dua vao thori gian va tin so' phurc thoat dau lam ta c6 cam giac phurc 
tap. Trong thuc te', cac he thurc bie'n d6i Fourier (3.49) va (3.51) co dang 
don gian quen thudc. Hon nua, phuong phap Matsubara rat thu&n tien trong 
tinh toan, nha't la khi sir dung ky thu&t gian d6 Feynman. 

3.3.2 Dinh nghia 

Ham Green electron nhiet do duoc dinh nghia la 

Gfat- t') = -(TC P (r) C; {t')) , (3.52) 
= - Z" 1 Tr {c-W-M") T C p (r) C p + (r')} , 

trong do p co y nghia nhu a (3.22), 

Z = Tr{exp[-/3(W-/xN)]}, 
C p (t) = exp[r(H- fiN)]C p exp[-r{n- fiN)], 
C+(r) = exp[r(7i-/x7V)]C p f exp[-r(^-/i7V)]. (3.53) 

Dong thu hai trong dinh nghia (3.52) giai thich n6i dung cua trung binh 
< . . . > ghi a dong tren. Do la trung binh nhiet d6ng viet cho truong hop 
t6ng quat cua cac t&p hop chinh tac Ion (grand canonical ensemble), trong 
do Hamiltonian H dugfc thay bang (H - /i N) vol [i la the" hoa hoc, N la so' 
hat (xem, chang han, Toda et al. 1983). Toan tu tr& tu thcri gian T tac dung 
tuong tu nhu b truong hop nhiet d6 kh6ng: no sap xe'p cac toan tu vol r som 
hon (gan - (3 hon) nam v6 phfa ben phai. Voi bai toan mdt hat don le thi 
fi = 0 va trung binh nhiet ddng duoe hie'u theo nghia (3.37). Di y them la, 
trong djnh nghia tr£n, phu thudc r cua cac toan tir (3.53) co dang nhu toan 
tu Heisenberg (3.2) voi it thay bang r. 

Bang thay true tie'p (3.53) vao (3.52) va su dung tinh hoan vj vong quanh 
cua phep lay ve't: 



Tx{ABC ... Y Z} =Tr{BC ... Y Z A} , 



(3.54) 



3.3. Ham Green electron: nhiet do huu hgn 
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ta 6k thay rang, qua la ve phai cua (3.52) phu thuoc chi vao hi£u (r - t') 
nhu ghi a ve trai. Do tfnh chat nay ta luon co the chon r' = 0 va viet lai 
bieu thuc dinh nghia (3.52) duoi dang 

QiP; r) = -(TC p (r) C p + (0)> 5 (3.55) 



- -Z- l Tr{e-^T (e Tlc C p e- T,c C;)} . 

6 day, de cho gon, ta dung ky hieu /C = Ti - /j, N. 

De tim ham Green phu thu6c tdn so tuong ring vol (3.55) ta caVi biet tfnh 
ch&'t phu thuoc r cua Q (p, r). Xet, chang han, trirdng hop r < 0, khi (3.55) 
co dang 

G(p,T) = (TC p + (0) e^C p e^) 



= Z- lr TT{e- pK C^e rK C p e- rK } . 

D6 y rang, bieu tntfc da doi daii do hoan vi hai toan tu fermion. Nhan them 
e -0K. e @fc ^ ^ V ^ Q sau Q+ T fc su . (Jung tfnh cha't (3.54) cua Tr, ta co 

Qfar) = Z- l Tx{e~^e^ K 'C p e-^ ,c C;} 



= -G{ V ,t + 0) ■ 0<r + P<p, 



hay 

G(p,T) = -G(p,T + P) ; -0 < r < 0 . 

Ta thay, ham Green electron G (p, r) co tfnh chat (3.50) cua cac ham fermion. 
Va, do do, no bi£n ddi Fourier theo quy tac (3.51): 

G(p,iuj n ) = / drG(p,r) e ,w " T , (3.56) 

Jo 
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trong do tan so' u n nh&n cac gia tri bang m6t so' le lan cua ir/ft. Bieu thurc 
(3.56) chi'nh la ham Green electron phu thudc tan so. 

Vi du: he hat tudo (khong tuong tdc). 

Trong trucmg hop don gian nay ta co 

H — Hq — £ p Cp C p , 

IC = /Co = £ p Cp C p , (3.58) 

voi 

i P = £ P - A 4 • (3.59) 
Phu thu6c r cua toan tu C p (r) trong (3.55) bay gior co dang 

C p (r) = e TfCo C p e- T/Co = e~^ T C p . (3.60) 

Da'u bang thur hai trong h£ thurc ti£n la he qua cua JCq (3.58) va dinh ly 
Baker-Hausdorff: 

e A Ce~ A = C + [A C] + i [A, {A, C}} + 

+ i [A, [A, [A, C]]} + . . . 

Thay (3.60) vao (3.55) ta ducc dang phu thu6c thoi gian cua ham Green 
tit do (khong tuong tic): 

Qo (p, t) = -0 (r) e"^ (C p C p + ) + 6 (-r) (C p + C„) 
= - e"^ [0 (r) (1 - n F (£„)) - 6 (-r) n F (£„)] 



= -e-^[6(T)-n F (Q] , (3.61) 
trong d6 n F (£ p ) = (C+ C p ) la trung-binh cua toan-ti so' hat 



3.3.- Ham Green electron: nhiet do hi(u hgn 
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Thay (3.61) vao (3.56) ta dugc dang phu thuoc tan so cua ham Green 
electron tu do. 

Go(p.iuJ n ) = dTe^ T g 0 (p. t) = - (l-n F ) fdre T(iw ""W 

JO Jo 

(1 - n F ) (eW^-M - 1) 

VI vdi electron i (3uo n = z (2n + 1) 7r, nen a thCra so' thur hai tren tu so' ta co 
e i0un^ e -0Z P — _ e -#^ va bieu thurc tren tra thanh 

(l-n F ) (e-^ + 1) 
t/o (p, ii^n = : z. • 

Thay 1 — n F = e^ p / (e^ p + l), ta dirge ke't qua cuo'i cung: 

£o (p, ^n) = 1/ - £ P ) ■ (3.62) 

Ham Green electron tu do phu thuoc tali so (3.62) co dang trung vdi so hang 
trong t6ng (3.41) nhu da gidi thieu or tren. Trong ham (3.62), nhiet do T co 

mat a tan so uj n = (2ra + 1) n/(3 = (2n + 1) tt k B T. 



3.3.3 Mot so tinh chat co ban 

Tat ca cac dai luomg do trong thuc te', nhu do dan di£n hay d6 cam tir, 
deu lien quan true tie'p vdi ham Green u€. Ham nay, tat nhien co the 7 tinh true 
tie'p trong khuon kho hinh thuc luan thoi gian thuc quen thu6c (xem, chang 
han, March et al. (1967)). Tuy nhien, con ducmg dom gian hem la tinh ham 
Green nhi6t 66 tin so ao tuong ung, sau do bang each thay iu n — > u + i8 
vol 6 — >• 0+ ta se nhan dugc ham Green tre\ Duoi day ta se chung minh dinh 
d& nay. 

Ham Green tr£ dugc djnh nghia duoi dang tdng quat nhu sau: 

g**> (p, t-t) = -id (t - f) (c p (t) c; (o + c; (t) c p («)> . (3.63) 

O day, ta dung ky hi£u G (ma khdng Q) vi ham Green tre la ham cua thoi 
gian thuc t, du rang trung binh (...) trong (3.63) van la trung binh nhi£t 
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dc)ng nhu trong (3.52). Cac toan tir Heisenberg trong (3.63) phu thuoc vao 
thoi gian thuc: 

C p {t) = e lK - t C p e- iKi . (3.64) 

Vi ham Green tr6 chi tac dung khi t > t' , nen no co tinh nhan qua. Va, 
boi le nhan qua la tfnh chat co huu cua moi qua trinh thuc tien, ham Green 
tre co y nghTa thvrc tien rat Ion. 

La ham cua thoi gian thuc, ham G [R) (p, t — t') bien doi Fourier theo 
quy tac thdng thudng: 

/oo 
dte^'-^GWfat-t'). (3.65) 
•oo 

Vori cac electron khong tuong tac, khi K, = JCq (3.58), theo (3.60) va (3.64), 
ta co 

C p (t) = e- i ^ t C p . (3.66) 
Thay (3.66) vao (3.63) ta duoc ham Green tre" cua electron khong tuong tac: 

g<*> (p, t-t) = -i9(t- f) e- *>w {c p c; + c; c p ) 

= -i9(t- t') exp [- if p (t - t')) . (3.67) 

Thay (3.67) vao (3.65) ta nMn duoc dang phu thuoc tan so cua ham Green 
tr£ electron tu do: 

G ( 0 R) (P, w) = ^— . (3.68) 

(JO — £ p + I 0 

Luu y rang, 6* day tan so' u trung vol nang luong E cua hat (h = 1). So sanh 
(3.68) vol ham (3.36) trong trucmg hop nhiet d6 kh6ng, ta thay a (3.36) ben 
canh S co nhari ttr sgn (f p ), ngu y 6 d6i da'u a hi mat Fermi, con 6 (3.68) ta 
chi don gian co 8 % —> 0+. 

Bay gib ta se chumg minh rang, ham trl G (i?) (a;) co the* nh&n duoc tu 
ham Matsubara Q (iuj n ) tuong umg. Trong cac dinh nghTa (3.52) hay (3.63) 
trung binh thuc chat la lay theo tap cac trang thai rieng chfnh xac cua K. 
Ta't nhien, ta chua bie't va cung kh6ng the 5 bie't cac trang thai nay. Nhung, 
du sao, it ra la ve* nguyen tac, chung t6n tai. Gia su: 

K | n) = E n | n} . 



3.3. Ham Green electron: nhiet do hiai hgn 
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Khi do, Tr (...) = Yl n ( n l • • ■ I n ) v ^ ^ m tr ^ (3-63) viet dugc duoi dang 

G R {t-t') = - iO(t-t') Z-^H e-^ [C(0 C + (0 + 

+ C + (f)C{t)]\n) 

= - io(t-t')z- l ^2 e ~ ffEn IH c (*) I m ) 

n,m 

(m| C + (*') |n) + (n\ C + (*') \ m) (m\ C (t) \n)] . 

O day va trong toan bo phan chvrng minh nay ta bo bien p trong cac ham 
Green cho gon. Bon yeii to ma tr&n trong ngoac vuong co the danh gia don 
gian, chang han: 

(n\C(t)\m) = (n\e i,Ct Ce- i!Ct \m) 
= (n\C\m) e* {E »- Em)t . 

Vol cac yeu to ma tr&n nhu v&y ham (t — t') chuyen thanh dang: 



G< R) {t-t') = -i6{t-t') Z~'J2 e ' 



■0E n 



,i(E n -Em)(t-t') 



m,n 



\{n\C\ m)| 2 + e -iiE n -E m )(t-t') \{ m \c\ n)f 



Bang each danh d6i hai chi so hinh tntfc, m t± n y d so' hang tnti hai trong 
ngoac vu6ng, so hang nay se tro* nen trung vdi so' hang dau. Ta ghep hai so 
hang voi nhau vdi chu y la khi danh doi nhu v&y nhan tir e~@ En ling vdi so' 
hang tnti hai chuyen thanh e~^ Em . Kelt qua cho: 



G^ R) {t-t') = -id{t-t') Z- l Y^\{n\C 



m 



m,n 



[ e -0En + e -/3F m j exp | • (i _ ^ _ E ^ (3 69) 

Day la dang phu thu6c thdi gian cua ham tre\ bieu diln qua ham rieng va tri 
rieng cua K. Dat bie'u thurc nay vao (3.65) ta nh&n dugc ham Green tr£ phu 
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thu6c tan so' (nang lircmg): 

poo 

{lu) = -i e u ^ +i ^ dtZ- l J^\(n\C\m 
[e-^+c-^]exp{t (E n -E m ) t} 



uj + E n - E m + id 

m,n 

(3.70) 

6 day, nhu thucmg lam (xem B3.2), so' hang i 5 duoc b6 sung vao de" bao 
dam su h6i tu cua rich phan a 1 lcm. 

Chuyen sang xet ham Green Matsubara tuong ting. Theo dinh nghia 
(3.55), vdi r > 0, ta co: 

Q(t) = -Z- l ^2{n\e- 0K C(T)\m)(m\C+\n) 

m,n 

= -Z~ l Y^ e~ 0En (n\ e Tlc C e~ rK \ m) (m\ C + | n) 



m.n 



= -Z-'J^^Clmtfe-^e^-^K (3.71) 

771,71 

Thuc hi6n bi£n d6i Fourier theo (3.65), ttir (3.71) ta nh$n duoc ham Green 
Matsubara phu thu6c tan so' : 

Q{iuj n ) = -Z^^2\{n\C\m)\ 2 e- 0En / dr e lu}T . e T{En ~ E ^ 

= Z-^\(n\C\m)\ 2 e +e . (3.72) 

lLJ n + £j n — tj r 



'm 

m.n 



D6 nh&n duoc ke't qua cuo'i cung a tren, chu y la, khi thay c&n ti'ch phan, voi 
electron ta co exp {iu n l3) = — 1. 

Bie\i thurc (3.72) la ham Green tari so' Matsubara bi^u dien qua cac ham 
rieng va tri rieng cua JC. So sanh (3.72) vol (3.70) ta thay, qua la ham Green 
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tr£ G (/?) (uj) co the nhan duoc true tiep ttr ham Green Matsubara bang each 
don gian thay iuj n — > uj + iS: 

G {R) {uj) = G (i,uj n <j + iJ) . (3.73) 

Day chinh la dinh d& can chung minh v6 hd thtic giua ham Green tr£ va ham 
Green Matsubara. 

Vi ham Green sorn (uj) bang lien hop phurc cua ham Green tre\ n£n 
tur (3.73) ta cung co: 

G {A) (u) = G (iuj n -> uj - iS) . 

Nhu v&y, bang phep chuyen gian don (3.73), m6t khi biet ham Green 
Matsubara ta dt dang nh&n duoc ham Green tr£ tuong ung. Ttr ham Green 
tr£ ta co the tfnh tiep cac dai luong, co the do true tiep bang thuc nghi6m. 
Ta xet mot dai luong quan trong duoc dinh nghia qua ham Green tn§, goi la 
ham ph6. 

Ham pho (spectral function) hay ham m&t do pho (spectral density func- 
tion) cua electron duoc dinh nghia la: 

A f>, uj) = - 21m {G {R) (p, uj)} . (3.74) 

6 day, cung can noi th6m rang, d6c gia co the 7 gap cac dinh nghia khac nhau 
vi ham ph6, nhung su khac nhau chi la a h6 s6' phfa trucrc (xem B3.3). 

Dat (3.70) vao (3.74), sir dung d6ng nha't thurc (1.70), ta co 

A(p,u) = 27rZ- 1 ^|(n|C p |m)| 2 (e-^+e-^) . 

6(u + E n - E m ) . (3.75) 

Ham ph6 (3.75) co cac tfnh cha't co ban sau: 

(1) A (p, uj) lu6n duong. Die\i nay de thay vi tat ca cac so' hang b v£ 
phai cua (3.75) la duong. Day la tinh cha't quan trong va can co vi A (p, uj) 
co y nghia nhu mdt ham xac sua't. 
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(2) A (p, (J) thoa man quy tac t6ng 

>0 ° duo 



-oo 2?r 



i4(p, cj) = l. (3.76) 



Quy tac nay co the 7 churng minh bang lay tich phan true tiep (3.75): 

,0 ° duo 



A{p,uo) = Z- 1 ^|(n|C p |m)| 2 (e- /3E "+e-^") 

n.m 

= z' 1 e ~ PEn N °p i m ) H c p + i n > + 



n,m 



(n| \m) (m\ C p \n)] 
= Z-'Y^e-^" (n\C p CZ + CZC p \n) 



n,m 



= Z- l Tv{e- 0}C } = 1. 

Trong qua trinh chung minh tr£n, theo rung buac, ta da: (i) tach bieu thurc 
trong tdng thanh hai so' hang, a so hang thur hai ta d6i vi tn hai chi so' hinh 
thurc n va m; (ii) su dung phan giao hoan [C p , C+] = 1. 

(3) Do'i vol electron kh6ng tuong tac, K = /C 0 , tuong umg vai Gq (3.68), 
ta co: 

A 0 (p, oj) = 2<k6(uj-Z p ) . (3.77) 

Y nghia cua he tntfc nay se tra nen ro rang neu ta ly giai A 0 (p : uo) nhu 
phan bo' xac sua't de" electron co d6ng luong (momentum) p va nang luong 
E = uj. VI vai electron tu do E = £ p , nen phan bo' x&c sua't phai co dang 
ham delta. 

(4) Bi&t ham ph6, ta co the ti'nh so' trung birth cac electron a trang thai 
vai ddng luong p theo h£ thtic: 



n p 



/dE 
— n F (E) A (p, E) , (3.78) 



trong do n F (E) la ham Fermi. De 7 chting minh ht thur nay, ta vie't n p trong 
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trung blnh nhiet dong: 

n p = Z" 1 (™-\ e ~ 0Ki C p I n ) H C p I m 



m.n 

|2 



= z-'5>-^"'|<»|c, ; 

m.?j. 

Tra lai bieu thuc A (p. E) (3.75), bang tinh true tiep ta thay 

>oc dE 



j-^A(p,E) = Z- l J2^ n \HC P \m)\' 



m.n 

= r?. p . 



VI (e 0E + l) 1 = n F (E), nen dang thuc tren chinh la he thuc can chung 
minh (3.78). Y nghla cua he thuc nay la, so trung blnh cac hat a trang thai 
p bang tong cua np (E) vol trong khoi A(p, E) theo moi nang luong co 
the. 6 day, mot lan nua ta thay A (p, E) co y nghTa nhu xac sua't de hat vcri 
nang luong E co dong luong p. Trong truong hop rieng cua electron khong 
tuong tac, khi A = A 0 (p, E) = 2tt5 (E - f p ) (3.77), ve phai cua (3.78) cho 
ta bieu thuc quen thuoc cua toan tu so hat trung binh 

JF fe) = (C p + C p ) = (e^ + l)- 1 . 



77. 



3.4 Ham Green phonon 

Vi trinh tu cung nhu moi bien doi, chung minh a tiet nay la hoan toan 
tuong tu vol tiet tren, chi khac nhau a nhung ch6 co lien quan den tinh thong 
ke cua hat (he thuc giao hoan, toan tu mat dd hat...) do electron la fermion 
con phonon la boson, nen chung ta bo qua cac dan dat trung gian, chi d& 
cap torn tat cac ket qua chinh. Cac chi tiet tinh toan co the 7 tham khao trong 
cac cuo'n sach cua Abrikosov va d6ng tac gia (Abrikosov et al. 1963) hay 
cua Mahan (Mahan 2000). 

3.4.1 Truong hop nhiet do khong 

Ham Green phonon nhi6t dd kh6ng ducrc dinh nghTa la: 

D fa, X-t - t') = - i (| T B q \ (t) B. qX (*') |) , (3.79) 
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voi 

B q x = b qX + bt qX , 

trong do b qX (b* x ) & to ^ n & nu Y (sinh) trong bieu thuc khai trien cua toan 
tu dich chuy^n nut mang: 

(M: kho'i luong cua nguy£n tu nut mang, N: so nguyen tu ; £ kx : vecto ph&n 
cue ; A: chi so' phan cue cua phonon). 

Vol m6t phan cue xac dinh, ham (3.79) bi&i di£n dirc/c qua S-matr^n 
dutfi dang 

n( . . 0 (\TB q (t)B_ q (t')S(™, -oo)|) o 

D(q,t-t) = -i j7— r-r °- . (3.80) 

0 {|S(oo, -oo)|) o 

Ne'u khong co nhieu loan, thi tuong tu nhu vf du I trong 3.2.2, chu y them 
la, voi phonon 0 (| b q b+ |) o = 1, 0 (| 6+ b q |) o = 0, ta co ham Green phonon tu 
do: 

rw 1 1 



uj — u q + iS u + u q — i5 

2Un 



lj 2 — cj2 + i5 



(3.81) 



3.4.2 Trifdng hop nhiet do hum han 

Ham Green phonon nhiet d6 huu han duoc dinh nghia la: 

V (q, r - t') = -(TB q (t) B. q (r')> \~P<t<0 (3.82) 

vol 

B q (r) = {b q + bt q ) e~ TU . (3.83) 

Vi phonon kh6ng c<5 the' hoa hoc (so' hat kh6ng xac dinh), ndn su phu thudc 
t cua cdc toan tu chi li£n quan voi Hamiltonian H. Cung nhu voi ham Green 
electron, v£ phai cua (3.82) chi phu thudc vao (r — r'). 



3.4. Ham Green phonon 
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Khac nhau chu yeu giua ham electron Q va ham phonon V la a ch6, ham 
phonon V (r) co tfnh chat cua cac ham boson (3.47): 

V (q. t) = V (q, t + P) ; - 0 < r < 0 , (3.84) 

va do do, no bie'n d6i Fourier theo quy tac (3.49). 

poo 

V(q,iw n ) = / dr e iuJnT V {q, r) , (3.85) 

Jo 

trong do tdn so tu n chi nMn cac gia tri bang m6t so' chan lan cua ir/(3. 

De y la, su khac nhau giua cac dai luong do'i vol electron (fermion) va 
phonon (boson) thudng chi la khac v6 da'u (chang han gitfa (3.47) va (3.50) 
hay giua n F (f p ) van B (u q ))- Ngudn go'c cua su khac nhau nay la, trong khi 
cac toan tu" fermion tuan theo he thtic phan giao hoan thi cac toan tir t>oson 
tuan theo he thirc giao hoan. 

Ham Green nhidt d6 do'i vol he phonon tu do, khi 7i = Ho = ^w q b+ b q , 
de dang nhan duoc bang thay true tiep vao (3.82) cac toan tu (3.83) vol 
T~C = Hq'. 

B q (r) = e THo b q e- rHo + e THo b± q e- rHo 
= e~ TUJ " b q + e r ^b + _ q 

(a day ta da sir dung (3.60)), dong thcri chu y den cac he thurc do'i vol gia 
tri trung binh nhtet d6ng cua toan tvr so boson N q = {b q b q ) = n B (u q ); 
(b q 6+) = N q + l. K& qua cho: 

V 0 (q,r) = -e{T)[{N q + l)e-™«+N q e™«) 

= - 6 (-r) [N q e- TUJ < + (N q + 1) e w «] . (3.87) 

Day chfhh la dang phu thu6c thoi gian cua ham Green phonon tu do 6* nhtet 
d6 htfu han. Thay bi&i thirc nay vao (3.85) ta diroc ham Green phu thu6c 
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tan so' tuong ung: 

2u, 



V 0 (q, iu n ) = 



2 



(iu n ) -cj2 



Q 

2(jJn 

q (3.88) 



n 1 q 



R6 rang la ham nay lu6n am va no co dang gdn giong vcri ham Green nhiet 
d6 kh6ng tuong ung (3.81). 

3.43 Ham Green phonon trl 

Ham Green phonon tr£ dirac dinh nghia la 

£><*> (q,t-t') = -iO(t- t') (B q (t) B. q (?) - B. q (?) B q (t)) . (3.89) 

Giua ham trl D^ R) (3.89) va ham Matsubara (3.82) do'i vol phonon cung co 
he thurc tuong ttr nhu (3.73): 

D {R) (u) = V (iu n u + i5) . 

Va cuo'i cung, ham ph6 phonon P (q : u) cung duoc xac dinh tuong tvr 
nhu (3.74): 

P (q, u) = - 2Im{D w (q, u)}. (3.90) 
Ham nay thoa man "quy tac t6ng": 

'°° du 



/CO 
■oo 



o n B (u)P(q i u) = 2N q + l. (3.91) 

Z7T 



Vcri phonon dai luong n B (u) P (q, u) lu6n duong va co the 7 hie\i nhu xac 
sua't phu thudc nhiet 6.6 6i co cac phonon voi q va u. Do'i voti cac phonon 
kh6ng tuong tac, tu (3.88) va (3.90) ta c6: 

P 0 (q, u) = 2tt [5 (u - u q ) - 5 (u + u q )) . (3.92) 



3.4. Ham Green phonon 
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Thao luan bo sung va bai tap 

B3.1 Noi chung thuat ngu "ham Green" trong ly thuyet trudng co y nghTa 
rong hon trong ly thuyet cac phucmg trinh vi phan tuyen tinh. Trong 
ly thuyet truong du rang ham Green van thoa man phuong trinh vdi 
ve phai la ham delta, nhung cac phuong trinh nay noi chung la phi 
tuyen. Cac dinh nghTa ham Green trong chuong 3 la tong quat cho 
cac he nhidu hat co tuong tac. Trong truong hop rieng cua h£ hat 
kh6ng tuong tac, khi phuong trinh trudng tro nen tuyen tinh, ta co the 7 
viet ham Green duoi dang don gian nhu trong chuong 2. 

B3.2 Trong cudn sach nay ta thuong gap cac tich phan dang 

/ e lst dt 
Jq 

Di tinh tich phan dang nay ta xem no nhu gioi han 

POO 1 

lim / e ist ~ 5t dt = i lim - . 

<5— 0+ Jq 6-^0+ S + 10 

So hang id a mau so mo ta phuong phap bao cue 5 = 0 khi tinh tich 
phan. Cu the la, sur dung tich phan tri chinh 

ta co the' viet tie'p 

-^— c = P (-)- inSU) . 
s + iS \sj w 

Day chinh la dang thuc (1.70). 

B3.3 Trong cuon sach cua March Va d6ng tac gia (March et al. 1967) ham 
ph6 electron duac dinh-nghia la A (p, u) = G^ R) (p, u) - G {A) (p, u) 9 
khac voi (3.74) b6i nhan tu (- i). Con trong cudn sach cua Rickayzen 
(Richkayzen 1980): (u)-G^ {oj) = 2tt iA (to). Ngoai (3.76) va 
(3.78), ham ph6 con thoa man mdt so' quy tac t6ng khac (xem Martin 
and Schwinger 1959). 



92 Chucfng 3. Cdc ham Green trong Vat ly chat ran 

B3.4 Hay kie'm tra lai he thurc sau day trong dan giai (3.13): 

^ f dh f dt 2 fdhT[V(h) V(t 2 ) V(t,)\ 
Jo Jo Jo 

= i dh r dt 2 r dhv{u)v{t 2 ) v(t 3 ) . 

Jo Jo Jo 



B3.5 Chung minh rang c6ng thurc Feynman 



A+B = e A e B e -(l/2)[A,D] 



chi dung neu [A, B] giao hoan vdi ca A lan B. 
B3.6 Chung minh he thurc sau 

G««>(p, t) = -x9{t) w) 



Chiromg 4 

Ham Green va ly thuyet nhieu loan 



Chuong nay danh de tfinh bay ly thuyet nhi6u loan trong hinh thurc lu&n 
ham Green. Trong ly thuyet nay, Hamiltonian toan pMn cua he dugc viet 
duoti dang H — Ho + V, trong do Ho la phan co the giai chfnh xac, thirong 
goi la Hamiltonian khong nhi6u loan, con V la phan nhi6u loan. Trong ngon 
ngtr ham Green viec tim ham rieng, tri rieng cua Hamiltonian toan phan H 
co the thirc hi£n theo cac budrc sau: 

(1) Tim ham Green G 0 , tuong ting voi Hq. 

(2) Bieoi di6n ham Green G cua Hamiltonian toan phan H qua Gq va V. 

(3) Tir ham Green G nh&n duoc, rut ra cac thong tin v£ tri rieng, ham 
ridng cua H. 

Budc (1) phu thuoc vao dang cu the cua Ho. Th6ng thudng Ho duoc 
chon sao cho Go da biet hoac d£ dang tim duoc. Bade (3) da tiinh bay chi 
ti6't trong chuong 2. Budrc (2) co th<§ thuc hi6n bang su dung gan dung nhi6u 
loan va la n6i dung hai tie't dau cua chuong nay. Ta se xet hai tnromg hop: 
nhieu loan kh6ng phu thudc va co phu thuoc thoi gian. De 7 tien su* dung, cac 
keit qua chfnh se dirge vi£t d6ng thoi trong cac bieu di6n khac nhau. 

4.1 Nhilu loan khong phu thuoc thoi gian 

Xet tnrcmg hop Hamiltonian cua h£ H = Hq + V kh6ng phu thu6c thoi 
gian, nghia la ta co bai toan trang thai dung. Th6ng thucmg Ho ya V duoc 
chon sao cho dong gop cua V la nho hon so voi cua Hq. Noi dung cua 
phuong phap nhi6u loan la tim b6 chmh lien quan voi V vao tri riSng va 
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ham ri£ng cua Hq. B6 chrnh nay la m6t chu6i vo han theo V y va trong thuc 
te', tmh toan thucmg dirng lai chi a vai so' hang dau. Dudd day, ta se viet 
chu6i nhiiu loan bang ng6n ngu ham Green. 

Gia sir ta da biet ham Green Go cua Ho (xem (2.88)) : 

Go (v) = (»7 " fto)" 1 , (4.1) 
va phai tim ham Green cua Hamiltonian toan phan: 

G {rj) = {-n - HY l . (4.2) 

Trong (4.2) thay H = Ho + V,tac6 

G(rj) = (rj-Ho-V)- 1 

= {(rj-^il-iv-Hoy'V}}- 1 
= [l-Go^Vr 1 G 0 (t)) . 

Khai tri^n nhan tu (1 - G Q V)~ l thanh chu6i luy thira, ta co tiep: 

G (ry) = Go + G 0 V G 0 + G 0 V G 0 V G 0 + . . . (4.3) 

Day chrnh la he thurc can tlm, trong do G duoc bi^u dien duoi dang m6t. 
chu6i v6 han cua Go V. 

Ta viet lai (4.3) duoi dang gon va dep han: 

G = G 0 + G 0 V (G 0 + G 0 VGo + ...) • 

VI chu6i la v6 han nen bi£u thurc trong ngoac lai chrnh la G (4.3), nghia la: 

G = Gq + GoV G . (4.4) 

Ta cung co the 7 vie't (4.3) duoi dang 

G = Go + (Go + G 0 VGo + ...) V Go 

= Go + GVGo. (4.5) 

He thurc (4.4) hay (4.5) la cac dang vie't gon cua (4.3). Do la cac phuong 
trinh kin xac dinh G theo G 0 va V. 



4.1 . Nhicn loan khong phu rhupc rluri gian 
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Trong r-bieu dien, chang han (4.4) co dang: 

G (r, r'; //) = G 0 (r, r'; //) + J dr } dr 2 G n (r, rj ; 77) 

V( ri ,r 2 ) G(r 2 .r'; 77). (4.6) 

Neu th£ nhi^u loan V co dang don gian (thircmg gap trong nhiSu bai toan m6t 
hat trong tnrdng ngoai): V (r l5 r 2 ) = 5 (r 2 - r 2 ) V (r^), thi (4.6) chuyen 
thanh: 

G{r,T'\7j) = G Q (r,r';ri) + J dT 1 Go(r,r 1 \r|)■ 
V'(r 1 ) G^r'; 77). (4.7) 

Day la m6t phuong trinh tich phan tuyein tinh khong d6ng nha't cua ham 
Green G vol nhan (kernel) la G 0 V. 

Con, n£u lam vide trong k bieu dien thi (4.4) co dang: 

GiKk'-rj) = G 0 (k,k'; 77) + ^ G 0 (k, k i; 77) 

VCk^ka) G(k 2 ,k';r7). (4.8) 

Bieu thurc (4.8) la bien d6i Fourier cua bieu thtic tuong ting (4.6). 

Trong ly thuyet nlueu loan kh6ng phu thu6c thci gian, cung vdi ham 
Green, ta dua vao mot dai lucmg b6 tro quan trong goi la T-ma-tran, dinh 
nghTa nhu sau: 

T (77) = V G (77) [77 - Ho] . (4.9) 

Ta't nhien, n€ii 77 trung vdi tri rieng gian doan E n cua H thi G (77) co cue 
don gian, va vi v^y T (77) cung co cue, trir truong hop, khi tri ridng E n 
va ham rieng tuong ting |^ n ) cua H thoa man ca phuong trinh vdi Hq: 
^0 |^n) = E n \ijj n ). Trong truong hop do, cue cua G (77) va kh6ng di^m cua 
(7] — Ho) tai 77 = E n co the khir nhau va ham T (77) van la giai tich. Con, 
neii 77 trung vdi E thu6c ph6 lien tuc cua H, thi tuong ting vdi G ± (E) y ta 
dinh nghTa 

(£7) = V G ± (£) (2? - Ho) ■ (4. 10) 
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N6i chung, tinh chat giai tfch cua T (77) la gio'ng nhu cua G (rj). Va, 
tuong tu nhu (4.3) (4.8), ham T (77) co thi bieu dien qua G 0 va V. Th&t v^y, 
neu trong (4.9) thay G bang bieu thuc (43) va (77 - Ho) = G^ \ ta dugc: 

T(rj) = V + VG 0 (r ] )V + VGo(ri)VG () (v)V + --- 
= V + V{G Q + G 0 VG 0 + ...) V ■ 

Vi bieu thurc trong ngoac chinh la G, nen 

T{ri) = V + VG{ri) V. (4.11) 

Bang cac each ghep nhom khac, tuong tu nhu khi dan ra (4.4), (4.5), ta 
d€ dang nh&n dugc cac ht thuc tuong duong: 

T(v) = V + VGoMTirj) , (4.12) 
T(rj) = V + T (77) Go (77) V. (4.13) 

Hon nua, d6 thay la h£ thuc co ban (4.3) cung co thd viet lai qua T (77): 

G (77) = Go (77) + Go (77) T (77) G 0 (77) . (4.14) 

Nhu v&y, m6t khi biet T (rj) ta co the tinh G (77) va ngugc lai. Cac he 
thuc toan tu tren ta't nhi£n co the vie't rd ra trong r bieu dien hay k-bieii-dien 
nhu da lam vol ham G 6* (4.6)- (4.8). Chang han, trong k-bieu-dien he thuc 
(4. 1 2) co dang: 

T (k, k'; rj) = V (k, k') + £ V ( k > k 0 °o ( k i , k 2 ; 77) T (k 2 , k'; 77) , 

kik 2 

(4.15) 

trong do 

v(k,k) = (k|y|k'> 

= ^ J drdr'V(r,r') exp (- ikr + ikV) ; 



4.1 . Nhieu loan khong p/ui rhudc thai gian 
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G 0 (k lf k 2 ; ?;) = (k,| Go (77) |k 2 ) 

= ^ y rfr 1 rfr 2 G f 0 (r l5 r 2 ; 77) exp (-zkjri + /k 2 r 2 ) ; 

T(k.k'; /y) = (k| T{rj) |k') 

= ^ y drdr'T (r, r'; 77) exp (— zkr + zkV) . 

Trong tnrdng hop rieng, khi nhieu loan V co dang V (r, r') = 
(J(r-r') V'(r),thi 

V (k, k') = i y dr V (r) e -^ k - k ' )r = ^ V (k - k') . (4.16) 

6 day, V (k - k') = V (q) = / drV" (r) e~ iqr la bien doi Fourier cua 
V'(r). 

Neu G 0 (ri, r 2 ) la ham chi cua (ri - r 2 ) thi ta co: 

G 0 (ki, k 2 ; r?) = S kl k2 Go (kj; 77) , (4.17) 

trong do G 0 (ki; 77) la bien doi Fourier cua G 0 (ri — r 2 ; 77) do'i vol bien 
p = (ri - r 2 ). 

Trong tnrdng hop, khi ca hai di€u kidn (4.16) va (4.17) d&u dutfc thoa 
man, he thirc (4.15) tro thanh: 

r'(k,k' ; 77) = v'Ck-kO + l^v'Ck-kO 

G 0 (k i; 77)^(^,^77). (4.18) 

d day, ta dat V = QT; D la so' chieu. 

Nhu da giod thteu or tr6n, noi chung tinh cha't giai rich cua T-ma tran la 
tuong tu nhu cua ham Green G. Va nhu vay, nhu chi ra a chuong 2, bie't G 
hoac T ta co the" xac dinh (i) tri rieng gian doan va ham rieng tuong ting 
cua H, va (ii) mat d6 trang thai trong miln ph6 li£n tuc cua H. Bay gift, ta 
thao luan th6m van d&: lam tM nao de 7 xac dinh cac trang thai rieng ung voi 
mieVi ph6 lien tuc cua 7i. 
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Phuong trinh Schrodinger kh6ng phu thudc thai gian (E -H)\ib) — 0 
co the* vie't duoi dang 

(E-H 0 )\iP) = VM. (4.19) 

Ta xem xet truong hop E thuoc ph6 lien tuc cua H. Phirong trinh (4.19) 
co the xem la mdt phuong trinh khong d6ng nha't. Phirong trinh d6ng nha't 
tuong ting la (E - H 0 ) |</>) = 0. 6 day ta gia thiet E cung thu6c ph6 lien 
tuc cua H 0 . Khi do, theo (2.25) loi giai t<5ng quat cua (4.19) co dang: 

ty*) = \<t>) + G± (E) V\^). (4.20) 

6 day, dau ± a \ip) la tuong irng vdri cung dau o G* (ta dang lam vide vol 
ph6 lien tuc). Trong r-bilu didn 161 giai (4.20) co dang 

^(r) = 0(r) + J dndr 2 Gf (r,r i; V (n, r 2 ) ^ (r 2 ) . (4.21) 

Day la m6t phuong trlnh tich phan tuyen tinh kh6ng dong nha't cho phep xac 
dinh trang thai rieng ung voi nang luong E thu6c ph6 lien tuc cua H, mot 
khi da bie't ham rieng 0 (r) va ham Gq (E) cua Hamiltonian kh6ng nhi£u 
loan tuong ting. 

Trong trurdng hop rieng voi V (r u r 2 ) = 6 (ti - r 2 ) V (r x ), thi (4.21) 
chuy^n thanh 

^(r) = 0(r) + J rfnGf(r,r i; E) V (n) ^ (n) . (4.22) 

Phuong trinh (4.21) hay (4.22) thuong dirge gpi la phuong trinh Lippman- 
Schwinger. Xin nhac lai rang, H 0 va V thuong duoc chon sao cho Hq va H 
co ph6 li6n tuc trung nhau. Trong trucmg hop nguoc lai, E kh6ng thu6c ph6 
cua H 0 thi tuong irng 4> (r) = 0 va Gq {E) duoc thay bang G 0 {E) (giai tich 
tai rj = E). 

H6 thtic quan trong (4.20) co the 7 vie't duoi dang khac, bi&i di£n qua 
hay G ± . That vay, khai trien (4.20), ta c6: 

= \</>) + G±V[\4>) + G±(E)V{\4>) + ...)] 
= \4>) + G%[V + VG$(E)V + ..]]</>) . 



4.2. Bai roan mink hoa 



99 



Phan trong ngoac, theo (4.1 1), chfnh la T ± . Thanh ra, ta co bieu thuc bieu 
di6n qua J 41 : 

^) = \d>) + Gtf 7* |0> . (4.23) 



De bieu di6n | , 0 ± ) qua G ± , de y la, neu nhan trai hai ve cua (4.3) vai V 
thi ta duac: 

V G = T G 0 , (4.24) 

con neu nhan phai, thi 

G V - G 0 T . (4.25) 
Thay (4.25) vao (4.23), ta duac: 

\^) = \4>) + G ± V \<l>) . (4.26) 

Cac he thurc (4.20), (4.23) va (4.26) la tuong duong. M6i he inure nay la m6t 
phuong trinh kin de xac djnh ham rieng trong ph6 li6n tuc cua H. Bang ket 
hop cac he thurc tr£n ta co thi rut ra cac ht thurc bo fch khac. Chang han, so 
sanh (4.20) va (4.23), ta thay: 

T± \</>) = V |^ ± ) , (4.27) 

a day, {ip*) lien he true tiep vol T^-matr&n. 

Cud'i ciing, can neu them rang, duong nhu ham Green G va T-matr&n la 
hai dai lucmg tuong duong, nhung thuc ra chung khac nhau (xem dinh nghia 
4.9). Ham T co vai tro quan trong trong ly thuya't tan xa, trong khi ham G 
la hat nhan cua cac ly thuyet dan truyeVi. 

4.2 Bai toan minh hoa 

4.2.1 Ly thuyet tan xa (trirdug hop E > 0) 

Xet bai toan m6t hat tu do tan xa bai m6t the' dang delta vai Hamiltonian 
H = Ho + V\ trong do 

n ° = i - ~ £ v2 - (4 - 28 > 
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V (r, r') = S(t-t')V (r) . (4.29) 

The V (r) duac gia thiet la ducmg va giam du nhanh khi r — » oo. Di6u ma 
ta quan tarn trade tien la dang di£u ham song cua hat ip (r) a khoang each 
Ion sau tan xa. 

Trong bai toan khao sat, ph6 lien tuc cua H va Ho trung nhau va chay 
tir 0 den +oo. T#t nhien, H co thi co ph6 gian doan voi nang luong rieng 
am neu 6* dau do V (r) la am. Nhung, or day truorc het ta chi quan tarn 
den trudng hop ph6 lien tuc. Khi do, n6i dung vat ly cua bai toan la: mot 
hat tdi voi nang luong h 2 k 2 /2m, mo ta bang ham song kh6ng nhi6u loan 
exp (ikr) /\/Q (xem VT du 2.1.3), bi tan xa boi the duong (4.29); do tan xa 
ham song cua hat bi thay ddi, ta cin tim dang tiem c&n cua ham nay, ip (r) 
khi v — > co. 

Bai toan co the giai bang ap dung cac k£t qua trong tievt trucrc cua ly 
thuye't nhilu loan khong phu thu6c thoi gian. Thay hai nhan tu cuo'i trong 
(4.21) bang (4.27) ta co 

^ (r) = Tn^ + dTldr2G ° (r ' ri; E) 

^(tu r 2 ) e ikr2 . 
Su dung ham (r, E) (2.103), viet lai he mure tren: 

/7^i±/\ ikr 171 [ j j exp(±zfc|r - ri|) 

2Trnr J l r — r i| 

T± (r l5 r 2 ) e' kr2 . 

Ta se chi quan tarn d£n dang ti£m c&n cua i/j* khi r — > oo. Trong gioi nan 
nay, ta co the 7 bo qua ri b£n canh r a m&u so', d6ng thoi via't gan dung so 
mu a tu so' dudi dang 

k |r — ri | & kr — kr\ cos 6 — kr — k s ri 



voi k s la hinh chieu cua k len Trong gdn dting nay, 



4.2. Bai roan minh hoa 
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'ft ^ (r) 



e ,kr - 



777 1 



,±ikr 



2-nh 2 r 



I rfr,rfr 2 e :Fikari (r,| (E) |r 2 ) e lkr2 



= e' kp - e ±ikr (ikJT* (£)|k) 

Trong bucrc cuo'i cua bien doi a tren, ta da viet e tkr = Vti (r|k) va sir dung 
/ dr |r) (r| = 1 (chu y: V = Q T nhu da quy u6c a tiet tren). 

Vi ta chi quan tarn d£n Ida giai tiem c&n khi r — ► oo, nen trong hai lcri 
giai (+/— ) a tr6n, ta chi lay (trong co thanh phan song cau tori, v6 
nghia ve vat ly). Khi do, bo qua dau (+) cho gon, ta vie't lai loi giai tren 
dir6i dang: 



^(r) 



oo 



-> const 



e* kr + /(k s ,k) 



,ikr 



(4.30) 



trong do bien do tan xa / la 



m 



(4.31) 



Biet bien d6 tan xa (4.31), ta co thi xac dinh dang ti£m c&n cua ham song 
(4.30). Hon nua, theo dinh nghia (xem, chang han, Landau and Lifshitz 
1960), bien do / con cho biet tie't diSn tan xa vi phan: 



m 



d-/dQ=\f\ 2 = -^\(^\T' + (E)\k)\\ 



(4.32) 



4ir 2 h 4 

Nhu v&y, tmh bien dd / chuih la n6i dung chu yeu cua bai toan tan xa. 

Luu y them rang, vol the' nhieii loan (4.29) ham V thoa man he thtic 
(4.18). Khi do, ham / (4.31) cung phai thoa man ha thurc tuong tu: 

771 



/(k s ,k) = 



/ 



dki V (k, - kO 



(2tt) 3 E - tfk\/2m + iS 



/(ki.k) 



(4.33) 
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6 day, ta da thay G 0 duoi dau tfch phan bang bieu thurc (3.33). He thtic 
(4.33) la he thirc t6ng quat, m6t phtfcmg trlnh kin xac dinh bien d6 tan xa 
/ trong bai toan the tan xa dang delta. Neu trong he thurc nay chi gtir lai so 
hang dau ben ve' phai thi ta dirac bie\i thurc gan dung Bom n6i tieng: 
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/(k s ,k) = --— V(k.-k) , (4.34) 

trong do, chu y rang V (k s - k) la bie'n d6i Fourier cua V (r). 

Ta tlm hieu them v& quan he giua bien d6 / va tie't didn toan phan a. 
Theo dinh nghia : (tie't dien tan xa vi phan) = (xac sua't chuye'n trong mdt 
don vi thori gian) x (so trang thai cuo'i) / (goc kho'i toan phan, 47r) / (dong 
hat toi j = v/Q): 

da Q 



dQ A-kv 



dE sP (E s ) W kakl (4.35) 



(xem Landau and Lifshitz 1960). Neu thay vao (4.35) v = hk/m; p (E) = 
m&t d6 trang thai cua electron tu do (2.105); W ks k = xac sua't theo quy tac 
vang Fermi (4.73), ta se nh&n lai chinh xac he thurc (4.31). Quan trong la, 
he thirc (4.35) cho tie't dien toan phan: 



o = j (da/de) de = ^Y^ 



ha 



n2w ^|<fc s |T + (E)\k)\ 2 .8(E s -E) 



v h 

k 



= ¥^ E <*i T ~ w i fc »> (M T+ ( £ ) i fc > 5 ( E - - £ ) 

hv 

= ~^ [<k\ T + (E) \k) - (k\ T- (E) \k)} 

= -^im{{k\T + (E)\k}}. 

hv 

Trong bie'n d6i or tren ta da su dung cac he thurc (4.35) va (4.74). So sanh 
bieu thurc viira nh&n diroe cua o va he thurc (4.32), suy ra 

a = ylm{/(fc, *)}. (4.36) 
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Day la mot ket qua quan trong, thuong goi la dinh ly quang hoc, cho moi 
lien he giua tiet dien toan phfin va bien do tan xa ve phfa trirac. 

He thuc (4.36) mot lan nua cho tha'y vai tro tiling tarn cua bien do / 
trong bai toan tan xa. Doi vai mien nang luong dirong vira khao sat ham / 
cho ta dang tiem can cua ham song va tiet dien tan xa. Doi vol nang lirong 
am, dang dieu cua ham / cung co y nghia vat ly quan trong. Vi ham / lien 
quan true tiep vai T-ma-trAn, cue cua / cung la cue cua T va do do trung 
vai tri rieng gian doan cua he. Dang dieu cua ham / cung thuong khong 
don dieu, co the co cac cue dai nhon a mot so nang luong duong. Cac trang 
thai tuang ung vai cac cue dai nay goi la trang thai c6ng huong. 

De minh hoa cho nh&i xet tren, ta xet mot vi du don gian, nhimg quan 
trong, do la truorig hop the hut Coulomb V (r) = — e 2 /r, trong do e la dien 
tfch ca ban. Ham bien do tan xa tinh duac la (Landau and Lifshitz 1960): 

= -tr{l-it) exp [2it . In (sin 0/2)} 
J r(l + ii) 2/r.sin 2 ^/2 ' { } 

trong do 

k = ^2mE/h 2 ; Im{/c} > 0 ; 

t = me 2 /K 2 k ; (4.38) 

0 la goc giua k va k s . 

Ham / (4.37) co cac cue tuang ung cac gia tri nguyen, kh6ng duong cua 
bi£h trong ham r (1 — it), turc la khi 1 — it = — p; p = 0, 1, 2, . . ., hay 

it = l+p = n; n=l, 2, ... (4.39) 

Vdi t tvr (4.38), sau khi bieu dien k qua E, dieu kien (4.39) dan den ket lu&i 
quen thuoc: ham / co cue trung vai nang luong gian doan cua he: 

me 4 1 

E « = -2Vn>-' n = 1 ' 2 >--- (4 - 4 °> 
Lira y la, pho gian doan (4.40) la he qua cua tuang tac hut V < 0. N£u 
nguac lai, tuang tac la d&y thi ham / vln co dang nhu (4.37) chi thay (z) 
bang (— i). Khi do, bie'n trong ham T a tu so kh6ng con co th^ la nguyen 
va kh6ng duong nua, ham / kh6ng co cue, nghia la he kh6ng co ph6 gian 
doan. 
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4.2.2 Trang thai lien ket trong cac ho the nong 
(trurong hop E < 0) 

Ta van xet bai toan tan xa cua m6t hat tu do, nhung bay gid the' tan xa 
co dang 

, r , x • f — Vq , neu r thuoc mi&n Q 0 nao do , / . . t . 

Y (r) = < ' (4.41) 

\ 0 , neu r khong thudc Qq , 

trong do Vo la hang so', dirong va ra't nho (Vq — > 0 + ). Dieu ta quan tam trucrc 
tien la: voi the' (4.41) he co cac trang thai gian doan hay khong? Neu co thi 
chung phu thu6c vao Vo nhu the' nao? De tra loi cau hoi nay ta phai tim ham 
Green va kiem tra xem no co cue don gian trong mien nang luong [— V 0: 0] 
hay kh6ng. 

Theo he thuc co ban (4.3), ta co ham Green 

G(r, r'; 77) = G 0 (r, r'; 77) - V 0 [ dv, G 0 (r, n; 77) G 0 (n, r'; 77) 

+ V 0 2 / dri / dv 2 G 0 (r, 77) G Q (r 1? r 2 ; 77) . 

G 0 (r 2 , r'; 77) + ... , (4.42) 

trong do Vo la bien do the (4.41), ham Green khong nhieu loan G 0 cua hat 
tu do co dang phu thu6c vao so' chieu cua he khao sat (xem 2.4.2). 

Trufong hop 3 chieu. Ham Green tu do la (2.102): 

Go(r ' r ' E) = -^\7^V\ ex P(- fc o|r-r'|); 

k 0 = A/2m \E\/h 2 > 0. Ham nay la huu han ngay ca 6 nang luong E gan 
0. Khi do, tich phan (4.42) la huu han, va do do chu6i luy thira theo V 0 
(V 0 -> 0+) ben v€f phai cua (4.42) la h6i tu. Hieu (G - G 0 ) vi v£y se dan 
de'n khong khi Vo — > 0+. Noi khac, trong gidti han Vq — > 0+ hai ham G 
va G 0 se co cung dang dieu giai tich. Vi ham G 0 la huu han tai moi E 
thu6c [—Vq, 0], thi ham G ta't nhien cung kh6ng the 7 co cue trong mien nay. 
Va nhu v$y, ta da dan ra m6t ket lu£n quan trong: trong he 3 chieu, cac 
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ho the nong (V 0 nho) co the khong lam xuat hien cac mure gian (loan. De 
co mure gian doan, dai lirong Vo Qo phai Ion Hon mot gia tri nhat dinh nao do. 

Trudng hop 2 chieu. Ham Green tu do la (2.106): 

777 

Go (r, r'; E) = — K 0 (k 0 | r — r'|) , 

7T/7 



k 0 = ^2m\E\/h? > 0. 

VI khi Vq — » 0+ thi \E\ — > 0 + va ho — * 0+, ta co the khai trien ham /\ 0 theo 
bien nho. Giu lai chi so hang dau, ta co 



m 



Go (r, r'; E) = -— In (fc 0 | r - r'|) + 



7T 



ft 2 



Thay vao (4.42) cac G 0 trong gan dung nay, roi chi giu lai so hang chfnh ta 
duac: 



G(r, r';£) « Go (r, r'; E) ^ 



tt 



= Go(r,r^)/(l + ^ln(^)) 



(4.43) 



trong do, S la m6t hang so co thu nguyen dien tich va co gia tri co Q 0 - 
Muo'n tinh chfnh xac 5 ta phai lay cac tich phan dang: 

dri ... / dr n In I r — ri I ... In I r — r n | . 



Nhung, trong pham vi thao lu£n a day quan trong khong phai la gia tri cu 
th^ cua S ma la, theo (4.43) thi ngay ca khi V 0 nho, V 0 — ► 0 + , ham Green 
G (r, r'; E) van co cue tai E 0 xac dinh boi: 



E 0 



2mS 



exp - 



2irh 2 
mVoQo 



1 



2mS 



exp - 



(4.44) 



trong do p 0 = m/2irh 2 la m&t d6 trang thai cua he hai chi6u. Va nhu v&y, 
ta di d6n m6t k£t lu&n quan trong : trong he hai chi£u lu6n t6n tai mure gian 
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doan, cho du ho' the' co n6ng bao nhieu chang nua. Ke't qua nay lien quan 
mat thie't vdri dang dieu cua G 0 (E) hay p 0 (E) a gan nguong vung E = 0. 
Chinh sir phan ky logarit cua G 0 da lam xua't hien mure gian doan E 0 , ma vi 
tri cua no phu thuoc theo ham e mu vao VoQo va Po nhu 6* (4.44). Ke't lu&n 
nay co gia tri t6ng quat cho moi trucmg hop, khi co su gian doan cua mat 
d6 trang thai tai nguong vung. Van de thao lu&n 6* day co lien quan chat 
che vol nhieu bai toan quan trong (dinh xur, sieu dan ...) trong cac he 2 chieu. 

Trufdng hop 1 chieu. Ham Green tu do co dang (2.110) 
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G 0 (x, x'\ E) = - — - exp (- k 0 \x - x'|) ; 

nr Kq 

k Q = y/2m\E\/h 2 > 0. 

Vi trong gicri nan V 0 - ► 0+ co — > 0+ va k 0 — > 0 + , nen ham Go or 
tren co the 7 gan dung bang: 

Go (x, x'; £) E _^ Q _ ' yJ-m/2h?E . 

Thay ham nay vao (4.42), ta co 

G(x, x';£) « G 0 (x, x'; £)^(-G 0 V 0 fto) n 

Go (x, x'; E) 
1 + GoVo^o 
w G 0 /(l - n 0 V 0 ^-m/2h 2 E^j . (4.45) 

Ham Green (4.45) co cue (trung voi mure gian-doan) tai 

E Q = -m (ft 0 V 0 ) 2 /2fi 2 , (4.46) 

trong do ft 0 la do r6ng cua h6' the' I chieu. Nhir v&y, tuong tu voi he 2 chi£u, 
trong he 1 chieu lu6n tdn tai mire gian doan cho du h6' the' n6ng bao nhieu 
chang nfra. Tuy nhien, khac vol he 2 chieHi, mure gian doan 1 chieu (4.46) la 
ham giai tich ro rang cua fi 0 Vo : E 0 cc — (Cl 0 V 0 ) 2 , khi Q 0 Vo — ► 0 + . Dang 
dieu nay lien quan voi thuc te' la trong he m6t chieu 6* gan nguong vung 

(E = 0) ham Go (hay p 0 ) co ky di dang a , trong khi a he 2 chieu 

ta co ky dj dang logarit. 
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4.3 Nhi£u loan phu thuoc thoi gian 

Muc dich cua bai toan nhieu loan phu thuoc thai gian la tim ham rieng 
cua Hamiltonian toan phan phu thuoc thoi gian: 

i j- t V' W = W (t) ; H (t) = Ho + V (t) . (4.47) 

Hidn nhien la a d&y ta khong the noi gi ve tri rieng vi vol Hamiltonian phu 
thuoc thai gian, noi chung, khong con khai niem trang thai dung vol nang 
luang xac dinh. 

Trong tiet 3.1 ta da chi ra rang, loi giai tong quat cua (4.47) co the vie't 
duai dang: 

iJj(t) = S(t, -oo) 0o, (4.48) 

trong do </>o la trang thai ca ban cua Ho, con S (t, t') la S ma tr&n, co dang 
m6t chu6i v6 han cua th£ nhieu loan V (t): 



s(t, f) = i + ]nLiL / du i dt 2 



J dt n T (V {t^V {t 2 ) ...V(t n )) 

= T exp ^- % jf dh V (ti^j . (4.49) 

Phirang trinh tien hoa (4.48) cho phep xac dinh V> (t) duai dang chu6i cua 
nhiSu loan V. 

Tirong ting, ham Green cua phirang trinh 

^ t -njG (r, r'; t, t') = 8(r-r')6(t- t') , (4.50) 
eung bie\i dien dirac qua S-matr&n: 

TS 

G(P ' (_( ' )= MS' (4 ' 51) 
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trong do: 

TS = -i t (\TC P (t)C;(1?)\) 0 

/oo 
dU „(\TC P (t) V (tj) Cp" (t') |) 0 
-oo 

+ oT dil / dt* a (\TC p {t)V (U) . 

^- J -oo J -oo 

V (h) C; (f) \) a + ... (4.52) 

MS = 0 {|S(oo, -oo)|) 0 . 

So' hang dau tien trong chu6i (4.52) chfnh la ham Green tu do tuong ling 
Hamiltonian Hq: 

- i 0 (\TC P (t) d; (f ) |> o = Go (p, t-t'). (4.53) 

De danh gia cac so hang tiep theo, tien loi nha't la dung ky thu&t gian do 
Feynman (Feynman 1951). N6i dung cua ky thuat nay, ap dung cho cac 
loai tuong tac khac nhau (electron-electron, electron-phonon, electron-tam 
tap), duoc trinh bay rat ht thong trong cuo'n sach cua Mahan (Mahan 2000): 
Cach ve cac gian d6 Feynman cho ham Green m6t hat duoc minh hoa rat 
chi tiet 6* Phu luc X trong cuo'n sach cua March va d6ng tac gia (March et 
al. 1967). Trong pham vi cuo'n sach nay, chu ye'u danh cho cac bai toan m6t 
electron, chung t6i chi gidi thi6u torn tat n6i dung chmh cua van 66. 

4.3.1 DinhlyWick 

Noi chung, cac bi^u thirc ducfr dau tich phan trong chu6i (4.52) co dang: 
0 (\TC p (t)V(t i )...V(t n )C+(t')\) o . 

M6i toan n> V 6* day lai co the bieu di£n du<fr dang rich cua cac toan tu sinh, 
huy, tuy theo dang tuong tac. Chang han, vol tuong tac electron-electron: 
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trong do v q — Aire 2 /q 2 la bien doi Fourier cua the tirong tac Coulomb e 2 /r 
(Mahan 2000). Nhu vay, noi chung, cac bieu thtic toan tir can quan tarn co 
dang: 

0 (\TC,,(t)C; (i,)... C„ («„) C p + (0 l> 0 • (4.54) 
Trong m6i tich, so toan tu sinh bao gio cung bang so toan tir huy. 

Xet m6i tich (4.54) ta thay, bai vi he xua't phat tir trang thai co ban |) o , 
va cuo'i cung lai tra v6 trang thai do, n6n neu m6t hat duoc sinh ra tai thai 
diem ti nao do, thi no phai bi huy 6* thai diem tj > U. Noi khac, trong tich 
(4.54) m6i toan tu sinh (t m ) phai co mot toan tu huy C q > (t n ) nao do de 
ghep thanh m6t cap. Them vao do, dai luang 0 (\TC q > (t n ) C+ (t m ) |) o chi 
khac khong khi q = q'. Thanh ra, trong rat nhieu each sap xep co the cua 
cac toan tu nam sau T-tich chi mot so each co y nghTa vat ly. Cac each nay 
duoc xac dinh bang dinh ly Wick, phat bieu nhu sau: trung binh ddi vol 
T-tich cua mot so toan tir nao do bang tong theo cac each ghep cap co the\ 
trong do m6i so' hang co dang tich cac trung binh T-tich cua tat ca cac cap. 
M6i cap ddu tuan theo trat tu thoi gian dung, nen toan b6 tich tuan theo trat 
tu thai gian dung. Vi du, 

0 (|rc a (OC , ;(«i)^(« 2 )C'i + (OI>o = 

= 6 afi S lSo (\TC a (t) C: (U) |) o 0 (| T C 7 (t 2 ) C+ (O |) o 

- 6 a6 S 01 0 (\TC a (t) d: (f) |) o 0 (| TC 7 (h) C+ (U) \) o . (4.55) 

6 day, trung binh T-tich cua 4 toan tir, theo dinh ly Wick, dugc phan tich 
thanh tong cua hai so' hang, tuang ting hai each ghep cap co the. M6i s6' 
hang trong t6ng la tfch cua hai trung binh T-tich cap. Noi chung, neu trong 
(4.54) co n toan tu sinh (va tung ay toan tu* huy) thi se co n! each ghep cap, 
nghTa la, khai trien Wick g6m n\ so hang, m6i so' hang la tich cua n trung 
binh T-tich cap. 

De 1 xem xet tie'p cac trung binh T-tich cap 0 (| T C k (h) C+ (t 2 ) |) 0 ta 
can bie't quan he gitia hai thai gian trong do. N£u t\ > t 2 , thi ta co (4.53): 

0 (\TC k (*!) Ct (h) |) 0 = iGo {k, U - t 2 ) , (4.56) 

con n6u ti = t 2 thi 

MTCntJCUt^tt^nritk) (4.57) 



110 



Chucng 4. Ham Green va ly thuyet nhieu loan 



voi n F la toan tu so hat (khong phu thu6c thoi gian). 

Ke't hop phan tich (4.55) voi cac he thuc (4.56) va (4.57), dinh ly Wick 
cho phep ta khai trien cac trung binh dang (4.54) thanh mot tong dang (4.55), 
ma m6i so hang trong do la tich cua cac ham Green tu do (4.56) hay cac 
toan tu so hat (4.57). 

O tren ta xem xet trudng hop tuong tac electron-electron, khi do sau 
T-tich trong (4.54) tat ca cac toan tu la cung loai. Neu electron tuong tac 
vol mot gia hat (kfch thich) khac, thi trong the' tuong tac V co cac toan tu 
khac loai, bie\i dien cac hat (kfch tfuch) khac nhau. Xet cu th6 truong hop 
tuong tac electron-phonon vol the tuong tac (Mahan 2000): 

V = £M g £,C fe + +9 C fe , (4.58) 

q,k 

trong do M q la yeii to ma tr&i tuong tac. Voi the' tuong tac (4.58), noi chung 
cac trung binh T-tich duoi dau tich phan trong chudi (4.52) co dang: 

0 <l t c p (t) c; (ti)B q (t,) ... 4 (t„) b„ (t„) c; (t) d o . 

VI cac toan tu khac loai luon giao hoan voi nhau, nen bie'u thuc tren co the 
tach thanh hai thua so tach bi£t 

0 (\TC p (t)C+(t l )...C h (t n )CZ(t')\) o 0 (|B, (t,)... B q , (i n )l) 0 ■ 

O thua s6 ddu trung binh lay theo trang thai co ban cua he electron, con d 
thua so' sau trung binh theo trang thai co ban cua he phonon. M6i thua so' 
bao g6m chi cac toan tu cung loai, duoc khai tri^n theo dinh ly Wick. Thua 
so thu nha't cua cac toan tu electron vua khao sat a tren. Voi thua so' cua cac 
toan tu phonon, ta co, chang han: 

0 {\TB qi (h)B q2 (t 2 )B Q3 (h)B q4 (U)\) 0 = 

= o(\TB qi (ti)B q2 (t 2 )\) 0 0 (\B*(U)B«(U)\) 0 + 
0 (\TB qi (t l )B q3 (t 3 )\) Q 0 (\B Q2 (t 2 )B q4 (U)\) 0 + 
0 (\TB qi (t l )B q4 (t 4 )\) o 0 (\B q2 (t2)B q At*)\) 0 

= ^1+92^3+94 (<7i, h - t 2 ) D 0 (q 3 , t 3 - t 4 ) + 
^91+93^92+94 A) (tfi, h - ts) Do (q 2 , t 2 - t A ) + 
^91+94^92+93 (<7i, ^i - U) D Q (q 2 , t 2 - t 3 ) . 
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O day, chu y la, tmng binh cua T-tich cap 0 (| T B qi (t 7 ) B qj (t 3 ) |) chi khac 
khong va bang D 0 (ry ? . - t 3 ) khi Qi + q } =0. 

De minh hoa cho tat ca nhung di6u trinh bay a tren, ta xet mot vi du cu 
the: tinh ba so hang dau cua chu6i (4.52) cho truong hop tuong tac electron- 
phonon vdi the tuong tac (4.58). Ta lan lirot xet: 

So hang thu nhat (n = 0) khong phu thu6c vao V va chfnh la ham Green tu 
do (4.53). 

So' hang thu hai (n = 1) chua mot toan tu V. Bieu thurc trong trung binh 
duori dau tich phan a so hang nay co dang 



0 (l t c p (t) c+ +q (u)6 k (u) c; (0 |) 0 0 (| T B q |> o . 

Vi ca 0 (| Tb q |) o lan 0 (| T6+ |) o deu bang khong, suy-ra 0 (| T B q \) Q = 0 



va do do bieu thuc tr6n, tuc la so' hang thu hai trong chu6i (4.52), la bang 
khdng. Mot each t6ng quat, d6 tha'y rang, vol tuong tac electron-phonon, 
trong chu6i nhi6u loan (4.52) tat ca cac s6' hang vdi n le d6u cho dong gop 
bang khdng. 

S6' hang thu ba (n = 2), sau khi thay V bang (4.58), co dang 




0 



(4.59) 



Nhan tu trung binh theo trang thai phonon bang: 



(\TB qi (U) B q2 (t 2 ) |) o =i5 qi+q2 D 0 (q u h - t 2 ) . 



(4.60) 



Nhan tu trung binh theo trang thai electron g6m 3 toan tu sinh, 3 toan tu 
huy. Khai tri^n Wick trung binh cua T-tfch nay se g6m 6 s6' hang, ung vdi 
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„(l tc p (t) c+ +n (u)c kl (u) c+ + , 2 (t 2 ) c fe2 (i 2 ) c; (0 1> 0 = 

= 0 ('irc P (o6; + «( t i)i>. o(\Tc kl (u)c: 2+ ^(t 2 )\) o 

0 (\Tc k At2)c; («')l> 0 + 

+ 0 {|rC p (i)C+ + , 2 (ta) |> 0 »(|rC te ((a)Cj; + „ (t,) |) 0 

0 (\rc kl (u)c;{t') \) o 

+ 0 (\TC v (t)Cl +qi (,h)\) o 0 (\TC kl {h)C;(t')\) o 

o(\CZ +<n (h)C k2 (t 2 )\) a 

+ 0 (\TC p (t)CZ(t')\) 0 „<|C+ +91 (*i)4,(«i)|) 0 
+ 0 (\TC P (t) C+ + , 2 (tj) |>„ 0 (| 6* 1+B (t,) C*. (iO |>„ 

0 (l c*, (i 2 ) c; (f ) |) o 

- 0 {| TC V (t) C; (f ) |> o 0 {| TC kl (h) C+ + , 2 (h) |} o 

Chu y la, d£u trtir d s6 hang cuO'i ciing lien quan vdi mdt s<5 le lan hoan vi 
cac toan tu fennion. 

Sur dung cac he thurc (4.56), (4.57) va tinh d£h dieu ki£n qi = - q 2 a 
(4.60), t6ng tren c6 the" vi£t lai duoi dang: 

i 3 £ (p = fci + ft = fc 2 ) Co (p, * - *i) Go (p - q u h - t 2 ) 

Go (p, * 2 ~ 0 + 
+ i 3 6 (p = k 1 = k 2 - qi) G 0 (p, * - * 2 ) (p + 9i, *2 - <i) 

Co (p, *i - 0 + 
+ z 2 J ( Ql = 0) <5 (p = fcj) n F (& 2 ) Go (p, f - ti) Go (p, *i - t') 
+ (9i = 0) <5 = 0) n F (f fcl ) n F (& 2 ) G 0 (p, * - 0 
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+ i 2 5 (c h = 0) 5 (p = k 2 ) n F (6, ) Go (p. t - t 2 ) G Q (p, t 2 - t') 
- i*5(k { =k 2 -q 1 )G Q (p,t-t')G Q (k 1 , t.-U) 

Go(h +<?i, / 2 -/i) • (4.61) 

Thay (4.60) va (4.61) vao (4.59) ta duac so hang 77 = 2 trong chu6i (4.52). 
Ta thay, bieu thuc raft cong k6nh du moi chi vcri n = 2. Neu voi n = 4, so 
so' hang trong khai trien Wick cua bieu thurc trung binh duoi dau rich phan 
se len toi con so 3 x 4! = 72. Trucrc kho khan nhu v&y, Feynman da de xuat 
m6t phuomg phap rat don gian va hieu qua: mo ta cac s6' hang loai (4.61) 
bang hinh ve - cac gian do Feynman. 

4.3.2 Gian do Feynman 

De cu the, ta tiep tuc bai toan tuong tac electron-phonon. Cac so' hang 
dang (4.60), (4.61) co the mo ta bang cac gian do vol quy u6c nhu sau (hinh 
4.1): 

(1) M6i ham Green electron tu do G 0 (p, t - t') m6 ta bang mot duong lien 
net, di tu t' den t. Mui ten tren duong dung de chi huong, nhung kh6ng nha't 
thiet ngu y t > t' . 

(2) M6i ham Green phonon tu do D 0 (q, t — t') = D 0 (—q, t' — t) m6 ta 
bang m6t duong dut net, tren do khong co mui ten chi huong. 

(3) So' choan day n F (f p ) = 0 (| C+ (t) C p (t) |) o md ta bang m6t vong kin, 
do chinh la m6t duong electron bat dau va ke't thuc a ciing m6t diem. 

Vol nhung quy vc6c nay sau so' hang cua (4.59), la tfch cua (4.60) voi t6ng 

G Q {P,t-f) <=> —, 

A (*.'-'') 7 

Hinh 4.1: 

(4.61), c6 the 1 bieu dien bang cac gian d6 theo thu tu tu (a) dSn (f) tren hinh 
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4.2 (tuong ting vol cac so hang tir tren xuo'ng dirdri trong (4.61)). Trong m6i 
gian do co mdt duong phonon, m6 ta (4.60), no'i t\ vht 2 . 

Ba gian d6 (c), (d) va (e) chua nhan tu 5 (qi = 0). Vi khdng co phonon 
vol vecta song q\ = 0, nen cac so hang tirong ling vcri ba gian do nay cho 
dong gop bang kh6ng. 

Hai gian do (a) va (b) cho dong gop khac khong. Theo (4.60) va (4.61) 
dong gop cua hai gian d6 nay, viet g6p lai la: 



De 7 y la so' hang thu hai trong ngoac vu6ng se trung vol so hang thu nha't, 
neu ta danh trao hai bie'n cam (tich phan) t\ <-» t 2 , d6ng thoi thay q — > — q. 
Hon nua, hai bien d6i d6ng thcri nay khong lam thay doi ham D Q a trucrc 
ngoac (D 0 {q, U — t 2 ) = D 0 (- q, t 2 - ti)). Dieu nay nghla la, hai gian d6 
(a) va (b) cho dong gop nhu nhau. Cac gian d6 cho cung m6t dong gop goi 
la cac gian d6 tuong duong. Nhu v&y, de tinh dong gop cua ta't ca cac gian 
d6 tuong duong ta chi can tinh dong gop cua mot gian do roi nhan vol so 
gian do tuong duong. Trong vi du dang khao sat so' gian do tuong duong la 
2. Con so nay vua van khu h£t vol mau so trucfc tich phan n\ = 2! = 2. 

M6t each t6ng quat, dl dang kiem tra rang, vol cac gian d6 b&c n bat 
ky, m6i gian d6 lien ket cho dong gop khac khong d€u thuoc v& mot nhom 
cac gian d6 tuong duong. So gian do trong m6i nhom deu bang n! (vua van 
khu vol man so' n\ a phfa truce tich phan). Di£u nay co y nghia thuc tifin 
quan trong: thay vi tinh tong dong gop cua cac gian d6 lien kel, r6i chia cho 
n!, ta chi can tinh dong gop cua cac gian d6 lien ke't kh6ng tuong dudng, 
d6ng thoi bo nhan tu (1/n!). 

Gian d6 (/) tren hinh (4.2) g6m hai phan tach biet nhau: m6t dudng 
electron va mdt gian d6 bong bong. Dong gop cua gian 66 nay viet duoc 
dudi dang 




dU / dt 2 J2\M q \ 2 D 0 (q, U-h) 

[Go (p, t - U) Go (p -q,U- t 2 ) Go (p, h - t') + 
G 0 (p, t - t 2 ) Go (p + q, h -h)G 0 (p, h - t')] . 



Go (p, t - t') F ] 



i 1 



4.3. Nhicu loan plui r/uioc thai gian 

trong do nhan tu F\ tuong ung gian do bong bong co dang 
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Hinh 4.2: (a) - (b) - (c) - (d) - (e) - (f) 



,*oo />oo 



= — / / d* 2 ]£l M 9l 2 A)(Mi -k) 

Go (fc, *i - i 2 ) Co (A; + g, t 2 - *i) (4.62) 



Day la m6t gian d6 khong lien ket (nhung gian d6, ma m6i phan cua no 
khdng duoe nol vdi tat ca cac phan khac, duoc goi la kh6ng lien ket). Vide 
tinh cac gian d6 khdng Hen ket quy vi tmh cac nhan tu Fi dang (4.62) hoac 
phuc tap hon (or b&c cao). Tuy nhi6n, trong thuc te vide nay kh6ng can thtet 
vi co m6t dinh ly quan trong khang dinh rang, trong ham Green (4.51) cac 
gian d6 kh6ng lien ket 6* tu so' (TS) dan den m6t nhan tu dung bang mau 
so' (MS). Chung khu nhau, va ket qua la ham Green chi con bang tdng cac 
so' hang tuong ung vdi cac gian d6 lien k£t (xem chung minh chi tie't trong 
Abrikosov et al. 1963). Pho'i hop dinh ly nay vdi nh£n xet or tren v& cac gian 
66 li£n k£'t tuong duong, thay cho (4.51) ta viet duoc ham Green dudi dang 
don gian hem: 

°° poo poo 

G 0 (p,t-t') = -iJ2(-i) n dt x ... dt no {\TC p (t) 

n=0 J -°° 

C;(t')V{U)...V(t n )\) o , (4.63) 



116 



Chucfog 4. Ham Green va ly thuyet nhieu loan 



chi tinh d£n cac gian d6 lien k£t kh6ng tuong duong. K6't lu&n nay lam dan 
gian r&'t nhi6u viec tinh ham Green cua cac hd electron co tuong tac. Tat 
nhien la vide tinh cac gian d6 li£n ket cung khdng don gian va phu thuoc 
vao bai toan cu the 1 . 

4.3.3 Phirong trinh Dyson 

Trong nhi£u tinh toan cac ham Green nang luong to ra ti6n lpi hon cac 
ham thai gian. Ham Green nang luong doi voi electron duoc dinh nghTa la: 

/oo 
dt exp (iE(t- t')) G(p,t- t 1 ) . (4.64) 
- oo 

Tuong tu, ham Green nang luong doi vol phonon la: 

/oo 
dtexp(iut) D{q, t) . (4.65) 
■ oo 

Cac ham Green nang luong khdng nhi&u loan, G 0 (p, E) va D 0 (q, u) da 
duoc tmh trong chuong 3 (c6ng thuc (3.33) va (3.36) cho G 0 (p, E); c6ng 
thuc (3.81) cho A)(tf, u)). 

Thuc hien bi£n d6i (4.64) cho ca hai v£ cua (4.63), tich phan theo thoi 
gian se tac dung 16n tung ham Green tu do cua khai trie'n Wick, chuy^n no 
thanh ham Green nang luong tuong ung. Ke't qua la, vi6t ro d£n so' hang 
n = 2 (tuong ung cac gian d6 tren hmh 4.2), dang phu thu6c nang luong 
cua ham Green (4.63) voti th£ tuong tac electron phonon (4.58) co dang don 
gian: 

G (p, E) = Go (p, E) + (Go (p, E)) 2 (p, £) + ••• , (4.66) 
trong do nang luong ri£ng (self-energy) 

/OO J 
^ £ \M„\ 2 D 0 (q, w) G 0 (p-q,E-u). (4.67) 

H6 tfurc (4.66) c<5 th£ minh hoa bang scr d6: 
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So' hang khac khong tiep theo, n = 4, cua chu6i (4.63) khi chuyen sang 
dang phu thuoc nang luong cho dong gop bang 

Gl (E (1) ) 2 + Go (E( 2a) + E (2b) 4- E (2c) ) . 

Bon so' hang trong bieu thuc nay lan luot tuang ling vdri cac gian d6 hai 
phonon (1), (a), (b) va (c) tren hinh 4.3. Ta vie't lai bieu thtic tren duoi dang: 

G 2 E^ + Go (G 0 E^) 2 , (4.68) 

trong do E< 2 ) = E< 2a > + E (2fc) + E^ 2c ). 
Ke't hop (4.66) va (4.68) ta duoc: 

G = Go + Go + E< 2 >) {Go + Go [. . .]}. (4.69) 



(1) (a) (b) (c) 

Hinh 4.3: Cac gian do hai phonon trong nang luong rieng electron 

N€'u qua truth tfnh toan tiep dien mai, tfnh deln tat ca cac so' hang cua 
chu6i (4.63) thi t6ng trong ngoac don a (4.69) se la nang luong rieng toan 
phan 

E = s(<) • ( 4 - 70 > 

(i) 

6 day, t6ng lay theo mdt so' v6 han cac gian d6 nang luong rieng td'i gian 
(tuc la cac gian d6 kh6ng the 1 chia thanh hai gian d6 nang luong ri6ng n6'i 
vol nhau chi bang m6t duong G 0 ). D6ng thoi, vi chu6i la v6 han, nen phan 
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trong ngoac moc chang phai gi khac, ma chfnh la ham G. Thanh thu\ tfnh 
den dong gop cua ta't ca cac so' hang, h£ thtic (4.69) tra thanh 

G (p, E) = Go (p, E) + Go (p, E) EG (p, E) , 

hay 

C(p,£) = — -. (4.71, 

1 - G 0 (p, £) E (p, £) 

Day chinh la phuong trinh Dyson. Ta't nhidn, chting minh chfnh xac phuong 
trinh nay la mot bai toan phirc tap va a day chung toi chi han che vai dan 
dat dinh tfnh nhu tren. Quan trong la phuang trinh Dyson co dang rat don 
gian va dep. No khang dinh rang, bang each tfnh nang luong rieng E ta co 
the tfnh chfnh xac ham Green toan phan G. Trong thuc te, noi chung. khong 
the 7 tfnh net moi so' hang trong t6ng (4.70), tuc la kh6ng the tfnh chfnh xac 
E, ma thircmg chi diimg lai a vai so' hang b&c tha'p. Tfnh den bao nhieu so 
hang la tuy y€u cau va kha nang tfnh toan. Du the nao, thi ket qua nMn 
dugc cang chfnh xac ne'u nhieu loan cang ye'u. 



Thao luan bo sung va bai tap 

B4.1 Phuong trinh (4.47) co the viet dudi dang 

i§- t -n o y^(t)) = V{t)\^(t)). (4.72) 

Goi (t)) la lori giai cua phuang trlnh d6ng nha't tuong ting, thi theo 
(2.53) loi giai cua phuong trinh khong d6ng nha't (4.72) co dang: 

/oo 
dt'g + (t-t')V(t')\i<(t')) 
■ OO 

/oo 
dt l9 + (i-ti)V(t,)|tf(ti)> 
■ OO 

/oo 
dU dt 2 g + {t-U)V{U) g + (t, - t 2 ) 
■ oo 

V {t 2 ) \4> (t 2 )) + . . . 
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Su dung cac he thurc: (i) - (2.51), \(f)(l)) = i g (t - t Q ) \(j> n ) 
= exp {-i E n (/, - t 0 )) |0 n ); (ii) - (2.46), g + (r) = 0 (r) g (r); (iii) 
- (3.15), \v (t)) = S (/., t 0 ) trong do t 0 la thai diem ma V = 0 vai 
£ < t 0 , d£ dang nMn duac yeu to ma tr&n: 

{4>m\ S (t, to) \4> n ) = * nm + (-i) I dt^"*"' 1 (<f> m \ V (U) \<f> n ) 

J t 0 

O day, cj u = E n (h = 1); w mn = cj m - u n . 

Neu nlueii loan V khong phu thuoc thai gian, ta co the bo cac yeu 
to' ma tr&n ra ngoai tfch phan. Chuyen cac c&n tfch phan t — ► +oo, 
t 0 — ► — oo (xem tiet 3.1), roi lay cac tfch phan theo thai gian. Ket 
qua cho: 

<<0m|£|0„) = S nm -27TiS(E n -E Tn )[((j) m \V\(f) n ) + 

(<p m \Vg + V\<j) n ) + ...} . 
Trong bi6n d<5i tr£n, ta da su* dung tich phan dang 



/oo 
dtexp(iEt) = 2ir5(E) . 
■ oo 

Di y rang bieu thurc trong ngoac vu6ng chinh la (</> m \ T + (E n ) \<j> n ). 
Thanh thu\ 

(0m| S \4> n ) = L - 2niS (E n - E m ) (0 m | T + {E n ) \</> n ) . 
Tirong ling, xac sua't chuyen la: 

\(<t> m \ S \J> n )\ 2 = \(d> m \ V\<t> n )\ 2 j dhdhe™™^-^ 

/oo poo 
dt / dU 
oo J — oo 

/oo 
dt + 
•oo 



giuJm-nt' _|_ 
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Va, xac sua't chuydn trong m6t dan vi thai gian la: 

W mn = 27T\( ( j> m \V\(f )n )\ 2 6(E n -E m ) + ... 

= 2tt I (<f> m \ T + (E n ) \cj> n ) | 2 5 (E n - E m ) . (4.73) 

Day chmh la quy tac vang Fermi (Fermi's Golden rule, a day h = 1). 
So sanh hai dong cua h6 thurc (4.73) ta th&'y (dong tren la so hang b&c 
m6t c6ng cac so' hang tie'p theo), hoa ra vide tinh d£n cac so' hang b&c 
cao trong bien do xac sua't chuyen co th^ thuc Men m6t each don gian 
bang each thay th£ nhi£u loan V a so' hang bac m6t (dong tren) bang 
T + (E n ) (dong duffi). 

B4.2 Chung minh ha thtic 

<0 n |T + (£ n )|(fc)-(0 n |r- (E n )\^) = 

= -2m ]T (<t>n\ T~ (E n ) \4> m ) (<f> m \ T + (E n ) \d> t ) 5 (E m - E n ) . 

m 

(4.74) 

B4_J Vdi the' tuong tfic V (t) = v q C fc + + , (t) C+_, (t) C k (t) C k , (t>, 

quy u6e mo ta m6i yeu to' ma tran v q bang m6t duang song thang 
dung, hay ve tat ca cac gian do lien ke't kh6ng tuang duang cua chu6i 
nhilu loan (4.63) cho d£'n so' hang bac n = 2. 
Tra loi: xem, chang han, Doniach and Sondheimer 1974, chuang 6. 



B4.4 Hay vie't ro bidu thurc cua cac nang luong rieng E (2a \ E (2b) va E (2c) 
tuang ting vai cac gian d6 (a), (b) va (c) trong hlnh 4.3. 
Tra loi: xem, chang han, Mahan 2000, chuang 2. 



Chutmg 5 

Ham Green vdi Hamiltonian lien ket manh 



Doi tuong nghien cuu chinh cua cuon sach nay la cac v&t lieu ca'u true 
mang, co tfnh bat bien dich chuyen. Hamiltonian m6 ta cac h£ nay cung 
co tfnh ch&'t nhu v&y - Hamiltonian tuan hoan. Cac Hamiltonian tuan hoan, 
nhu da thao luan trong tiet 1.3, cho pho nang luong lien tuc voti khong chi 
nguong dvcdi nhu a hat tu do (tiet 1 .2) ma ca nguong tren. Burc tranh ca'u true 
vung tro nen doi xung hon, tu nhien hon va cung phong phu hon ve cac dac 
trung vat ly. Cac Hamiltonian nay khong chi rat hieu qua trong nghien curu 
ca'u true vung cua cac mang tinh the ly tuong, ma con la co so di nghien 
cuu cac mang thuc, trong do luon t6n tai cac ye'u to kh6ng ly tuong, co the 
g<in dung xem la nhieu loan. 

VT du don gian nM't (va quan trong) cua Hamiltonian tu&n hoan chinh 
la Hamiltonian cua electron tu do trong tinh the (tiet 1.3). Ham song Bloch 
(1.14) co tfnh cha't doi xung tinh ti£n cua mang. Ph6 tri rieng tuong ung 
g6m cac vung, tach bidt boi cac khe (gap), trong do khong co trang thai nao 
(hinh 1.1). Trong m6i vung (vcri chi so n) nang luong E n (k) la li6n tuc, co 
cue tieu hoac cue dai tai cac nguong. 

Chuyen ddng trong tinh the, ngoai truong tuan hoan cua mang, electron 
con co the chiu tac dung cua mot truong la nao do, chang nan truong cua 
nguydn tu hay ion tap, din den xua't hi£n cac trang thai lien k£t, dinh xur 
electron tai cac vj tn hoac nang luong nha't dinh. Cac trang thai "lien kS't 
manh" nhu v&y thuong duoc m6 ta bang ham Wannier (1.34). H6 cac ham 
Wannier tao thanh m6t t£p ddy du, n£n co the diing lam co so di bie\i dien 
c£c Hamiltonian hay toan tu nao do trong cac bai toan lien ke't manh. Cac 
nang luong rieng ung vdi cac chi so' n khac nhau or ham W n (1.34) thuong 
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tach biet nhau mot each ro ret. Y6'u to' ma tr&n cua Hamiltonian giua cac 
trang thai voi n khac nhau la rat nho: cac ham nay phu nhau khong dang 
ke\ Khi / chay khap cac nut mang, phan khdng gian pha lan truy6n cua ham 
W Ui (r - a/) lu6n tach biet khoi phan khong gian cua W nj voi rij ^ n;. M6i 
chi so vung n tuong urng voi m6t khdng gian pha con. Thanh thu, ne'u chi 
gidfi han trong m6t khdng gian pha con, thi ta co the bo qua chi so n va viet 
lai ham Wannier duoi dang mdt ham nut: 

Wn(r-ai) — > (r\l). (5.1) 

Khi do, yeu to' ma tr&n cua Hamiltonian trong khong gian pha con nay co 
dang don gian 

(I | H | m) = £i Si m + Vim, (5.2) 

vdi Ei va Vim tuong umg la cac yeu to' cheo va khong cheo (Vu = 0). 

Tinh tuan hoan, tire la ba't bien dich chuyen cua Hamiltonian, dan den 
cac h6 thurc sau dd'i voi cac yeu to' cheo Ei va khdng cheo Vi m : 

si = £ Q (voi moi 1) 

Vim = V^m (phu thuoc chi / - m) 

Cac he thurc (5.2) va (5.3) la he qua cua gia thiet ve su phu nhau khong dang 
ke giua cac kh6ng gian pha con tuong urng vdi cac chi so vung khac nhau. 
Ta't nhien, day la mot gan dung, mot su don gian hoa. Nhung, quan trong 
la, sir don gian hoa nhu v&y kh6ng anh hucmg dang ke den nhung dac trung 
v&t ly quan trong nha't cua bai toan. Trong thuc te\ su phu nhau cua cac 
vung lien quan vdi cac quy dao nguy£n tu tai cac tarn khac nhau thuong la 
ra't yeu: cac quy dao lien ket manh vdi nguyen tir cua mlnh! Tuong urng, 
Hamiltonian (5.2) cung "lien k£t manh" vdi mdt khdng gian pha con rieng 
bi6t - mdt Hamiltonian li6n k£'t manh. 

5.1 Hamiltonian lien ket manh 

Hamiltonian li£n k£'t manh co dang: 

« = £|jK'(il + I>>^0'l ■ (5-4) 

3 i,3 




5.1. Hamiltonian lien kct mgnh 
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O day, i.j la cac chi so nut mang; | j) la ham nut (r \ j) co tarn tai nut j 
va giam nhanh khi di ra xa. Tap cac ham nut duoc gia thiet la true giao va 
ddy du. Vdi Hamiltonian tuan hoan thi cac yeu to cheo Sj va khong cheo 
Vij thoa man (5.3). 

Noi chung, cac dai luong {e 0 } co the tuan theo mot phan bo nao do. 
Don gian nha't la trudng hop tuan hoan ly tuong (5.3): Ej = e 0 v<5i moi j. 
Truong hop don gian tiep theo la xem mang khao sat nhu* hai mang con (A 
va B) I6ng vao nhau, m6i nut cua mang con nay co lan can gan nha't la cac 
nut cua mang con kia va m6i mang con dac trung boi mot gia tri cua e 3 : 



i £ a neu j thuoc mang con A 

e i — \ , . ' ' ^ (5.5) 

1 Eb neu j thuoc mang con B. 



Tuy nhien, vi ta lu6n co the chon E a hoac e^ lam go'c tinh nang luong, ndn 
trong bai toan hai thanh phan (5.5), thuc ra chi con mot tham so (E a — Eb). 

Trong m6 hinh Anderson (Anderson 1958) cac nang luong {Ej} thuong 
duoc chon ngau nhien, tuan theo phan bo deu. 

, . / 1/2W , neu \e 3 \ <W 

P(£j) = \ 0 ,neu \e 3 \>W. (5 - 6) 

ff 

O day, W la tham so ca ban cua bai toan 

Cac yeu to' { V^}, noi chung, la khac khong vdi moi j ^ i va phu thu6c 
vao cac tham so' khac nhau, trong do tru6c h6't la khoang each — Nhung, 
trong thuc te, ngudi ta thuong su dung mo hinh don gian, chi tinh den tuong 
quan giua cac nut gin nhau nha't. Khi do, vi khoang each giua cac nut lan 
can gan nha't la nhu nhau trong toan he, ta co 

_ J V , nd'u i va j la lan-c^n gan nha't 
iJ ~ I 0 , neu kh6ng phai nhu tren. ( ' ' 

Nhu vay, Hamiltonian lien k£'t manh (5.4) dude dac trung boi: 

(1) M6t ca'u true mang (vu6ng, lap phuong don gian...), 

(2) Tap cac y£u to' cheo {ej}; tat ca dugc tinh tu mot gd'c chung nao do, 

(3) Tap cac yeu to' khong cheo { }; thuong dung nha't la m6 hinh (5.7) vol 
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V la am. Thuc ra, viec giai bai toan cho V am hay ducmg la tuong duomg vi 
giua hai ham Green tuong umg co ht thurc don gian: 

G (I, m; E + iS, {sj}, V) = -G (/, m; —E - i5, {-^}, -V) . (5.8) 

Vol h£ tuan hoan, cac yeu to' cheo va kh6ng cheo thoa man h6 thuc (5.3). 
Trong trudng hop nay, bang kiem tra true tie'p ta thay Hamiltonian (5.4) co 
ham rieng va tri rieng la: 

E(fc)=£ 0 + Xl Vie<kl - (5 - l0) 

He thuc (5.10) co dang (1.31). Ne'u V i5 thoa man (5.7), thi 

E(k) = e 0 + Vj2e ik ', (5.1D 

trong do t<5ng chi lay theo cac nut lan c&n gan nha't. So nut lan c|n gan nha't 
Z (so' toa d6 - coordinate number) phu thu6c vao loai mang. Xet ba mang 
dien hinh nha't: 
Mang mdt chieu, Z = 2: 

E(k) = e 0 + 2V cos (fca) ; (5.12) 

Mang vuong, Z = 4: 

£ (fc) = £ 0 + 2V (cos (fc x a) + cos {k y a)) ; (5.13) 
Mang lap phuong don gian, Z = 6: 

£ (/c) = £ 0 + 2V (cos (/c x a) + cos (k y a) + cos (A^a)) . (5.14) 

Trong cac bie\i thurc tren a la hang so' mang. Bie\i thurc (5.14) trung 
vol ket qua da bie't (1.33). Khi vecto* s6ng k thay d6i trong pham vi vung 
Brillouin tnti nha't, -tr/a < k x (k y , k z ) < n/a, cac he thurc (5.12) - (5.14) 
md ta mdt vung ph6 lien tuc co tarn tai e 0 va nira d6 r6ng bang ZV . Day la 
mdt trong nhGng kd't luan quan trong nha't rut ra tir m6 hinh lien ket manh 
tuan hoan (5.4) va (5.7). 
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5.2 Cac ham Green 

Muc dich cua tiet nay la tfnh cac ham Green cua Hamiltonian lien ket 
manh cho ba truong hap vol cac he thirc tan sac (5.12) - (5.14). 

Theo (2.88), 

Tfnh ham Green G (77) co nghTa la ta phai tfnh cac yeu to ma tr&n 
C(l,m ;7? ) = (l| G (,)| m) =^M|M 

Q r ptk(l-m) 

dk — — , (5.16) 



G (1, 1; V) = -TTTZ-Td I Z—IFTH ■ ( 5 ' 17 > 



N(2tt) d J r)-E{k)' 

a day tfch phan lay trong vung Brillouin thvi nha't; D la so emeu khong gian 
(1 la vi tri nut; |1) la ham nut nhu thuong dung a tr£n). 

Vai cac y€u to cheo, 1 = m, (5.16) chuyen v6 dang: 

Q f dk 

N(2nf J ri-E(k) 

Vi the 7 tfch vung Brillouin thti nh&'t trong k-kh6ng-gian bang {2ir) D /fi 0 vol 
Q 0 = fl/N, nen ta co dang ti£m-c&n cua (5.17) la 

G (1,1; 77)= n-^oo : ~- (5.18) 

Dang dieu nay co thi nh&n true tie'p tfir (5.17) hoac bang sijr dung h£ thurc 
(2.23): 

G(l, 1; 77) = j dE0^ > I J dEp(E). 

vai chu y la d6'i vai mat d6 trang thai p (E) ta co / d£p (£) = 1. Cac yeu 
to' ma tr&n (5.16), (5.17) phu thu6c vao quan h6 tan sac E (k). Ta se tfnh 
cac y£u to' ma tr&n nay cho 3 truong hop cu the 7 cua E (k) tuong ring vai 
(5.12)-(5.14). 
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5.2.1 Trucmg hop 1 chieu 

Thay (5.12) vao (5.16) co 



r pn/a p ika(l—m) 

G{1. m\ r/) = — — / dk 



N 2ir J_ 7T / a V — £q — 2V cos ka 

I fx e iip(l-m) 

dip 



2ir J_ 7r r] — Co — 2V cos ^ 

a day ta da thay (ka) = p, chieu dai he L = Na. De y thay tich phan tren 
chi phu thuoc vao hieu (I - m). Khi do, bang each dat u = e 1 ^ ta chuyen 
dugc rich phan theo <p thanh rich phan theo bien phurc uj lay tren duong tron 
don vi: 

1 f J'- m l 

G (I. m; r) ) = - — -. <b duo — — . (5.19) 

v ■ " 2?r iV J u 2 - 2auj + 1 

Ta da dua vao a = (77 — c 0 ) /B vcti B = 2V la nua do rdng vung. 
Phuong trinh b&c 2 a mau so cua (5.19) co hai nghiem: 



^ 2 = qT Vq 2 -1, (5.20) 



trong do Vet 2 — 1 dirge lay sao cho phan ao cua no co cung da'u voti Im{cv}. 
Vi tri tuong doi cua lui /2 trong mat phang phurc phu thudc vao a. Co hai kha 
nang. 

Mot la, a kh6ng thoa man dong thoi hai di6u kien, a la thuc va \a\ < 1. 
Trong truong hop nay, ta co |cji| < 1 (a;] ting vod dau trijr trong (5.20)), con 
\uj 2 \ > 1, trong khi uji.u> 2 = 1. Nhu v&y, trong hai cue diern cua (5.19) tlii 
lji nam ben trong va uj 2 nam ben ngoai vong tron don vi. Do do, tich phan 
nay co the d6 dang tinh bang phuong phap thang du: 



1 / J /_m| 
G(/,m; 77) = -7r-77 2iri 



2niV V 2lu - 2a , 



1 4~ m[ 1 



^'- m| , (5.21) 



vol \iJi\ < 1. 

Hai la, a la thuc va \a\ < 1. Trong truong hop nay ca hai cue cj 1)2 d£u nam 
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ngay tren duong trdn lay tich phan. Tich phan (5.19) khong con xac dinh 
tot nua, va ta phai xet cac ham gioi han: 

rn / / \ \l—m\ 

G ± (/, m: E) = ^ = la T i vT^c? ) (5>2 2) 

^ - (£ - £o ) 2 

6 day, -B < E - e Q < B va y/1 - a' 2 lay da'u c6ng. Nhu vay, voi a thuc 
va |a| < 1 ta co mot vung pho lien tuc, trai tit €q — B den £q + B nhu da 
gMnhand(5.12). 

Sir dung (5.22) va (2.93), ta tinh duoc mat do trang thai tinh tren mot 
nut mang: 

P (E) = T - Im{G ± (/, I; E)} = g ( g ~ l £ ~ £ °D = . (5.23) 

7T 



Cac ke't qua (5.22) va (5.23) duoc m6 ta bang do thi tren hinh 5. 1 . Ta thay, 6 
ca hai nguong vung, (E — £ 0 ) / B = ±1, ham Green cung nhu mat d6 trang 
thai (ty le vol ImfC* (/, /; E)} mo ta bang ducmg dut net) deu co phan ky 
dang ~ 1/y/E, dang dieu dac trung cua he mot chieu. 

Ngoai ra, ttr (5.21) va (5.22) ro rang la, vol r\ khong thu6c vung pho lien 
tuc cac yeu to' khdng cheo (/ ^ m) cua ham Green (5.21) vol \u\ \ < 1 giam 
nhanh (dang e-mu) theo khoang each |/ — m|, trong khi vol rj = E thu6c 
vung pho li6n tuc, thi vi |o;i| = 1 nen cac yeu to' ma tran khong giam khi 
tang |/ — m\. 

5.2.2 Mang vuong 

Dat E (k) (5.13) vao yeu to' ma tran (5.16), ta co 

exp (ik (1 — m)) 



G (1, m; E) = / d 2 k 

V } (2tt) 2 J V ~ 



(2tt) J 7] — £q- 2V (cos k x a + cos k y a) 
Di danh gia tich phan tren, ta vie't lai so' mu a tur so': 



k (1 - m) = [hi {h - mi) + k 2 (h ~ m 2 )] a 
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Hinh 5.1: Ye'u ttfcheo G ± (E) bi&i diln theo E cho mang 1 chieu. Chu y, 
p (E) ty le voi hn{G ± } mo ta bang dirdng durt net (minh hpa). 

6 day, de 7 gon, ta dung chi so' 1(2) thay cho x(y): 

— n/a < ki (k 2 ) < ir/a . 

Tuong tu nhu tnrong hop mang 1 chi£u, dat kia = tpi va k 2 a = <p 2 > Bi£u 
thijrc ham Green a tren chuye'n v& dang 

G(l,m;T7) = 

(2tt) 2 J_ v 1 2 r/ - £ Q - 2V (cos ^ + cos ip 2 ) 

= _L r rf i cos (h - m i )i i c ° s y>2 - 7712)] 

71-2 Jo Jo 2 r)- e 0 -2V (cos (pi + cos <^ 2 ) 

= \ I d(pi [ dip 2 [c.os(li - mi + l 2 - m 2 )tpi] . 
* Jo Jo 

[cos (li - mi - l 2 4- m 2 ) ^2] 



77 — £0 — 4V cos y?i cos ip 2 



(5.24) 



Biror cuol cung trong bia'n d6i tren duac chi ra chi tifc't trong bai bao cua 
Morita (Morita 1971). Tich phan (5.24) khdng thi lay hie'n thi cho (1, m) b£t 
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ky. Morita (Morita 1971) dd xuat cac he thuc truy chung cho phep: (i) bieu 
dien G (1. ra; 77) vai (1. m) bat ky qua G (1. m; rj) voti /] — mi = l 2 — m 2 
va (ii) bieu di£n G (1. m: 77) vol /] - mj = l 2 - m 2 bat ky qua G (1, 1; rj) va 
G (1, m; 77) vai /i - mi = l 2 - m 2 = 1 (ta se goi ham nay la G (1; r/)). Nhu 
vay, viec tinh (5.24) quy v6 tinh G (1. 1; //) va G (1; 77). C) day, ta se khong 
di sau vao cac he thurc truy chung, ma chi dirng lai 6" buor cudi cung. 

Cac yeu to cheo cua (5.24) la: 



77) 



1 



k 2 

1 



'7T />7T 

' /I, 



/ dlpl / ^ 2 



1 



T) — £0 — B COS (£>i COS y?2 
1 



27r - 7 — ' ' [(77-£ 0 ) 2 -5 2 cosVi 

1 r ^ 



1/2 



n(r}-£o)J Q [1 - A 2 cos 2 v?] 1/2 
, 2 x /C(A) ; 

7T(?7 - £ 0 ) 



(5.25) 



trong do A = B/ (rj — e 0 ); /C la tich phan elliptic day du loai 1. 

Ham G (1; 77) nMn duac bang thay vao (5.24) /1 — mi = l 2 — m 2 = 1: 

cos 2ipi 



G(1 ]V ) = 



7T Jo 2?T J-tt 



T] — £0 — B COS (fi cos y>2 

cos 2ifi 



— I dip 1 

* 1 [(77 - £ 0 f - B 2 cos 2 ip{\ 

A-lW)- J^(A) 



7T (77 - £ D ) 



(5.26) 



trong do £ (A) la tich phan elliptic toan phari loai 2 (v& cac tich phan elliptic, 
xem trong Abramowitz and Stegun 1965 hay Morita 1971). Wi nguy£n tac, 
tir (5.25) va (5.26), nhu giai thi6u a tren, ta co th6 tinh cac yeu to' G (1, m; 77) 
bat ky. 

Chuy^n sang xet cac ham giai han G ± (E) vai E trung vai ph6 li6n tuc. 
Vai 77 = E + i6, S -> 0+, bang thac trien giai tich K (A) va S (A), tir (5.25) 
va (5.26), ta co the" nMn true tiep cac ham G ± (1, 1; E) va G ± (1; E) (xem 
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Morita 1971). Chang nan, voi G ± (1, 1; E) ta duoc: 

- JC ; -4V <E-e o <0 

(1,1; E)} = { (5.27) 

±K{2=*) ; 0<E-e Q <4V 



\m{G ± (\^E)} = ^ — JC^y/l-iE-eof/B*), 

\E-e 0 \<4V. (5.28) 

Tu day suy ra tie'p mat d6 trang thai tr6n mot nut. 

i . ,_± 



p(E) = T - Im^a.l; £)} 



7T 



7T 2 £ 



(9 (5 - |£ - e 0 \) K^1-(E- e,f /B^j . 



(5.29) 



Cac ket qua (5.27) - (5.29) duoc m6 ta bang d6 thi tren hinh 5.2. 6 ca 
hai ngu6ng vung Re{G ± } co ky di logarit, dac thu cua h£ hai chie\i. Mat 
d6 trang thai p (E) (ty 16 voi ]m{G ± }, m6 ta bang duong dut net) gian doan 
or ca hai nguQng. Ngoai ra, nhu thay ro tr£n hinh, ham Green con co ky di 
ngay ca 6" di^m E = e 0 b£n trong vung, tai do Re{G ± } khong lien tuc, con 
Im{G ± } (va do do p (E)) co ky di logarit. Diem ky di loai nay goi la ky di 
van Hove. No li6n quan voi cac di^m yen ngua 6" ham E(k).S6 diem ky di 
nhu th6' phu thu6c vao so' bien ddc lap ki (xem van Hove 1953). 

Cac dac tnmg co ban cua hinh 5.2 cung quan sat duac a ham Green tmh 
cho cac mang 2 chi£u khac. Horiguchi (Horiguchi 1972) da tinh ham Green 
li6n k£t manh cho mang tarn giac va mang t6 ong. Trong ca hai truomg hop 
ham Green d&u c6 thi bie\i di6n qua cac rich phan elliptic day du loai 1 va 
loai 2 v6i cac dac trung co ban nhu tr6n hinh 5.2, ke 7 ca ky di van Hove. 

B6i vi voi cac mang hai chi6u, bie\i thirc cua cac ham Green thudng rat 
phtfc tap. Trong truomg hop, n£u ta kh6ng quan tarn tod cac chi ti£t dinh 
lirong, thi c6 th^ gan dung ham Green bang cac bie^i thurc don gian. Chang 
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Hinh 5.2: Yeu-to cheo G ± (1, 1; £) bieu diln theo E cho mang vuong. Chu y, 
p (E) ty le vol ImjG*} mo ta bang ducmg dut net (minh-hoa) 



han, vai mang vuong, bieu thuc gan dung thuong diing co dang: 

G ^=A in ;^§- (530) 

Ham nay co dang dieu dung a nguang vung va cho matt do trang thai tren 
mdt nut: 

p(E) = ±e(B-\E-e 0 \). (5.31) 

Nhung ham (5.30) kh6ng dan den ky di van Hove ben trong vung. Sau nay, 
bieu thirc (5.30) se dtroc sir dung khi ta chi quan tarn den mien lan c£n cac 
nguang vung. 



5.2.3 Mang lap phirong dan gian 



Dat E (k) a biiu thurc (5.14) vao bi^u thurc (5.16), bien d6i tuong tu* nhu 
truong hop mang vudng, ta nh£n duac y£'u to' ma tr£n cua ham Green lien 
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ket manh trong mang l&p phuong don gian: 

■y PIT /»7T /*7T 

G (1, m; 77) - ——3 / dipi / dtp 2 / dip 3 

(2tT) J-n J-TT J-7T 

cos - mi) ipj + (/ 2 - rn 2 ) + (k - ^3) I3] 
r) — £ 0 - 2V (cos (fi + cos <^ 2 + cos <p 3 ) 

C) day, </?j = /^a vol — n/a < hi < n/a (i — 1, 2, 3). 
Ta bat dau bang cac ye'u to' cheo 

1 /' 7r /" 7r Z" 71 ^ 

G 0' ^ ^) = 7^T3 / ^1 / / ^3 

(27Tj J-tt J-TT 

^77 ~T T \ ■ (5-32) 

77 — £ 0 — 2V (COS + COS if 2 + cos (p 3 ) 

Bang each lay tich phan theo ip 2 va y? 3 , tuong tu nhu khi dan ra (5.25), ta co 
d-day 

A = 4V/ (77 - e 0 - 2 V cos <^) . (5.34) 

Tich phan (5.33) co th£ tmh so'. Ket qua tinh so' Re{G ± (1, 1; E)} va 
Im{G ± (1, 1; E)} cho mien £ thuc duoe m6 ta tren hinh 5.3. Ta nh&n dugc 
mdt dang didu dieii hinh cua he ba chieu: or ca hai nguong m&t d6 trang thai 
a ImjG*} (dirdng dut net) dan lien tuc den khdng theo quy lu&t y/\AE\, 
trong 66 \AE\ la khoang each tir nang luong E toi nguong vung. 
Tai nguong vung RejG*} van la huu nan, mac du dao ham cua no tang vo 
nan khi ta dan den nguong vung tir phfa ngoai. Ben trong vung co hai ky di 
van Hove, tai do ca ImlG*} va RefG*} deu lien tuc nhung dao ham cua 
chung la gian doan va tang ra't cao. 

Vide tinh cac ye'u to' kh6ng cheo G (1, m; 77) khdng the 7 lam true tie'p, 
ma phai rung budc th6ng qua cac he thtic truy chung tuong tu nhu trucmg 
hop mang vudng. Tinh toan thuong bat d£u bang cac ye'u to' cheo (5.33) 
va cac yeu to' G (1, m; 77) voi (1 - m) nam doc theo cac true cua mang: 
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Hinh 5.3: Yeu to cheo G ± (/. /; E) bieu diln theo E cho mang lap phiromg 
don gian. Chu y, p (E) ty le vdi lm{G ± } mo ta bang dircmg dirt net (minh hoa). 

1 — m = li — rrii. Voi trucmg hop nay, tfch phan phai tinh co dang gio'ng nhtf 
6" mang vudng. Chang han, vdri 1 — m = li — mi, ta co 

i r 

G(h - mi, 0. 0; 77) = — — / cos (h - mi) (fiXJC (A) . 

^ 7r V Jo 

Cac ham G (0, l 2 - m 2 , 0; 77) va G (0, 0, / 3 - m 3 ; 77) cung co dang tuomg 
tu. Horiguchi (Horiguchi 1971) da d& xu£t cac he thurc truy chumg cho 
phep tfrih G (1, m; 77), vdri |1 — m| nho, qua G (li — m l5 0, 0; 77). Morita 
(Morita 1975) chi ra rang, ta't ca cac yeu to G (1, m; 77) d€u co the' tinh qua 
1; 77), G(2, 0, 0; 77) va G (3, 0, 0; 77). Callaway (Callaway 1964) da 
nhan dtforc dang tiem-can dung cua G (1, m; 77): ben trong vung, G (1, m) 
giam nhu oc |1 — m| -1 , con ben ngoai vung, no giam nhanh theo ham e-mu. 

Vdi h6 ba chieu, ngoai mang lctp phuong don gian, ham Green li6n ke't 
manh con dugc tinh cho cac mang khac, trong do quan trong nha't la mang 
lap phuomg tarn mat va lap phuong tarn khoi. Ke't qua nh&n duac do'i vdi hai 
loai mang nay co nhung di^m khac v6 dinh tinh do'i vdi mang lap phuong 
dom gian va khong quen thuoc vdri cac h6 ba chieu noi chung. Chang han, 
ham Green co the 7 tang v6 han a nguang dudi va ca a ben trong vung. 

ViSc tinh so' cac ham Green cho cac mang ba chiSu la r£t phurc tap, nhung 
kh6ng phai khi nao cung can thiet. Trong thtrc te, neu kh6ng quan tarn d£h 
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cac chi tie't dinh luong, ta co thd dung cac bieu tntfc gan dung cua G. Cac 
bieu thtic nay phai phan anh duac nhung dac tnmg diin hinh cua ham Green 
trong mang ba chi6u, phai co dang di6u giai tfch dung a lan c&n cac nguang 
vung. M6t trong nhung bieu thurc gan dung duac su* dung rdng rai la ham 
Green Hubbard: 

G (1, 1; 77) = 2 . (5.35) 

rj ~ s 0 + J (77 - e 0 ) 2 - B 2 



Khi lay can, da'u cua Im y (77 — e 0 ) 2 — B 2 duac chon sao cho giong nhu dau 
cua Jm{rj}. M&t do trang thai tuong ting vai ham Green (5.35) la: 

P (E) = 2g(B ;g" £0l) j&-(E-e 0 ?. (5.36) 

5.3 Khai trien nhiSu loan tai chuan hoa 
ya ham Green trong mang Bethe 

5.3.1 Khai trien nhilu loan tai chuan hoa 

Hamiltonian lien ket manh (5.4) co the 1 viet duoi dang H = H 0 + Hu 
trong do 

H 0 = £|l)e,<l|, 

I 

n Y = v I 1 ) H • ( 5 - 37 ) 

<l,m> 

O day, chi tinh defn tuong quan gitfa cac nut lan can gan nha't dang (5.7). 
Neu xem Hi la nhieu loan, thi ham Green cua Hamiltonian toan phan H co 
the 7 xac dinh qua ham Green khdng nhieu loan G 0 va toan n> nhieu loan 7i\ 
theo h£ thtic (4.3): 

G = Gq + GqH\Go + Gq'HiGq'HiGo + . . . 



5.3. Khai tric'n nhieu loan tai chudn hoa va ham Green. 
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Hay, voi yeu to ma tran bat ky 

G(l.m) = Go^mJ + ^GodnO^l^lna) G 0 (n 2 ,m) + 

+ J2 niJ^lWjIna) 

7?1 ...7l 4 

G 0 (n 2 , n 3 ) (n 3 | Hi |n 4 ) G 0 (n 4 , m) + . . . (5.38) 
Voi Ho dang (5.37) ham Green khong nhieu loan thoa man he thuc 

G 0 (n 1: n 2 ) = 5ni,n 2 G o ( n 0 , ( 5 - 39 ) 

trong do 

G 0 (n) = [7 ? -e n ]- 1 . (5.40) 

D6ng thoi, theo (5.37) thi (ni | H |n 2 ) chi khac khong (va bang V) khi ri! va 
n 2 la lan can gdn nha't cua nhau. Do do ta co the vie't lai (5.38) duoi dang: 

G(l,m) = * m Go(l) + Go(l)VG 0 (m)*, TO+1 + 

+ J2Go(l)VGo(n 1 )VG 0 (m) + ... (5.41) 

711 

T6ng (5.41) co the giai thich m6t each hinh hoc nhu sau: M6i so hang 
trong tong nay cho tuong ung voi mot con duong xua't phat tvr 1 di toi m, 
m6i budc no'i mot nut voi mot lan can g£n nha't cua no. R6 rang la, co sir 
tuong ting mot mot gitfa cac con duong nhu vay va cac so hang cua chu6i 
(5.41). Va, do do, G (1, m) co the tmh bang tong cac dong gop tir ta't ca cac 
con duong co the di tir 1 den m. M6i so' hang cua (5.41) nhan dugc true ti6'p 
tu" con duong tuong ung bang each: (i) m6i nut n ma con duomg di qua, ki 
ca 1 va m, cho dong gop mot nhan tu G 0 (n); (ii) m6i budrc tu m6t nut toi 
nut lan can gan nha't cua no cho dong gop mot nhan tu* V. Chang han, cac 
so' hang tuong ung voi cac con duomg tren hinh 5.4a va 5.4b la: 

G 0 (1) VG 0 (ni) VG Q (n 2 ) VG Q (m) 

va 

Go (1) VG 0 (m) VG Q (n 2 ) VG 0 (n^ VG 0 (n 2 ) VG 0 (m) . 
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Chuang 5. Ham Green vfri Hamiltonian lien kit mqnh 



Chu y la tr£n con ducrng 6* hinh 5.4b co sir lap lai a hai nut n\ va n 2 : 
/ — ► ni —> ri2 —* 7i\ — > 77-2 — > m. Noi chung, ta thay ca'u true topo cua cac 
con ducmg co the 7 chia lam hai loai: cac duong xuong song (khdng tu cat 
minh) va cac duong lap. Duong xuong song la duong don, tren do kh6ng 
nut nao duoc tham vieng qua mot l£n (hinh 5.4a). Duong tren hinh 5.4b la 
duong lap, co mdt budc lap tai n\ : n\ — > n 2 — ► n.\. Ta't nhien, m6t each 
tuong duong, co the" xem day la budc lap tai nut n 2 : n 2 — > rii — ► n 2 . Trong 
tinh toan ta phai chu y di£u nay de' khdng ti'nh cac budc lap hai Mn. 



* 



n 2 



m 




(a) 



(b) 



Hinh 5.4: 



R6 rang la, ho ta't ca cac con duong, ma chung chi khac nhau boi cac 
ducrng lap tai nut 1, se cho dong gop tdng c6ng la: 

VG 0 (n 1 )...VGo(m)Y^ , 

i 

trong do ta ky hi6u Y^i ^ ^ n 8 ^ng gop cua tat ca cac duong lap 6 nut 1, 
turc la cac ducrng di tir 1 va quay lai chfnh nut do. T6ng nay khdng phai gi 
khac, ma chinh la G (1, 1). Thanh thu, dong gop cua ta't ca cac vong lap tai 
1 vao m6i so' hang trong tdng (5.41) dan d£'n su thay the' don gian nhan tu 
Go (1) or phia trai bang G (1, 1). Tirong tu, o nut tiep theo ri] , t6ng theo ta't ca 
cac vong lap tai do dan den vitc thay thua s6' G 0 (ni) bang G (n l7 ni [1]). 
6 day, ta dua vao ky hi&i ni [1], ngu y trur di cac vong lap tai ni ma co di 
qua 1 (da duoc tinh trong G (1, 1)). De 7 y dang ham G 0 (5.40), ta nhan thay, 
vitc loai cac ducrng lap di qua 1 tuong duong ven vi6c cho ei — co. Nhu vay 
G (ni , ni [1]) can duoc hieu la y6'u to' ma tran G (r^, ni) vdi e t = co. 



5.3. Khai tric'n nhieu loan tai chudn hoa va ham Green. 
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Qua trinh thay the nhir tren co the tiep di6n vol cac nut tiep theo: G 0 (n 2 ) 
— ► Go (n 2 , n 2 [1, ni]) . . . Sau khi thay the toan bo, ta se khong con vucmg 
mac gi vai cac duong lap nua va (5.41 ) tro thanh: 

G(l.m) = ^G(l.l)VG( ni . n, [l])KG(n 2 , n 2 [1, m])V 

...VG(m : m[l. ri! ...]). (5.42) 

Quan trong la, bay gia tong chi con don gian lay theo cac ducmg xuong song 
di tu 1 tdi m: 1 — ► ni — > n 2 — > . . . — > m. 

Yeu-to cheo cua (5.42) la 

G (1, 1) = Go (1) + J2 G & l ) VG ( ni ' ni W) V • • • G ° W ■ < 5 - 43 > 

6 day, chu y la, nhan tu cud'i cung a (5.42) vol m = 1 (cheo), sau khi loai 
tat ca cac dirdng lap a m = 1 thi con lai chi la G 0 (1), nhu a (5.43) (cac 
duong vong da duoc tinh du a nhan tu dau tien G (1, 1)). T6ng trong (5.43) 
duoc lay theo tat ca cac ducmg xirong song khep kin (1 —> m = 1). Bieu 
thirc nay co the viet duoi dang: 

G (1, 1) = G 0 (1) + G (1, 1) A (1) G 0 (1) (5.44) 

vol 

A (1) = ]T VG (n 1} ni [1]) V...V. (5.45) 
Phuong trinh (5.44) xac dinh cac yeu to cheo cua ham Green theo A (1): 

G (1, 1; V) = „ G n?l /i x = Hwi — r • (5.46) 

v " 1 - Go (1) A (1; 77) 77 - ei - A (1; 77) 

Trong h£ thurc cuo'i cung nay, ro rang A (1) co y nghia cua nang hrong va 
thuomg duoc goi la nang hrong ridng (self energy). 

Cac bie^i thirc nhan duoc (5.44) - (5.46) duoc goi la khai tri^n nhifcu loan 
tai chuan hoa cua ham Green. Dac tnrng cua khai tri^n nay la: cho tuong 
ting mdt m6t gitfa cac so' hang trong chu6i nhi6u loan va cac duong xirong 
song trong mang khao sat. Diiu nay lam don gian vi6c lay t6ng. Cai gia 
phai tra cho su don gian ay la cac ham G 0 (n) tai cac nut phai thay bang cac 
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Chtfcrng 5. Ham Green vcri Hamiltonian lien ket mqnh 



ham phurc tap hon, dang G (n, n [1 . . .]). Tuy nhien, viae tinh cac ham nay 
lai co the 7 thuc hien bang khai tridn nhieu loan tai chuan hoa. Ket qua la, ta 
phai thuc hi£n m6t qua trinh tfnh lap. Neu so nut trong mang la huu han thi 
so' btfdrc lap cung huu han vi m6i budc m6t nut duoc dua vao tinh toan. Vai 
mang vo han thi can thao lu&n cu the* kha nang h6i tu cua phep tinh. 

5.3.2 Ham Green cho mang Bethe 

Mang Bethe (hay cay Cayley - Cayley tree) la mang khong co nhung 
vong km va dac trung hoan toan chi boi so' lan c&n gdn nha't Z. Tren hinh 
5.5 ve mot phdn mang Bethe vol Z = 3, trong do cac nang luong nut si nMn 
hai gia tri Ei hoac e 2 » xen ke nhau. Viec tfnh ham Green cho mang Bethe 
co the d6 dang thuc hien bang su dung khai trien nhie^i loan tai chuan hoa. 



Do cau true dac thu, trong mang Bethe tai mdi nut xua't phat 1 chl co 
K + 1 = Z con dtfdng quay tro lai nut do. Thanh ra, nang luong rieng (5.45) 
co dang don gian 




Hinh 5.5: Mang Bethe (Cayley tree), Z = 3 



A(1) = (AT + 1)V 2 G(1+1, 1+1[1]). 



(5.47) 



Mat khac, theo (5.46), ta cung co 



G(l + l,l+l[l]) = 



1 



i7-e /+1 -A(l+l[l])" 



(5.48) 



5.3. Khai tricn nhieu loan tdi cluum hoa va ham Green. 
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Dai luong A (1 + 1 [1]) lai co the bieu di<!n tiep dudi dang, tuong tir nhu 
(5.47): 

A (1 + 1 [1]) = KV 2 G (1 + 2, 1 + 2 [1 + 1]) . (5.49) 

Dieu can luu y a day la, trong (5.49) nhan tu phi'a trircrc chi la K = Z - 1, 
vi da loai trir mot ducmg di qua 1 

Thay (5.49) vao (5.48), dirge 

g Q + 1 - 1+1 M)° ,- e|+1 -^|l + 2,l + 2|l + l]) - ( "°> 
Hoan toan tircmg tu, ta co the" viet: 

C (l + 2; l + 2[l + l]) % _ £i+2 _ /cv/2G ; i + 3J + 3[1 + 2l) . (5.5,) 

Vi hai nut (1+1) va(l + 3) co cung mot nang luong nut, e\+\ = £i+ 3 , nen 
di£u ki6n tuan hoan cua mang cho 

G (1 + 3, 1 + 3 [1 + 2]) = G (1 + 1, 1 + 1 [1]) . 

Va, tuorng-tu: 

G(l + 2, 1 + 2[1 + 1]) = G(1, 1[1- 1]) . 

Sir dung hai dang tntfc nay, ta d6 dang vi€t lai (5.50) va (5.51) thanh h£ hai 
phuong trinh hai an ma cac loi giai la: 



{(t, - £l ) (y - e 2 ) [fo - sQ (r? - e 2 ) - 4KV*]} 1 /* 

2K ( V - ei) V 2 

{(77 - gl ) (r) - e 2 ) [fa - gl ) (rj - g 2 ) - AKV'}}^ 
2K (rj-e e+ i)V 2 

Thay (5.52) va (5.53) tra-lai (5.47) va (5.46), ta nhan diroe 



(5.52) 



(5.53) 



r(\ Yr>\ J G ( 1 '^) =2K(rj-e 2 )/D ; e t = £l 
Gft^JH G(2 ]r] ) = 2K(rj-e 1 )/D ; e t = e 2 , (5 ' 54) 
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6 




Hinh 5.6: Re {G ± (1; 1)} va =Flm {G ± (1; 1)} bieu dien theo E cho mang Bethe voi 

Z = 4: £\ +2n = ei; ei+2n+i = £2 (n la so' nguyen); ei > e 2 , £0 = (ci + £2) /2, 
Z? = 2VKV. Minh hoa cho trucmg hop £\ - £2 = B. 

trong do 

r> = ^(i?-e 1 )(ij-e„)-(Jf + l){(ij-ci)(fj-e a ) ± 

[(^- Cl )(iJ-ea)[(«»-ei)(iJ-C2)-4/fV a ]] l/a } . (5.55). 

Dau cua so' hang [. . .] 1/2 cluorc lay sao cho phan ao cua no co cung dau vofi 
Im{(ry-e 1 )(r7-e2)}. 

Tur (5.54) va (5.55) ta nh&n thay ph6 lien tac cua he g6m hai vung con: 
vung dudi chay tCr + e 2 ) /2 - [(ei - e 2 ) 2 /4 + 4#V 2 ] 1/2 den e 2 , viing 

tren chay tfir e x den fa + e 2 ) /2 + [fa - e 2 ) 2 /4 + 4AV 2 ] 1/2 . Con, mat d6 
trang thai pj tai cac nut vdi nang lupng ^ (j = 1, 2) la: 



P] (E) = -Z Im{G + (j;£;)};j = l, 2 



5.3. Khai trien nhien loan tai chudn hoa va ham Green... 
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Tren hinh 5.6 trinh bay minh hoa cua cac ham Re {G ± (1; 1)} va 
Im {G ± (1; 1)} tinh cho mang Bethe vcri Z = 4 (A' = 3) va e l - £ 2 = B 
(Economou 1983). Ro-rang la a ngirang tren va nguong duoi cua vung ham 
Green co dang dieu giai rich dien hinh cua cac he 3 chi^u. Tuy nhien, o mot 
nguong ben trong ((E - s Q ) / B = 0.5) ta tha'y co phan ky dang can bac hai 
cua nang lupng. 



Thao luan bo sung va bai tap 

B5.1 Ve ban chat, ly thuyet lien ket manh (tight binding) la ly thuyet mot 
hat truong trung binh. Ly thuyet nay da dugc su dung r6ng rai ke tijr 
khi wSlater va Koster thanh c6ng trong viec dung no d^ tinh cau true 
vung cua cac tinh the don gian (Slater and Koster 1954). Nhung, sau 
do, trong thod gian dai, do su xua't hidn cua ly thuyet ham m^t d6 
(density functional theory) va su tien bo v6 kha nang cua may tinh, 
ly thuyet lien ket manh (LKM) da bi thay the bang phuong phap tinh 
dua tren cac nguyen ly ban d£u (first principles hay ab initio method). 
Chi gan day, do phai lam vide voi cac kfch thudrc 16n, ngudi ta mod 
quay lai vdi LKM voi su ket hop voi "ab initio". Su ket hop nhu v^y 
lam tang muc d6 chfnh xac dinh luong cua tinh toan. 

Dang quen thu6c cua Hamiltonian LKM gom cac s6' hang nut (on site) 
va cac so hang nhay (hopping): 



trong do cac chi so' i, j md ta cac nguydn tu* nut mang; a, (5 ky hi6u 
cac quy dao a cac nguydn tu nay; y£u t6 cheo Si a la nang luong nut 
(on site energy); con y£'u to kh6ng cheo t iQ jp thuong giam nhanh 
theo khoang each giua cac nut i va j. Trong tinh toan LKM hi6n dai, 
cac tham s6 £i a va t iQ jp thucmg duac xac dinh bang each khop cac 
tri ri6ng LKM voi cac tri rieng "ab initio" (Xu et al. 1992; Meht and 
Papaconstantopoulos 1996). Phuong phap LKM dong vai tro ra't quan 
trong trong nghten cuxi cau true vung cua v^t lieu. 
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Chtfcfng 5. Ham Green vai Hamiltonian lien ket mqnh 




NSng lifdng 



Hinh 5.7: Minh hoa cho bai tap B5.3 

B5.2 Tir cac ket qua trong ti£t 5.3.2 hay nit ra ham Green cho mang Bethe 
tuan hoan don gian, e\ — e 2 = s 0 . Bi6n lu£n ket qua nh£n dupe. 
Tra 1M: 

G(l, /; rj) = — 

(K - 1) (t? - e Q ) + (K + 1) y/in - e 0 ) 2 - 4KV* 

B5.3 Tren hinh 5.7 la dang dieu dien hinh cua vung nang luong electron 
lien ket manh trong cac h6 d = 1, 2, 3 va 4 chieAi. D6 r6ng vung ducc 
chuan hoa bang 1. Hay cho bie't dang di6u mat d6 trang thai trong 
trucmg hop d — ► oo ? 

Tra ldi: xem W. Metzner and D.Vollhardt 1989, Phys. Rev. Lett. 62, 324 



Chirong 6 

Tan xa mot tain tap 



Ndi dung cua chuong nay la ap dung phuang phap nhieu loan khong phu 
thu6c thai gian, da trinh bay a chuong 4, vao bai toan tan xa cua electron 
len m6t tam tap rieng le trong khu6n kho hinh thuc luan lien ket manh. 

6.1 Hinh thuc luan chung 

Xet m6 hinh lien ket manh, trong do tinh tuan hoan ly tuong duac thoa 
man a khap noi, tri)r tai mot nut (nut 1). O nut nay yeu to ma tr&n cheo la 
£i — £o + trong khi a tat ca cac nut khac chung deli la sq (chang han, 
nguyen tir a t&'t ca cac nut mang dSu giong nhau vai cung mure nang luong 
£o» rieng 6* nut 1 nguyen tu mang chu bi thay the' bang mot nguyen tu la - 
tam tap - vai mure nang luong ei = eq + e). Hamiltonian lien ket manh cua 
m6 hinh nay co the viet duai dang: 

7i = TCq + Tii , (6.1) 

trong do phan khong nhi£u loan Hq chinh la Hamiltonian tuan hoan ly tuong 
(5.4), 

H Q = I m > (m| + V I n > ( m l > (6-2) 

m (n m) 

con phan nhieu loan 7i\ lien quan chi vai "tam tap" a nut 1 

Wi = |l)e(l| • (6.3) 

Theo (4.3), ham Green cua Hamiltonian toan phan H co thi bieu didn duai 
dang 

G — Gq-\- GqHiGo + Gq7~CiG()'HiGq + . . . , (6.4) 



143 



144 



Chuong 6. Tan xa mot tarn tap 



vol G 0 la ham Green cua Hamiltonian kh6ng nhieu loan (6.2). Ham nay da 
dircfc nghien curu chi tie't va tinh cu the 7 cho mot so' mang trong chuong 5. 

Trong tie't 4. 1 cung da chi ra rang, d6ng thdi vdi G ta co the 1 tinh T- 
matran (4.11): 

T — Tii + T~tiG{)7ii + 7~CiGq7~CiGq'Hi + . . . 
= |l)e<l| + |l)e<l| Go |l)e(l| + ... 
= |l)e{l + eG 0 (l, l) + [eG 0 (l, l)] 2 + . . .} (1| 

d-day Go (1, 1; v) = (1| G 0 (rj) \ 1) . 

Bieu thtic (6.5) xac dinh T-matr&n cua he lien ke't manh khi co nhieu loan 
do chi m6t tarn tap tai nut 1 voi ye'u t6' ma tr&n e. 

Thay T ntan duoc a tr6n vao he thurc (4.14), 

G = Go + GqTGq , 

ta duc/c ham Green G xac dinh qua G 0 va nhieu loan e: 

G = G 0 + G 0 |1) £ <1|G 0 . (6.6) 

1 - e G 0 (1, 1; 77) 

Tinh cha't giai tich cua T-matran (6.5) va ham Green (6.6) la tuong tu nhau. 
Phan tich cac tmh chat nay ta co thi bie't ham rieng va tri rieng cua H. 



6.1.1 Trang thai lien ke't 

Ttr (6.6) (hay (6.5)) ta thay ham G (hay T) co cue diem tai r? = E py xac 
dinh bang di£u kien 1 - eG 0 (1, 1; E p ) = 0, hay 

G 0 (1, 1; E p ) = l/e . (6.7) 

Tait nhien la cue E p kh6ng the* nam trong viing ph6 lien tuc cua Ho vi a do 
phdn ko cua Go (1, 1; E) (tire la m&t d6 trang thai) lu6n khac kh6ng va do 
do kh6ng the' co he thirc (6.7). He thurc nay cho phep xac dinh vi tn cac muc 
lien ke't, sinh ra do co nhieu loan e. 



6.1 . Hinh thi'rc lugn cluing 
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Dong thai, tu (6.6) ta co thang dir cua ham Green G tai cue diem E v la: 

Res{G („. m; E„)} = - Go(nM; £ )G 0 (I, m; £ y ) (fi g) 

Ct 0 (1. 1; 

trong do G^ la dao ham cua G 0 theo E. 

Do suy bien / p cua mure lien ket E p duoc tinh bang (2.98): 

f p = Tr{Res{G (E p )}} 

= ^Res{G(n, n; E p )} 



\—-Y, G * ( n > 1;E P )G 0 (1, n;E p ) 



G'o (1, 1; E p ) 

(\\(E p -n 0 r\i) 



71 

-2 



Gq (1, 1; E p ) 
Da'u bang cuo'i cung trong bi£'n doi tren la do 

dGo/dE = d[{l\{E -HoT^l)} /dE 

= - (l|(£;-^o)- 2 |l). (6.9) 

Vi do suy bififn f p = 1, theo (2.90), ham rieng | b), tuong ting nang luong 
E p , thoa man h6 thtic 

(n| b) (b\ m) = ResG (n, m; E p ) . 

Thay ve phai cua dang thtic tren bang (6.8), ta co 

V- Gi (i. '; Ep) 

Hoac, n6u bi^u di6n | b) dtfoi dang 

|6) = ]T> n |n) , 

n 

thi 

Gn ( n. 1: 
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Chucfng 6. Tan xq mot tarn tap 



D6 doan nMn dang di€u cua trang thai lien ket (6. 10) ta ltru y la, v6i E 
kh6ng thu6c pho lien tuc thi, m6t la, theo (6.9), dai lucmg G' 0 (1, 1; E) luon 
am, va hai la, G 0 (n, 1; E) giam nhanh theo khoang each Rni = |n - 1|: 

Go (n, 1; E) ^ _ ^ co ^- ex P h " (£) Rni] , (6-12) 

vol a (£) > 0 (xem, chang han (5.21)). Di6u nay nghTa la ham rieng (6. 10), 
tuong ting voi tri ri£ng gian doan E p , co dang dieu dinh xur 6* lan can tarn 
tap tai 1, giam nhanh khi di ra xa tarn nay theo quy luat ham e-mu (6. 12). 6 
day, dai luong [a (E)]~ l & so do muc d6 lan truy6n tuyS'n tinh cua | b). Tren 
hinh 6.1a ta mo ta dinh tmh dang di£u cua bien d6 xac sua't | (n\ip (E p )) | 2 
nhu ham cua khoang each R n i. Dai luong a -1 dac tnmg cho "ki'ch thudrc" 
cua trang thai. VT du, trong mang m6t chi£u voi ham Green (5.21) thi 

- (E - e Q f / EP - l\ /a,. 

voi (E — So) > B va a la hang so mang. 

6.1.2 Vung pho lien tuc 

Ta xem xet anh huong cua nhieu loan len pho lien tuc cua he, ma dac 
trung co ban cua no la mat d6 trang thai. 

Theo (2.93), voi G (6.6) thi mat do trang thai tai nut n la: 

p(n-E) = -ilm{G + (n, n; E)} 

e (n| Gt (E) \ 1) (1| G 0 + (E) \ n) \ 
l-eGi(l\;E) J ' 

(6.13) 

trong do p Q (n ; E) la mat d6 trang th£i cua h£ khdng nhiSu loan 7Y 0 - Su co 
mat cua nhi£u loan (tarn tap) tai nut / dan d&n s6' hang thur hai trong bieu 
thuc p (n ; E) a tr6n. 



a(E) = - In 



E-e 0 
B 



= p 0 (n ; E) - - Im 

7T 



6.1 . Hinh tlu'cc ludn clwng 
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Trong truong hop rieng, ngay tai nut 1 ta co 

7T [ 1 - eGq (I 1; E) 
Po (1 ; E) 



l-eG 0 (l, 1; E)\* 



(6.14) 



Vi&c chuyen tvr dong d&u d€n dong thu hai trong (6. 14) duoc thuc hien bang 
phep lay phan ao thong thircmg voi chu y den cac he thtic (2.11) va (2.13). 

Voi dang dieu tiem can G Q (E) -> va do do G (E) -> l/£ khi 
E —*■ oo, su dung djnh ly tich phan Cauchy, co the' may la, mat do trang 
thai (6.13) thoa man dieu kien p (n ; E)dE = 1. 

Burc tranh vat ly nhan duoc tu ket qua (6.13) la nhu sau: mac du vung 
ph6 li6n rue cua H va Hq la trung nhau, nhung malt do trang thai tuong ung 
p (E) va po (E) la khong nhu nhau. Voi he co nhieu loan, ngoai vung ph6 
lien tuc con co trang thai lien ket 6" E v> ma tai do, su dung (2.16) ta co 

p(n;E) = --(-n)J2HE-E p )(n\b)(b\n) 

n 

= \b n \ 2 S (E-E p ), EttE p . (6.15) 
Thanh thu, thay vi p (n ; E)dE = 1, trong trucmg hop nay ta co 



p(n; E)dE + Y,\ b "\ 2 = L < 6J6 > 

e d t, 



6 d^y, so' hang dau ung voi vung ph6 lien tuc chay tvr ngudng duoi E D den 
ngudng tr£n Eu, so' hang thu hai lay t6ng theo ta't ca cac trang thai lien ket 
E p . N6u ta't ca cac ham rieng cua trang thai lien ke't d£u duoc chudn hoa, 
thi bang each lay t6ng (6.16) theo ta't ca cac nut trong mang, ta duac: 



L 



Eu 

N (E) dE + P = N , (6.17) 

E D 



trong do Jsf (E) la mat d6 trang thai tren ta't ca cac nut, P la s6' trang thai 
li6n ke't va N la t6ng so' nut cua mang. H6 thuc (6.17) cho thay rang, cimg 
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Chitcmg 6. Tan xa mot tarn tap 



vai sir xua't hidn cac trang thai lien ke't, m&t do trang thai trong vung ph6 
lien tuc giam di (so vdi p Q (E)). Phan giam di nay diroc "chuyen" sang cho 
cac mure gian doan va trong kho'i "tiep nh&n" cua m6i mure dirge do bang dai 
lirong phu |6 n | 2 cua mure nay tai nut n. 

Ta chuyen sang xem xet cac trang thai ridng trong vung pho lien tuc. Do 
la cac trang thai tan xa dang (4.23): 

\ip E ) = \k) + Gt (E) T + (E) |k). (6.18) 

O day, |k) la ham rieng (dang (5.9)) cua Hamiltonian lien ket manh tuan 
hoan Ho (ta dung ky hidu |k) thay cho |k) de phan biet vai |n), trong do n 
la chi so nut), con da'u (+) 6" Gq T + ngu y chi chpn 16i giai di ra tu tarn tan 
xa. 



Dat T + (6.5) vao (6.18), duac 



( nlG 0 + (£)|l)g(l|k ) 
l-^ 0 + (l, 1; E) 



We) = <n| k) + X "'^^' a/ :. X r ; • (6-19) 



Ham rieng (6.19) co dang tong cua ham song kh6ng nhieu loan (n| k) va 
phan b6 chmh do nhieu loan co mat tai nut 1. Nhu v&y, ben trong vung ph6 
li6n tuc ham rieng la m6t ham lan truyen bi bien dieu do nhieu loan. Mot 
each dinh tfrih, ham nay dugfc mo ta bang so do tren hlnh 6.1b. Tai chinh 
nut 1 ham (6.19) co dang 



(II k) 

l-eGf(l, 1; E) 



<#e) = , -Al" ,. m • (6-20) 



Trong lien quan vol cac trang thai vung, a tie't 4.2 ta da chi ra rang, tiet 
di6n tan xa vi phan |/| 2 de 1 m6t song tod | k/) tan xa d£n trang thai cuo'i \k f ) 
la ty le vai | ( k/| T + (E) | k 7 ) | 2 (xem (4.31), (4.32)). Vol | k 7 ) va | k f ) la 
cac trang thai khdng nhieu loan, sir dung T + (6.5) ta d£ dang nh&n duac: 



6.L Hinh tlu'fc hum cluing 



149 



(a) 



(b) 



(c) 



Hinh 6.1: Minh hoa dinh tinh phu thuoc cua | (n\i/jE) | 2 vao khoang each Rni: 
(a) Trang thai lien ket; (b) Trang thai vung; (c) Trang thai cong huemg. 

6.1.3 Trang thai cong hirong 

Nhu tren da noi, ham Gq (1, 1; E) co phan ao khac kh6ng or cac nang 
luong thu6c vung li6n tuc, va do do ben trong vung nay dai luong (1 — 
e Gq (1, 1; E)) kh6ng the' bang khdng. Tuy nhidn, or nhung di6u ki6n nha't 
dinh, dai luong 1 1 - e Gq (1, 1; E) | 2 co the 7 la ra't nho a nang luong E = E r 
nao do. Neu v£y, tai cac nang luong E r nay dai luong | (1| ips) 1 2 (6.20) trd 
nen ra't 16n. Trong khi do, vdi n ^ /, dai luong (n| Gq (E) | 1) or so' hang 
thu hai cua (6.19) lai giam nhanh tori 0, khi khoang each R n i — > co. Thanh 
thu, trong gioi han nay, dai luong | (1| ip E ) | 2 cua (6.19) dan v6 | (n| k) | 2 cua 
trang thai khdng nhieu loan. Ta co burc tranh vat ly nhu sau. Tai nang luong 
E r nao do, bien do | (n| ip E ) | co gia tri lorn or lan c£n nut 1, giam theo khoang 




1\ 
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each |n — 1|, r6i (Mn tdi gioi han la bien dd | (n| k) | cua song kh6ng nhi6u 
loan. Cac trang thai rieng (n| ip E ) co tinh cha't nhu vay duoc goi la trang 
thai c6ng huong (resonant eigenstates). Bi6n d6 cua cac trang thai nay duoc 
m6 ta dinh tfnh tren hinh 6.1c. Cac trang thai cdng huong vua co dang d&'p 
trang thai lien ket vi xac sua't tim hat a lan can nut 1 la rat ldn hon so voi a 
cac nut khac, chung lai vita la trang thai lan truy6n giong nhu cac trang thai 
lien tuc khac. 

Boi vi tai nang luong cong huong, cac mau so' d (6.14) cung nhu (6.21) 
deu rat nho, n6n ca mat d6 trang thai cung nhu tiet di6n tan xa d£u co cue 
dai nhon. Ta't nhidn, cue dai a p (1 ; E) (6.14) con phu thu6c vao dang di£u 
phu thuoc nang luong cua po (1 , E) a lan can E = E r . 

Mot each g£n dung, nang luong cong huong E r co the xac dinh bang 
each nhu sau. Ta viet cac mau so cua (6.14) va (6.21) dudi dang 

|1 - e G+ (/, /; E) | 2 = (1 - eRe{G 0 + }) 2 + e 2 {lm{G+}) 2 . 

N£u Im{Go }, tue p 0 (£), thay doi cham theo E b lan can E ry thi nang luong 
cdng huong E r co the xac dinh gan dung nhu loi giai cua phuong trinh 

(1 - eRe{G 0 (1, 1; E)}) 2 = 0. (6.22) 

Tat nhi£n, de cdng hucmg la nhon thi dai luong e 2 (lm{Gj}) 2 cung phai 
nh6 (so vcri 1). 

N£u khdng chi Im{G 0 } ma ca Re{G 0 (1, 1; E)} cung phu thu6c yeu vao 
E trong lan can E r , thi m6t each gan dung, co the 7 vie't: 

|l-eG 0 (l, 1; E)\ 2 * A~ 2 {{E-E r f + J 2 }, E « E r , (6.23) 

trong do 



J = |fa{G 0 (l, 1; E r )}\/\Re{G' 0 (l, 
A' 1 = |eRe{C 0 (l, l;E r )}\. 



6.1 . Hinh tlu'tv lugn cluing 



151 



Thay bieu thuc gan dung (6.23) vao (6.13), (6.20) va (6.21), ta co 



= A** (1 E) = A** (1; E) 

(E-E r ) 2 + P \E~vA 2 

A (E - E r ) + J 2 \E - 7/ r | 2 

,r,2 ^ 2 A 2 e 2 

\ \ = 9 = 77^ , (6.26) 

11 [E-E r ) 2 + J 2 \E-r k \ 2 ' 

trong do r) r = E r — iJ. 

Nhu v&y, trong khuon kho gan dung (6.23) cac trang thai cdng huong xu£t 
hien nhu cac cue trong nua mat phang duoi (hoac tren) cua thac trien giai 
tich ham G + (1, 1; E) (hoac G~ (1, 1; E)) ngang qua cdt nhanh. Menh de 
nguoc lai cung dung: neu thac trien giai tich cua ham G ± qua cdt nhanh co 
cue gan true thuc (J/ B < 1, trong do B la nua do rong vung), thi cac cue 
do xac dinh nang luong cong huong. Cac bieu thtic dang don gian (6.24) 
(6.26) la he qua cua gan dung (6.23), va tat nhien neu thac trien giai tich 
cua G ± phtic tap hon, thi cac bieu thtic tuong ting cua p, | (1| ips) \ 2 va \f\ 2 
se khong con don gian nhu (6.24)- (6.26) nua. 

Ta ket thuc tiet nay bang mot bai toan minh hoa don gian. Xet mot hat 
co trang thai chuyen dong m6 ta boi Hamiltonian H. Gia su tai thdi diem 
ban dau, t — 0, hat d nut 1, nghia la, o thoi diem nay bien d6 trang thai cua 
hat tai nut n ba't ky la C n (t = 0) = S nl ,. Su dung he thtic tien hoa (2.51) 
va cac h£ thurc (2.45), (2.43), ta co ngay bien do xac sua't tim hat cung tai 
chinh nut 1, nhirng d moi diem t > 0 ba't ky la: 

Ci (t) = — / exp (- iEt/h) G + (1, 1; E) dE. (6.27) 
27r J_ 00 

Tham gia dong gop vao (6.27) co the co ba loai trang thai. 

Ph&n dong gop tir cac trang thai lien ket (ting voi cue cua ham 
G + (1, 1; E)) la: 

Q b (t) = ^[-27rzRes{G + (l, 1; £ P )} e"^] 

= \b t \ 2 exp(-iE p t/h). (6.28) 
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Ket qua nay nh£n dirge bang each tfch phan true tiep (6.27) rdi di y den h6 
thurc sat tren (6.10). Bieu thurc (6.28) ngu y rang, do su co mat cua trang 
thai lien ket |6) nen hat kh6ng khuydch tan di xa, ngay ca khi t — »■ oo thi 
xac sua't tim hat a chmh diem xuat phat 1 van la huu han, oc \b t \ 4 . 

Phdn dong gop tu cac trang thai vung lien tuc (hinh 6.1b) la: 



trong do a la hang so Mc don vi. Dong gop (6.29) giam nhanh theo thai 
gian (vol thai gian "song" dac trung la « h/B \a\). Nhu v£y, khi t — > oo, 
cac trang thai lien tuc han nhu kh6ng dong gop vao xac suat tim hat a nut 
1: chung trg giup cho hat khuyd'eh tan di ra xa 1. 

Cuo'i cung, phan dong gop vao Ci (t) (6.27) tir cac trang thai cong huong, 
trong khudn kh<5 gan dung (6.23) - (6.26), la: 



Vcti t <C h/ J, dong gop (6.30) co dang tuong tu nhu (6.28) cua cac trang 
thai lien ket (tat nhien la J < B, tuc la h/J » h/B). Con voi t > h/J, 
thi (6.30) lai co dang gan voti (6.29) cua cac trang thai vung, gop phart trg 
giup cho hat khuy£'ch tan ra xa 1. 

Tom lai, voi m6 hinh khao sat trong tiet nay, co the t6n tai ba loai trang 
thai ri£ng: (i) cac trang thai li£n ket voi mure nang luong gian doan; (ii) cac 
trang thai vung li6n tuc vol ham song tan xa; va (iii) cac trang thai cong 
huong, co the 7 xuat hiSn trong mien ph6 lien tuc. Do la cac trang thai lan 
truyen co bidn do cao hon dang ke' a lan c&n tarn tap. Nang luong rieng 
tuong ring vdi cac trang thai nay (nang luong c6ng huong) dugc xac djnh 
nhu la nang luong, ma tai do mat d6 trang thai cung nhu tiet dien tan xa co 
cue dai nhon. Cue dai nay co ngu6n go'c tu* cue don trong thac trien giai tich 
ham G ± (1, 1; E) qua cat nhanh: phan thuc cua cue cho nang luong cong 
huong, con nghich dao cua phan ao cho thoi gian song, li6n quan voi su 
khuy£ch tan cua hat di xa khoi vi tri ban ddu. 



d z {t) cxexp(-\a\Bt/h)\ h/B 



(6.29) 



Cir {t)(xe- Jt/h .e- lErt/h . 



(6.30) 



6.2. L(Yi gicii cho nun so mang difn gian 
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6.2 Loi giai cho mot so mang don gian 

Trong tiet nay, hinh thuc luan chung trinh bay a tiet tren se duoc minh 
hoa bang giai cu the bai toan cho ba load mang don gian, nhirng quan trpng. 

6.2.1 He ba chieu: mang lap phuong dan gian 

Tra lai gian do ham Green cua bai toan lien ket manh trong mang lap 
phuong don gian tren hinh 5.3. Dang dieu dien hinh cua mat d6 trang thai 
a gan cac nguong vung la: 



/ y/E - E D , gan nguong duoi Ed . 

pa (1 ; E) oc < m = (6.31) 

[ yJEu — E , gan ngirong tren Ey ■ 

D6ng thoi, cac dai luong I D = Re{G 0 (1, 1; E D )} va l v = Re{G 0 (1, 1; E v )} 
d6u la huu han. Mat khac, vi a ngoai vung dGo/dE < 0 (6.9) va G 0 — > 0 
khi \E\ — > oo, nen ta co 

0 < Go (1, 1; £) < 4 , vdri E > Eu . \ 

I D < Go (1, 1; E) < 0 , vol E < E D . J * " ' 

Thanh ra, khi giai phuong trinh (6.7) de tim nang luong lien k£t, ta co hai 
truong hop tuong ung vdri nguong tren (Ey, Iu) va nguong duoi {E D , I D ). 
Vi buc tranh ca'u true vung (hinh 6.2) la do'i xung voi hai nguong, nen ta chi 
can xet chi tiet m6t truong hop, chang han xet nguong duoi. Tuy theo gia 
tri cua nhi&i loan e < 0 ta co hai kha nang: 

Mdt la, l/e > Ip- Trong truong hop nay, nhu minh hoa tr£n hinh 6.2, duong 
l/e lu6n cat G 0 (1, 1; E) va chi cat tai m6t di^m. Di^m do chmh la ldri giai 
cua (6.7) va cho nang luong trang thai lien keit E p , E p < E D . 
Hai la, l/e < Id < 0. Trong truong hop nay, a ben ngoai vung, duong l/e 
nam thap hon va kh6ng bao gicr cat G 0 (1, 1; E). Phuong trinh (6.7) kh6ng 
co loi giai. H6 kh6ng co trang thai li£n ket. 

Y nghia vat ly cua k£t qua tren la: mdt nhieu loan hut (e < 0) chi co thi 
tao ra trang thai li6n ket voi E p < E D ne'u cuong &6\e\ cua n6 vuot qui gia 
tri l/\I D \, \e\ > 1/\Id\ hay e < I^ 1 (nhdr rang, e, I D < 0). Noi each khac, 
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trong he ba chieu, cac nhieu loan cuomg do nho (ho' the' ndng) co the' kh6ng 
tao ra dirge trang thai lien ke't. 




\- -2 



Hinh 6.2: Minh hoa cho loi giai cua phuong trinh (6.7) 
trong mang lap phuomg don gian khie</^ 1 < 0 (J3 = 1) 

Hoan toan tuong tu cho trudng hop nguong tr6n voi nhieu loan 6iy 
(e > 0) ta cung co the 7 ke't lu&n: di co m6t (va chi m6t) trang thai lien ke't 
a E p cao horn nguong E v , cuomg dd nhieu loan e phai vuot qua gia tri /J 1 , 
e > Iy 1 > 0. Trong md hinh lien ke't manh dang khao sat, nhieu loan day 
(e > 0) cung co the 7 giam giu m6t hat luong tfr tai m6t mure lien ke't nam cao 
hon tran cua vung kh6ng nhieu loan. Bue tranh ca'u true vung a d&y la hoan 
toan do'i xung vdi hai nguong. Day la die'm mod dinh tinh cua m6 hinh lien 
ke't manh so vol md hinh hat tu do, or do vung chi co m6t nguong duoi, va 
do do kh6ng co ly do gi de thao lu£n ve kha nang giam giu hat bang m6t 
nhieu loan day 

Bur tranh vung hai nguong b d&y goi nhor ve su khac d&u cua kho'i luong 
hieu dung a gan cac nguong vung duoe gioi thieu van tat trong tie't 1 .3. O 



6.2. L(Yi gidi cho mot so mcmg dtfn gidn 



155 



g&n nguong dudi cua vung, khoi luong hieu dung cua electron duoc xem la 
duong, con 6 gan ngirdng tren (tran) la am. Thanh ra, luc day tac dung len 
hat 6* nguong tren se cho cung he qua nhu luc hut tac dung len hat d nguong 
dudi, ca hai deu co the dan den sir xuat hien trang thai lien ket. Bur tranh 
chung vi kha nang xuat hien trang thai lien ket cung nhu vj trf cua no trong 
su phu thuoc vao e cho he ba chifiu duoc mo ta bang so do 



Id 


0 


lu e 


Co mot trang thai i 


1 

Khong co' trang- 


— i > 

1 Co mot trang thai 


lien ket d E p < E D i 


thai lien ket 


i lien ket d E p > E [J 



De thay ro hon su thay doi pho nang luong khi cuong d6 nhieu loan tang 
dan tu" 0, ta xet mot vi du don gian, khi ham Green kh6ng nhieu loan co thi 
gan dung bang ham Hubbard (5.35) 



Co (1, 1; E) = 



E ± VE 2 - B 2 ' 



(6.33) 



C) day, khong mat tfnh tong-quat, ta da xem e 0 = 0. Khi do, hai nguong 
vung la 

E D = -B va E v = +B . (6.34) 



Va do do, bang thay true tiep (6.34) vao (6.33), ta co 

I D = - 2/B = 2/E D ; Iu = 2/B = 2/Ey 



(6.35) 



Mure lien keit E p duoc xac djnh bang phuong trinh (6.7) vol G 0 (1, 1; E) 
(6.33): 

9 

l/e = 



Tir day co 



E^y/E^W 



E p = (B 2 + 4e 2 ) /4e . 



(6.36) 



Ro rang la mure lien ket E p (6.36) chi t6n tai (nam each tarn vung m6t 
khoang 16n hon nua d6 rdng vung B\ n£u |e| > B/2 = I^ 1 = 
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Mat do trang thai co nhieu loan duoe xac dinh bang (6. 14) trong do mat 
d6 trang thai kh6ng nhieu loan, tuong ung voi ham Green (6.33), co dang 
(5.36) :po(l-E) = (2/ttB 2 ) sjB 2 - E 2 . 

Thay bieu thuc p Q (1 ; E) nay va G 0 (1, 1; E) (6.33) vao (6.14), sau khi 
rut gon, ta duoe 



2 \/B 2 — E 2 
^■' E) = -. Bi + ^-±Ee -<W <B - (63?) 

Ham p(\; E) (6.37) co the^ co cue dai. Dao ham bieu thuc nay, r6i cho bang 
kh6ng, ta xac dinh duoe gia tri nang luong ung vol cue dai la 

E r = 4e B 2 1 (B 2 + 4e 2 ) . (6.38) 

Nang luong E T nam trong vung ph6 li6n tuc. No co the xem la nang luong 
c6ng huong neu cue dai cua p (1 ; E) a do la du nhon. 

Tren hinh 6.3, ta minh hoa dinh tfnh dang dieu cua p (E) khi |e| tang 
dan tu 0. Ta xet trucmg hop nhieu loan hut, e < 0. Nang luong E r (6.38) co 
ciing dau voi e va \E r \ tang ciing voi \e\. Nhu vay, khi \e\ tang, E r dich xa 
dan tarn vung, di v£ phia nguong duoi E Dy mat d6 trang thai bj keo v£ phia 
nang luong tha'p voi cue dai ngay cang nhon. Khi \e\ = OAB, cue dai cua 
p (E) tai E r tro nen rat nhon, the* hi6n ro tinh cdng huong. Khi \e \ dat gia tri 
ngudng, \e\ = \I D \~ l = B/2, nang luong c6ng huong E r trung voi nguong 
duoi Ed. Ngay khi |e| vuot qua gia tri ngudng B/2, m6t phan cua dinh c6ng 
huong tach ra khoi vung ph6 lien tuc, tao thanh m6t ph<5 dang delta d phia 
duoi nguong E D \ mdt muc lien k£t da xua't hi£n ! Trong kho'i \b t \ 2 cua muc 
lien ket nay duoe danh gia bang (6.11). Thay G Q (1, 1; E) (6.33) vao (6.11), 
duoe 

\b t \ 2 = Je* - B 2 /\e\ = (4^ 2 - B 2 ) /4e 2 . (6.39) 

Di nhan duoe ke't qua nay ta da su dung cac ht thuc (6.7) va E p (6.36). 

Cucmg dd \e\ cang Ion thi \E P \ (6.36) cung cang Ion, nghta la mtic lien 
k^'t cang thap so voi ngudng duoi E D . D6ng thoi, trong kho'i (6.39) cang 
Ion. Song song voi qui trinh d6, ben trong vung lien tuc, mat d6 trang thai 
chuy^n nguoe lai, dan v6 tarn vung, cue dai c6ng huong tha'p dan, r6i mo* 



6.2. Loi gidi cho mot so mung do'n gidn 
han di khong con nhan ra nura. 
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0.8 




-1.6 -1.2 -0.8 -0.4 0 0.4 0.8 



Hinh 6.3: Mat d6 trang thai bieu di6n theo nang lirong cho cac gia tri 
kh£c nhau cua e. Tai gia tri ngurdng |e| = B/2 mot mure gian doan tich ra. 
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Ne'u nhieu loan la defy, e > 0, thi m6t btic tranh hoan toan tuong tu se 
xay ra a lan c&n nguong tren E v cua vung lien tuc. 

6.2.2 He hai chieu: Mang vuong 

Nhu da chi ra tren hinh 5.2, mat d6 trang thai cua he hai chieu lien ket 
manh voi Hamiltonian tudn hoan Ho co gian doan 6* cac nguong vung: 

pn (1; E) E->E D + o' pD - 

6 day, d6 cu the ta noi v6 nguong duoi. Buc tranh vat ly d hai nguong la 
do'i xung. 

Cung voi sir gian doan cua Po{E), ham Green co phan ky logarit tai cac 
nguong 

G 0 (l, 1; E) e _^ Ed ) Pd\ ^ E ~ c Ed ^ e _* Ed ~ °°< ( 6 - 40 > 

trong do C la m6t hang so' dirong. Tuong umg voi ham Green (6.40), dai 
luong \Iu\ la ldm v6 han. Thanh thu voi moi e, du \e\ nho bao nhieu chang 
nua, dircmg 1/e luon nam cao hon In < 0 va do do lu6n cat G 0 (1, 1; E) tai 
m6t (va chi mdt) diem. Va nhu v£y, ta da di den m6t ket lu&n quan trong: 
trong cac he hai chieu du nhieu loan nho bao nhieu chang nua, ta lu6n co 
mdt trang thai lien ke't. Ta danh gia vi tri E p cua trang thai nay. 

Voi |e| nho, ducmg l/e nam tha'p va cat ducmg Gq(E) tai diem E p rat 
gan E D . Trong trucmg hop nay, d£ xac dinh E p ta co the 1 gan dung sir dung 
dang titm c&n cua ham Green (6.40). Phuong trinh xac dinh mure lien ket 
E p co dang 

\E P - E D \ 
Pd In— ^ = -l/\e\. 

Loi-giai la 

\E P -E D \ wCexp(-l/|e|p D ). (6.41) 

Nhu v£y, vol nhieu loan yeu <C B) nang luong lien ke't cua mure gian 
doan (turc la khoang each tu* mure toi day vung E D ) E B = \E P — E D \ phu 



6.2. L()i gidi cho mot so mani* do'n gian 
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thuoc vao |c| theo ham e mu (6.41). Dang dieu cua sir phu thuoc nay la he 
qua cua tinh phan ky (6.40) cua ham Green a nguong vung. Boi le tfnh phan 
ky logarit la tfnh chat chung cua cac he hai chieu, ket qua (6.41) cung la 
tong quat cho moi mang hai chi£u. 

Xet cu the mang vuong, ta co the danh gia Eb mot each dinh luong hon. 
That vay, trong gidi han E — ► s Q — B (nguong dtfoi) ham Green trong mang 
vuong (5.27), (5.28) tiem can v£ 

g °^> ^K^)' (6 - 42) 

So sanh bieu thuc nay vol (6.40) ta xac dinh duoc p D = 1/irB vaC = SB. 
Va do do, trong mang vu6ng nang luong lien ket (6.41) co dang 

Eb = | E p — Ep | 

« SB exp(-7rB/H); e-^0_. (6.43) 

Sir dung ham Green dom gian (5.30) ta co the mo ta su xua't hi£n cua 
mur lien ket cung nhu dang dieu tong the 7 cua mat do trang thai trong su 
phu thuoc vao e bang so do Wong tu nhu 6" hinh 6.3. Ngoai ra, mot di£u 
dang gidi thieu la, n£u trong (6.41) ta thay d6ng thoi po = Po too y a \e\ = Vo 
thi ta nMn lai ket qua (4.44) E 0 oc exp (- l/p 0 VqQ 0 ), xac dinh vi tri mure 
gian doan trong bai toan hat tu do tan xa boi mot ho the nong. 

6.2 3 He mot chieu 

Trong mang m6t chie\i a gan nguong vung mat d6 trang thai phan ky 
dang (xem hinh 5.1) 

E^E D + 0' C ^- E ^ 1/2 - 
Tuong urng, ham Green cung phan ky 

Go (1, 1; E) _ n > - nC (E D - E)~ 1/2 - - oo. (6.44) 
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Ht qua la, cung gio'ng nhu trong h£ hai chieu, cac dai luong |/£>|, 1dm vo 
nan, va ducmg 1/e lu6n cat G Q (1, 1; E) tai m6t (va chi mdt) didm du cho 
\e\ nho bao nhi£u chang nua. N6i khac, trong he mot chieu nhilu loan bat 
ky, du nho bao nhieu chang nua, cung sinh ra trang thai lien ket. 

Vi tri cua mure li6n ket E v co th^ danh gia bang each quen thuoc dtra 
tr6n phuong trinh (6.7). Voi |e| nho, khi E p nam ra't gin E D , ta co the su 
dung dang ti6m c&n cua ham Green (6.44). Dat ham nay vao (6.7), co: 

-nC(E D -E)-' /2 = -l/\e\. 

Tu day suy ra nang luong lien ke't 

E D = \E P - E D \ £ _^ 0 _ > e 2 ir 2 C 2 . (6.45) 

Ket qua nay se trung chinh xac vdi bieu thtic (4.46) cua nang luong lien ket 
Eq trong bai toan hat tu do m6t chidu tan xa boi ho the nong, ne'u d6ng thoi 
thay \e\ = V Q va C 2 = mft 2 /2/? 2 7r 2 . 

Viec xem xet cac trang thai c6ng huong trong cac h£ mot chi£u doi hoi 
m6t each thurc rieng. Thay vi tid't didn tan xa vi phan (6.21), ta se xem xet 
hai dai luong goi la h£ so' truydn qua \t\ 2 va h6 so phan xa |r| 2 , dinh nghla 
tuong ting la: 

\t\ 2 =1/\1 -sG 0 (l\;E)\ 2 
•|r| 2 =\eG 0 (l\;E)\ 2 /\l-eGo(l,l;E) 

Luu y la trong h$ m6t chidu, ham Green G 0 (1, 1; E) la thuan ao b6n trong 
vung li6n tuc (hinh 5.1). Do do, cac he so' (6.46) thoa man di6u kien: 

|£| 2 + \ r \ 2 = 1 . 
Voi (6.46), m&t d6 trang thai (6.14) vi£t duoc duoi dang 

p(l;E)=po(l;£) \t\ 2 - (6-47) 
Va, bidn dd trang thai (6.20): 

| (l|fe) | 2 = |*| 2 /iV. (6.48) 




6.2-. Ldi gidi cho mot so mang do'n gidn 
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Cac bieu thiic (6.47) va (6.48) cho tha'y rang, trang thai cong hirong, neu 
co, tat nhien diroc quy dinh boi dang dieu phu thuoc vao E cua |£| 2 . VI 
\t\ 2 < 1, nen cong hirong xay ra, neu \t{E) \' 2 co gia tri g<in bring 1 o lan 
can mot nang lircmg nao do va giam nhanh khi ra xa nang lirong nay. Trong 
thyc te, khong phai a bai toan mot chieoi nao \t {E) | 2 cung co dang dieu nhir 
v&y. Noi khac, trong cac he mot chie^u khong phai khi nao cung co trang 
thai cong hirong. De minh hoa cho nhan xet nay, ta tro lai mo hinh lien ket 
manh mot chieu vo*i ham Green (5.22): 

Go (1. 1: E) = (E 2 - B' 2 y l/2 , (6.49) 

(xem £o = 0). Vi tri trang thai lien ket khi do la 



E p = q{e) VB? + s 2 . 
(ham q (x) dinh nghTa trong 2.3.2) va he so truySn qua (6.46) bang 



(B 2 - E 2 ) 



R6 rang la ham \t(E)\ 2 (6.50) khong he co ca'u true cong huong. NghTa la, 
trong m6 hinh lien ket manh mot chi6u voti ham Green (6.49) khong ton tai 
trang thai c6ng huong. 

K£'t lu&n quan trong nh&'t rut ra tu ba truong hop khao sat a tren la, trong 
khi a cac he mot va hai chi€u trang thai lien ket ludn duoc tao thanh cho du 
cirdng d6 nhi£u loan nho bao nhieu chang nua, thi vai cac h6 ba ctriiu de 
co trang thai lien ket circmg do nhi6u loan |e| can phai Ion hon mot gia tri 
nguong nao do. De minh hoa ket luan quan trong nay ta xem xet m6t mo 
hinh don gian. Gia su trong kh6ng gian D chieu co mdt ho the s&u |e| vcri 
kich thucrc m6i chieoi la a. De giu mot hat kho'i luong m dinh xu trong mi£n 
kh6ng gian kich thudc L xung quanh ho' the', thi th£ nang giam giu 

W c (x J V{r) \ifd D r « \e\ (a/L) D 

phai vuot qua dong nang 

V 



W k <x 



^ 2 h 2 



2m 2mL 2 
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Neil |e| la nho, L la ldn, thi so sanh hai dai luong tren ta tha'y luon co 

W c > W k ne'u so' chieu D < 2, 
W c < VKfc ne'u so' chieu D > 2, 

nghia la, vol he m6t chieu (D < 2) hat ludn bi giam giu a lan can ho' the, 
con vdd he ba chieu (D > 2) hat kh6ng bi giam giu ne'u \e\ la nho. Mo hinh 
don gian tren khong cho chmh kie'n gi ve tnrong hop he hai chieu. Dii rang 
o tren ta da khang dinh rang trong he hai chieu trang thai lien ke't cung lu6n 
xua't hien d\x\e\ nho, trong thirc te\ cac tinh cha't (djnh xu hay lan truyen) cua 
he electron hai chieu van la van d& dang ban cai (xem, chang han, Abrahams 
etal. 2001). 

Cuo'i cung, cung can gioi thieu them rang, Hamiltonian lien ke't manh 
trinh bay trong chuong nay la m6 hinh don gian nha't d£ nghien curu cac tinh 
cha^t electron cua vat ran tinh the 1 khi co mat m6t tarn tap. Tuy rat don gian, 
m6 hinh nay da cho phep m6 ta nhtfng dac trung vat ly quan trong nha't cua 
bai toan. Ne'u muon biet cac dac trung dinh luong cua cac ca'u true tinh thi 
thirc, thi nhieu ye'u to' khac cdn phai duoc tinh den, nhu la: (i) d m6i nguyen 
tix nut mang co the t6n tai d6ng thoi nhi£u quy dao electron, (ii) dang cu 
the 7 cua the tap, (iii) anh huong cua tarn tap de'n su sap xe'p cac ion mang 
chu xung quanh. Tinh de'n cac veil to' nay, bai toan se tro nen phurc tap hon 
nhie'u. Vi nhu, d6 tinh de'n dang cu the 7 cua the' tap ta thuong phai d6ng thoi 
giai phuong trinh Poisson va tinh ham Green m6t each tu hop: xua't phat ttr 
mdt dang the' gia thie't ban dau, tinh ham Green, xac dinh mat d6 dien tich; 
vol mat d6 didn tich nay giai phuong trinh Poisson di tinh lai the; dung the 
nhan duoc tinh lai ham Green... Ta't nhien, cac tinh toan nhu vay chi co the' 
thirc thi bang may tinh dien tu\ D6c gia nao quan tarn den cac phuong phap 
tinh so' trong khoa hoc vat lieu co the 7 tham khao, chang han, cuo'n sach cua 
Ohno va d6ng tac gia. (Ohno et al. 1999). Trong khuon kh6 cuo'n sach nay, 
chung t6i chi han che' a gioi thieu mdt so' khao sat dinh tinh, chu ye'u tap 
trung vao ban chat vat ly cua van de. 



6.3. Ap dung: cap Cooper va sieu clan 
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6.3 Ap dung: cap Cooper va sieu dan 

Nhung ket qua chinh cua ly thuyet sieu dan BCS (Bardeen, Cooper, and 
Schrieffer 1957) co the torn tat la: (I) sir hut giira cac electron dan den hieu 
ung ghep cap (cap Cooper); Trang thai co ban cua he cac cap Cooper tach 
khoi cac trang thai kfch thfch bang mot khe (gap): 

A « 2 huj D exp (- l/Vp F ) ; Vp F < 1. (6.51) 

trong do pf la m&t do trang thai 6* mure Fermi, V la cuong do the hut trong 
Hamiltonian BCS, H = J2 £ k (4 C * + c + _ k c- k ) - V E (ct'ct k >c- k c k ): 
la ta>i so' Debye; (2) tuong tac electron phonon la nguyen nhan gay ra su 
hut, su ghep cap electron; (3) hieu ung Meissner la mot tfnh cha't cua trang 
thai co* ban; va (4) nhiet do tori han T c phu thu6c vao hai tham so chinh p F 
va V. Vol V p F < 1 ta co 

k B T c ^ l.Uhu D exp{-l/Vp F ). (6.52) 



Ly thuyet BCS la mot ly thuyet nhieu hat va do do, viec xem xet no vuot 
khoi khudn khd cua cudn sach nay. O day, chung toi chi muon minh hoa 
m6t dieai la, ngay trong pham vi ly thuyet ham Green m6t hat cua m6 hinh 
tan xa dem tap, ta cung co the gin dung nhan duoc nhung he thurc quan trong 
nha't, (6.51) va (6.52), cua ly thuyet BCS. 

Xet m6t h£ cac fermion khoi lircmg m, tuong tac cap vol nhau bang the' 

hut 

V{r) = \ v6ir = \r l -r j \<a. 

{ 0 von r > a . 

Ta se quan tarn den chuy^n d6ng cua mot cap hat, bo qua tuong tac cua cap 
voi tat ca cac hat con lai trong h£. Dong thoi, nguydn ly Pauli khong cho 
phep ba't ky hat nao trong cap duoc chiem m6t trang thai da bj choan da"y. 

Khi khong co tuong tac hut (6.53) ham rieng cua cap bang tich cac 
ham rteng cua cac hat rieng re, |k l5 si; k 2 , s 2 ), trong do ca hai momentum 
ki, k 2 d£u nam ngoai bien Fermi, da bj choan diy boi cac hat khac; s l5 s 2 
la cac spin cua cac hat. 
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Khi tfnh den tirang tic (6.53) Hamiltonian cua cap co the" viet diroti dang 

Wi2 = Hcm + H r = — — - —V 2 r + V{r). (6.54) 

2M Ip 

6 day, Hcm = h 2 K 2 /2M mo ta chuyen dong cua khoi tarn (center of mass) 
vai M = 2m; H r la Hamiltonian chuyen d6ng tuong doi vdri r = ri — r 2 va 
fi = mim 2 / (mi + m 2 ) = m/2. Momentum toan phan K = + k 2 la mot 
so luong tir tot cua bai toan H\ 2 . Phep chuyen doi (6.54) dan bai toan vai 
Hamiltonian H\ 2 v£ bai toan chi vai Hamiltonian H T = — (K 2 /2p) V 2 + 
1/ (r). Day la bai toan mot hat khoi luong p bi tan xa bai the V (r). Nhu 
da thay a tren, 161 giai cua bai toan nay duoc hoan toan xac dinh bai ham 
Green khong nhidu loan, hay tuong duong, bai m&t do trang thai khong 
nhidu loan po{E; K), tinh trong don vi the tich cua mot cap khong tuong 
tac vol momentum tong c6ng K: 

po (E; K) = —-—3 ( dkS (E - e (h) - e (k 2 )) 
(2tt) J 

6(e(h)-E F )0{e{k 2 )-E F ). (6.55) 

6 day, k = (ki — k 2 ) /2 la momentum chuyen d6ng tuong doi, dong thoi 
cac momentum k x va k 2 can duoc thay tuong ung bang (K/2) + k va 
(K/2) — k. Hai ham 0 dudti dau tich phan ngu y rang, ca hai electron trong 
cap deu kh6ng the chiem cac trang thai vai nang luong thap hon E F . Neil 
nhiet do la huu han thi tich hai ham nay se dugc thay the bang (1 - / (e (k\))) 
(1 - / {e (k 2 ))) vai / (e) la ham phan bd Fermi. 

Nhin vao (6.55) ta thay, ro rang la su co mat cua bien Fermi da lam thay 
doi han dang dieu cua m&t do trang thai khong nhi6u loan po{E). Do co 
bien nay nen, theo (6.55), 

po (E: K) = 0 vol E < 2E F . (6.56) 

Trong khi do, vol cap co K = 0 biiu thurc (6.55) cho 



po (E-O)= 1 -p(E/2)0(E/2-E F ), 



(6.57) 



6.3. Ap clung: cap Cooper va sicit dan 
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b day p(E/2) la mat do trang thai tfnh tren don vi the tich cua mot hat 
khong tuong tac vai nang luong E/2 va dinh huong spin da cho. Trong giai 
han E — > 2£>, he thuc (6.57) dan ve 

P(){E;0) E-+2E F + 0 ' \P*> (6 ' 58) 

vdi p F = p (E F ) la m(it do trang thai tai nang luong Fermi. 
Mat khac, tat nhien la vdri cap coK 

p(] (E; K) E -> 2E F + 0 ' 0 ; K ^ °- (6 ' 59) 

Thanh thu, chi vol nhung cap co K = 0, tuc k 2 = — k 2 , m£t d6 trang 
thai mdi co gian doan p F /2 (6.58) a E = 2E F . Vdri cac cap khac mat do 
trang thai lien tuc tai 2E F ((6.56) va (6.59)). Theo hinh thurc luSin chung 
thao lu&n a hai tie't tren, mot khi m&t do trang thai co gian doan huu han a 
nguong vung thi mot trang thai lien ket se diroc tao thanh cho du cuong do 
nhilu loan nho bao nhieu chang nua. Nang luong lien ket cua trang thai nay 
la (6.41): 

E D (0) = C exp (- 2/V 0 p F a 3 ) , (6.60) 

(a la ki'ch thudrc cua ho' th£). Vdi cac cap co K ^ 0, neu co cac trang thai 
li6n ket, thi nang lirong lien k£t E B (K) cua cac trang thai nay d6u nho hon 
Eq (0) (6.60). M6t each dinh tmh, day chinh la burc tranh v6 cac cap Cooper 
(Cooper 1956) trong ly thuyet BCS. 

Ta can nhan manh rang, trang thai H6n ket (6.60) la he qua cua sir gian 
doan trong mat d6 trang thai d6'i vdri chuyen ddng tuong ddi cua cap hat 
co K = 0. Sir gian doan nay lai la he qua cua su t6n tai bien Fermi, lam 
cho cac trang thai cap vdi nang luong thap hon 2E F la kh6ng cho phep. 
Vay la, khi co mat m6t tuong tac hut, ht cac fermion se dat trang thai voi 
nang luong thap nha't khi cac hat duac ghep cap hoan toan va m6i cap co 
momentum toan phan K = 0. Va nhu vay, a trang thai co ban, h£ cac cap 
tror nen ngung dong luong tu (quantum condensation). Khi d6 kh6ng thi c6 
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cac kich thich cap d6c lap. Cac kich thich nang luong thap hoac la lien quan 
voi cac fermion ri6ng re cua cac cap bi pha va, hoac la cac thang giang mat 
do tap the. Trong dieu kien nhu vay, theo Landau va Lifshitz (Landau and 
Lifshitz 1958), tu yeu cau ve bao toan nang luong va momentum suy ra rang, 
cac kich thich co ban khong the xua't hi£n a cac h6 "ngung dong" chuyen 
d6ng cham. Do do, mot he nhu vay phai hoac la sieu chay (superfluid) hoac 
la sieu dan (superconducting). 

Nhu vay, chi bang mot m6 hinh don gian, ta da di den burc tranh dinh 
tinh v& trang thai sieu dan, lien quan voi su tao thanh cac cap Cooper, trong 
do bieu mure (6.60) chinh la khe nang luong giua trang thai ca ban va cac 
trang thai cap kich thich. Tuy nhien, v6 dinh luong, giua (6.60) va (6.5 1 ) co 
khac nhau a hd so' 2 trong so' mu. Su khac nhau nay co the ly giai ne'u de 
y rang, trong thao luan 6" tren ta da bo qua tmh d6ng nha't cua cac electron 
khi tach mot electron ra khoi bi^n cac hat khac va xem cac hat trong bien la 
hoan toan thu dong, chi dong vai tro bao dam cho nguySn ly Pauli kh6ng bi 
vi pham. Thuc ra, m6t electron trong bien co the nhay len, bo lai dang sau 
m6t "16 trong" va electron ma ta dang xem xet co the 7 nhay vao 16 trong nay, 
hai electron danh doi vai tro cho nhau! Ta goi qua trinh nay la "gian tiep", 
con qua trinh tuong ung vai (6.60) la "true tiep". D6'i voi cac cap Cooper 
(K = 0), qua trinh gian tiep la qua trinh hai electron nao do trong bien Fermi 
nhay 16n cac mure nao do, de lai hai 16 trong cho cap electron ma ta dang xem 
xet nhay vao. Qua trinh nay cho dong gop vao mat do trang thai cap mot 
lucmg bang (1/2) p (E/2) f (E/2) f (E/2). Phu phan nay vao mat do trang 
thai ung voi qua trinh true tiep: (1/2) p (E/2) (1 - / (E/2)) (1 - / (E/2)) 
ta duoc mat d6 trang thai toan phan: 

Po (E;0)= l -p(E/2)(l-f(E/2)). (6.61) 

Mat d6 nay co gian doan p F (thay cho (1/2) p F a (6.58)), va nang luong 
li£n k£'t tuong ung se la oc exp (- l/Vop F a 3 ), phu hop voi (6.51) (chi tie't 
hon, co thi xem Economou 1983). 

Ta chuyen sang danh gia nhiet d6 toi han cua trang thai si£u dan. Do 
chinh la nhiet d6 can thie't di trang thai lien k£t c6 the" xua't hi£n. 



6.3. Ap dung: cap Cooper ra sicu dan 
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Su dung he thuc gitra mat do trana thai va ham Green (2.23): 

G 0 (E-A)) = j dE'l^^. . (6.62) 

ta co the' tinh ham Green bang each thay vao day p {) {E'\ 0) (6.61). Cac can 
ti'ch phan a day la 2E F - 2huj D va 2E F + 2hoj D , vi chi trong khoang nay 
cua nang lirong cap, the tuong tac hut moi khac kh6ng (u> D la tan so' Debye). 
Thay (6.61) vao (6.62), tfnh tfch phan vol hai can vita neu tren, g&n dung 

xem p {E/2) m p F va hoj D /k B T » 1, ta co: 

Go (2E F : 0) = -p F In (2 e^hij D /7Tk D T) , (6.63) 

trong do 7 ~ 0.577 la hang so Euler. 

Dat (6.63) vao phuong trinh xac dinh trang thai lien ket (6.7), ta co 

G Q (2E F ;0) = l/V 0 . (6.64) 

Phirong tnnh (6.64) co loi giai a moi T <T C> vcri 

T c = — ^ exp (- l/p F Vb a 3 ) . (6.65) 

Nhiet do T c (6.65) chinh la nhiat do toi han de xua't Men sieu dan, nhan 
duac trong m6 htnh don gian mot cap vai tha' hut (6.53). Dieu dang noi la 
(6.65) trung tot vdri ket qua cua ly thuyet nhieu hat BCS (6.52). 

Cuo'i cung, ta ban lu&n them ve ban cha't cua the hut Vo. R6 rang la, 
noi duy nha't ta co the tim nguon go'c cua the' hut la moi truang phan cue 
xung quanh cap electron. Ta co the gia thiet rang, tuong tac hut V giua hai 
electron ty le vol tuong tac cua m6i electron vol moi trucmg phan cue, V e - my 
va d6ng thai ty 16 vai kha nang phan cue cua moi truang: 

V ~ \V e - m \ 2 /hu> m , (6.66) 

7 

O day, kha nang phan cue cua m6i truang duac xem la ty la nghich vol tan 
so' riang di^n hlnh cua no, uj m . Vol da phan cac ha siau dan trong thuc ta', 
mdi trucmg phan cue la cac mang ion, va do do, tha' V e - m kh6ng phai gi 
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v 



khac ma chinh la tuong tac electron-phonon, V e - P k, con u m chinh la tan so 
phonon dien hinh, co the lay bang tan so Debye u D . De y la, V e - P h phu 
thuoc vao momentum cua m6i electron, nen dai luong IK,-™! 2 = |V e -p/i| 2 
trong (6.66) can duoc lay trung binh tren be mat Fermi: (V 2 _ ph ). Ngoai ra, 
tham gia vao (6.66) thuc ra khong chi co mot tan so mang, ma la mot mi£n 
tin so vori phan bo' dac trung F (uj) nao do. Tong hop cac thao luan tren, ta 
viet the tuong tac (6.66) duoi dang 

r (v 2 ) 

V ~ / dujF(uj) X T P • (6.67) 
J nw 

Ngoai ra, ta cung co the" bie'u diin dai luong v = PfVo^ 3 = Pf J Vdr 
trong so mu cua T c (6.65) duoi dang 

= p F J duF(u)± j (Vl ph )dv 

= 2 [ duF{uj)^^-, (6.68) 
J u 

vol a 2 (u) = (p F /2h)fdr(Vl ph ). 

fix cac ket qua (6.67) va (6.68) ta co m6t so' nhan xet. Mot la, theo 
(6.67), tuong tac V ty le voi {V*_ ph ), trong khi chinh V e - ph lai m6 ta tan 
xa cua electron 16n mang tinh the 7 nguy6n nhan gay ra di£n tro cua kim loai. 
Vay, ta co the 7 du doan: kim loai co di6n tro sua't o nhiSt d6 phdng cang 
cao, cang d£ tro thanh sieu dan. Hai la, theo (6.67) thi kim loai nao cang co 
nhi6u phonon tan so' tha'p, the V cang Ion. Vi cac kim loai m£m (soft), kem 
6n dinh, thuong co u tha'p, nhan xet tren du doan: cac kim loai mem, kem 
6n djnh d£ tro thanh sieu dan hem. 

Di£u dang noi la, ca hai du doan tren dtu phu hop vol nhung gi quan sat 
dugc a cac h£ thuc. Cac vat li6u co T c cao thuong kem b£n vung \6 ca'u true. 



6.3. Ap dung: cap Cooper va sieu dan 
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Thao luan bo sung va bai tap 

B6.1 Bai toan Kondo. 6 hau het cac kim loai. dien trd giam khi ha nhiet do. 
Di£u nay lien quan vdi sir giam bien do dao dong nhiet cua cac ion 
nut mang. Nhirng d mot so kim loai co chira cac tap tu, 6" nhiet do du 
thap, dien tra lai tang khi ha nhiet do. Kondo (Kondo 1964) xem xet 
he cac electron khong tuong tac, tan xa spin voi cac moment tir dia 
phuong (tap) va da phat hien rang, nhung dong gop b^c hai cua tan 
xa vao dien tra qua la tang (theo dang logarit) khi nhiet d6 T giam. 
Trong su phu thuoc cua dien tra vao nhiet do co mot cue diem tai 
T = T m : vol T > r rn , dien tra tang cung vai T\ vai T < T m , dien 
tra tang khi T giam. Cue tieu nhu vay da quan sat thay a nhidu kim 
loai nhu Cu, Ag, Au, Mg, Zn vori tap Cr, Mn, Fe, Mo hay Re. Hien 
tuong dien tra tang khi T giam nhu vay co the hieu dugc trong khuon 
kho mo hinh tan xa don tap bang each hoan toan tuong tu nhu vdi bai 
toan sieu din a tiet 6.3. 

Gia sir rang, tai nut 1 co mot moment tir dia phuong (tap tu) vai the 
tan xa dang 

Hi = -j(\n)s + (n\ + \n)s-(i i\ + 
\n)s z (n\-\n)s z (n\). 

O day mui ten chi phuong cua spin electron; S+ = S x + iS y , 5_ = 
S x — iS y , va S z la cac thanh phaVi cua moment spin dia phuong (tap); 
J la hang so tuong tac (xem tiet 8.1). 

Nhu v^ty, ve ban chat ta co bai toan tuong tac cua electron vdi tarn 
tap. Mat do trang thai khong nhieu loan la 2p (1 - /). Mat do nay co 
gian doan 2p F va do do co trang thai lien ket. Neu J < 0 (phan sat 
tur), thi nang luong lien ket cua trang thai nay la 

E B = C exp{-l/2\J\p F ). 

Tuong tu nhu viec danh gia T c trong bai toan sieu dan, ta cung co the" 
chi ra rang, trang thai lien ket chi xuat hien a nhi& do T < T k vdi 

2e 7 D 

T k = ——exp(-l/2\J\p F ) , 
7r kn 
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trong do D lien quan vol can tich phan (dong vai tro nhir hw D a T c 
(6.65)). Nhiet do T k goi la nhiet do Kondo, co the co gia tri nam tren 
mot dai r6ng 10 -3 + ltfK, tuy vat lieu. Nhiet do Kondo la nhiet do 
a do hi£u ung Kondo do'i vol sir phu thuoc nhiSt do cua dien tro* tro 
nen quan trong. Dieu dang noi la cac ke't qua v6 Eb, T k , danh gia mot 
each don gian a tren, phu hop to't vod ke't qua tuong ung cua ly thuyet 
nhieu hat (xem, chang han, Mahan 2000). 

B6.2 Su dung ham Green khong nhie'u loan dang (5.30) 

va mat do trang thai tuong irng (5.31) 

Po(h E) = ±e(B-\E-e 0 \), 

hay tfnh mat do trang thai nhi6u loan p (1; E) cho mang vuong trong 
mo hinh li£n ke't manh voi tan xa don tap. Thao luan dang di£u cua 
p (1; E) a nhung gia tri khac nhau cua cuong d6 nhilu loan \e\. 



Chuong 7 



Cac he khong trat ttr 



Trong vai chuc nam gan day, cac he ngirng dong khong trat tu da tra 
thanh doi tuong nghien curu rat hap din. Dieu nay khong chi lien quan den 
kha nang ung dung to Ion cua chung, ma con vi, thuc ra, hau het cac doi 
tuong ta gap hang ngay d£u la "khong tr^Lt tu", trong khi cac caii true tinh 
the' hoan hao thucrng chi la cac he ly tuong. Trong vat ly, khai niem "he 
kh6ng tr^t tu" bao ham mot dien rong cac vat lieu nhu kim loai hay ban 
dan pha tap, kim loai long, vat li6u vo dinh hlnh, vat lieu xop, composite, 
g6'm... (Ziman 1979). Trong cac he khong trat tu, do khdng con doi xung 
dich chuy^n, tat ca nhung dac trung vat ly la he qua cua tinh chat nay (burc 
tranh gia hat vol momentum va dinh luat tan sdc, ca'u true vung don gian, va 
cham va phuong trinh Boltzmann...) deu tro nen thieu ca so. Cac trang thai 
dinh xur tra nen quan trong (nha't la trong cac he thap chi6u). Cac hieu urig 
tuong quan (correlation) tra nen khong the bo qua (Mott and Davis 1979; 
Lifshitz et al. 1979), Tuy nhien, cung nhu trong vat ly cac ca'u true tinh the 
ly tuong, trong vat ly cac he khong trat tu, gin dung mot hat van dong vai 
tro ca sa, dan den mot loat cac khai niem ca ban, cho phep du doan nhidu 
dac trung quan trong. Giol han a gdn dung m6t hat va chi 6" cac he vdfi cac 
y£u to' ma't trat tu di^m, phan bo ngau nhien d6u, n6i dung cua chuong nay 
tap trung chu yeu vao viec xem xet do dan dien trong su phu thuoc vao mure 
d6 ma't trat tu cua hd. 

7.1 Bai toan nhieu tain tap 

Van tie'p rue mo hinh mang nhu a chuong truac, nhung bay gior ta quan 
tarn ddn truong hop, khi trong he co kh6ng phai m6t, ma la m6t s6' Ion tarn 
tap sap x£'p m6t each ngau nhidn. Vi du don gian la hop cha't hai thanh phan 
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(biliary mixture) A x B\_ x , trong do m6t ph£n x cac nut co nguyen tu loai A 
vdi nang luong nut ea, phan 1 — x cac nut con lai co nguyen tu loai B vdi 
nang luong nut e B . Ta khong biet chinh xac nut nao co nguyen tu loai /I, 
nut nao co nguyen tu loai B, ma chi co the' noi ve xac sua't de co m6t ca'u 
hlnh nguyen tu nut mang nao do. Va nhu vay, ta gap mot he ngau nhien v£ 
ca'u true - mot he khong trat tu. Ta kh6ng biet chinh xac Hamiltonian cua 
he, ma chi biet phan bo xac sua't cac ye'u to' ma tran cua no. Chang han, 
trong vf du hop chat hai thanh phan a tren, ne'u khong co tuong quan nao 
giua cac nut, thi nang luong nut e n tai nut n bat ky se tuan theo phan bo: 

p(e„) = x6(e n - e A ) + (1 - x)S(e n - e D ) • (7.1) 
Va, phan bd xac sua't cua mot ca'u hlnh nut { A la 

P({en}) = Y[p(e n ). (7.2) 

n 

Trong cac he ngau nhien, dieu ta quan tarn kh6ng phai la gia tri cua cac 
dai luong vat ly tinh cho m6t ca'u hlnh cu the nao, ma la gia tri trung binh 
cua chung lay theo tat ca cac ca'u hlnh co the. Chang han, ta se quan tarn 
den gia tri trung binh cua ham Green G: 

(G) = J d{e„} P ({£„}) G . (7.3) 

M6i ham Green G, tinh cho m6t ca'u hlnh tap cu the\ khdng the dung de mo 
ta cac tinh cha't vT m6 cua he. Chi co trung binh cua ham Green (7.3) mod 
li£n quan vol cac dai luong do duoc trong cac he vat ly thuc. Han la viec 
tinh (G) khdng don gian, tham chi noi chung kh6ng the tinh chinh xac, tru 
m6t sd trucmg hop rieng, khi p (e n ) co dang don gian, thfch hop. Cac dang 
phan bd p (e n ) don gian thircmg gap nha't la: phan bd hai thanh phan (7.1), 
phan bd chtf nhat (deu): 

, , f l/W ne'u \e n \ < W/2 

va phan bd Lorentz: 

,.11 



7.2. Cac gdn dung a/ ban 
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O day, W hay T la cac tham so vat ly ciia bai toan. 

Cung can noi them rang, mo hinh dang thao luan la don gian nhat trong 
cac mo hinh he khong trat tu. Ngay ca van trong khuon kh6 lien ket manh, 
thi cung con nhieu yeu to da duoc don gian hoa. Chang nan, cac yeu to ma 
tran khong cheo V tJ trong Hamiltonian (5.4) cung co the la bien ngdu nhien 
(off diagonal disorder), hay co the ton tai tuong quan gdn giira cac nut lan 
can {e n phu thuoc vao trang thai cua cac nut xung quanh). Du mo hinh dang 
khao sat la rat don gian, viec tinh trung binh cua ham Green (G) van khong 
phai la bai toan tdm thucmg, doi hoi phai co cac phuong phap gdn dung thich 
hop. 

Noi chung, cac phuong phap gdn dung tinh (G) trinh bay dudi day deu 
dua tren cac he mure co ban giua G, T vol H u G 0 , nhu (4.14) 

G = Go + GqTGo , 

hay (4.4): 

G = Gq + GqH\G . 
Trung binh hai ve cac he thurc nay cho: 

(G) = Go + Go (T) Go , (7.6) 

hay 

(G) = Go + Go (H, G) . (7.7) 
Cac h6 thtic tren ngu y la viec tinh (G) co the quy v6 tinh (T) hay (Hi G). 



7.2 Cac gan dung ca ban 

7.2.1 Gan dung tinh the thirc 

Gan dung tinh the thirc (Virtual Crystal Approximation - VCA) dua tren 
hd thurc (7.7) va ban cha't cua no la bo qua tuong quan gitfa H\ va G, xem 
(Hi G) = (Hi) (G). Khi do, hd thurc (7.7) chuye^n thanh 



(G) = G 0 + G 0 (H,)(G) 



(7.8) 
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O day, trung binh cua nhieu loan 

(Wi) = E^ = Ei , )^)< 1 i = ^- (7 - 9) 

f. e 

Da'u bang cuoi cung trong (7.9) suy ra tir tinh dong nha't vT mo cua he, khi 
do, (e ( ) khong phu thu6c vao 1. Ky hieu (e e ) = E (nang liromg rieng), tu 
(7.8) va (7.9) suy ra 

(G (E)) = Gq + GqY, (G (E)) , 



hay 

6 day, ta da thay G 0 = (E - H Q )'\ Vi H 0 + E = H 0 + (fti) = (H), ta 
via lai <G (£)) duai dang 

< G ^ = ^w' a,,) 

Ve' phai cua he thurc nay co dang ham Green cua m6t he m6 ta bang Hamil- 
tonian (H). Day la mot Hamiltonian tuan hoan nhan dugc tu 7i cua he khao 
sat bang each thay the' e? b ta't ca cac nut mang bang mot the trung binh 
E = (ee). Vi du, vai he hai thanh pMn (7.1) thi E = xe A + (1 — x)eb. 

Nhu vay, trong g<ln dung tinh th^ thuc, trung binh cua ham Green duoe 
tinh bang ham Green cua Hamiltonian tudn hoan tuong ting. H6 qua la 
(G (E)) co tinh chat nhu ham Green cua mdt mang ly tuong, va do do 
khong the cho cac mure gian doan (nhu trong chuong 6). Do cung la ly do 
cua ten gpi "gan dung tinh the thuc". Mac du g&n dung nay lam mat th6ng 
tin ve" cac trang thai gian doan, no van rat huu ich di nghien cuu phan bo 
nang luong ben trong vung lien tuc. Chang han, no mo ta rat tot su phu 
thu6c cua mat d6 trang thai vao n6ng d6 tap, cho lai giai hoan toan chinh 
xac trong trucmg hop h6 hai thanh phdn. Ngoai ra, vi VCA la rat don gian 
n£n ra't hay dugc su dung lam g£n dung bac khong trong cac phuong phap 
g£n dung phuc tap nan. 



7.2. _ Cdc gan dung co' ban 
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7.2,2 Gan dung T-matran trung binh 

Gan dung T-matran trung binh (Average T-matrix Approximation - 
ATA) dira tren he thurc (7.6), trong do (T) la trung binh T-matran cua mot 
he nhl6u tarn tan xa vai H\ = J2 e He. Noi chung T la ham phuc tap cua 
cac ^-matran: 

T = f(t e ), (7.12) 

trong do te la T-matran trong bai toan vai chi mot tarn tan xa a nut i (xem 
6.5) 

t e = e £ /(l-c e G 0 (l, I)) . (7.13) 
Gan dung ca ban trong ATA la xem 

(T) = f({t t )), (7.14) 

trong do / (x) la chinh dang ham so a (7. 12), con (te) dugc xac dinh bang 

(t e ) = J:/(l-EGo(l, I)), (7.15) 

vai £ = £) £ 1 1) £ (1| = H Xp . Nhu vay ve ban cha't, ATA xem (T) chinh la 
T-matran cua bai toan, trong do Hamiltonian nhi6u loan Hi dugc thay bang 
Hamiltonian tuan hoan H\ p : T = T p = E/(l — EG 0 ). Thay (T) trong 
(7.6) bang T p , ta dugc 

(G) = Go (l + YZ^) =( E - H °- = G 0 (E-E) . (7.16) 

Trong bien doi tren, ta da sir dung G 0 (E) = (E - Ho)" 1 va xem yeu to' 
cheo cua Ho la goc tinh nang lugng. Nhu vay, trong gan dung T-matran 
trung binh, dai luong (G (E)} dugc tfnh bang chinh Go nhimg a nang luong 
E - E. "Nang luong rieng" E dugc xac dinh bang (7.15): 

£ = (£,)/ (1 + Go (1,1)) . (7.17) 

Chang han, vai m6 hinh hai thanh phan thi (te) = xt& + (1 — x) t B , trong 

do tA(B) — S A(B)/ (l — £a{b)Go)- 

Trong giai han tan xa yeu ee — ► 0, giu lai s6' hang bac thap nha't, (7. 17) 
cho E — > (eg) Go (1, 1). Day la mot ket qua chinh xac. Noi chung, ATA la 
mdt gan dung tot trong truang hap mat d6 tap la tha'p. 
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7.23 Gan diing the ket hop 

Tra lai hd thtic G = G 0 + G 0 HiG, viet lai dirgrc dudi dang G^G = 
\ + H\G. Vdri "nang luong rieng" E bat ky, tir day ta co: 

(Go 1 - E) G = 1 + (Wi - E) G. (7.18) 

Noi dung cua gan dung the ket hop (Coherent Potential Approximation - 
CPA) la tim E sao cho 

Go 1 -E = G; 1 = (G)~\ (7.19) 

Khi-do, (7.18) trothanh 

G = G p + <7 P (7-^ - E) G. (7.20) 

Ta thay, (7.19) ngu y, G p la ham Green tirong ting vol G 0 va nang luong rieng 
E. Con, (7.20) ngu y, G p la ham Green "kh6ng nhi6u loan" va (Hi — E) la 
nhi6u loan. Khi do, tirong tu (7.6) ta co the viet: 

(G) = G P + G P (T)G P = G P , (7.21) 

trong do T la T-matran tuong ting vdi G p va nhieu loan (H\ — E). Da'u 
bang thti hai trong (7.21) chinh la do dinh nghTa (7.19). Dang thtic (7.21) 
d6ng nghTa vdri 

(T) = 0. (7.22) 

Day chinh la phuong trinh xac dinh nang luong rieng E. Biet E, ta se tinh 
duoc (G) theo (7.19): 

(G(E)) = G P = {G 0 (E)- 1 -E)' 1 =G 0 (£-E) . (7.23) 

H6 thtic nay co dang trung vol (7. 16), nhung bay gio" E la 16i giai cua (7.22). 

Trong thuc t£', trir so' ft trucmg hop don gian, n6i chung, vide giai (7.22) 
la ra't phtic tap, vi T la ham phurc tap cua U do'i v #i bai toan m6t tap tai nut 
1. Di khac phuc kho khan nay ngudi ta thucmg phai chap nh&n thay cho 
(7.22), tim E tti phuong trinh 

(U) = 0. (7.24) 



7.3. Ham Green va cong thi'rc dp ddn dien Kubo 
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O day, t ( la T-matran cua bai toan tan xa don tap o nut 1 vdi nhieu loan 
Hi — nghla la: 

t e = (6e-Z)/(l-(ee-Z)Go (1, 1)) - 

Chu y la, a knap noi trong tiet nay, de tranh phtic tap khong can thiet, cac 
nang luong eg deu dirge tinh tvr yeu to cheo cua Hamiltonian tuan hoan Hq. 

W6 ban chat, CPA ket hop hai y tuong: mot la thay he ng^u nhien bang 
mot he hieu dung sao cho trung binh ham Green (G) cua he ngau nhien 
bang ham Green G p cua h^ hieu dung tuan hoan; va hai la, he hieu dung 
dugc xac dinh bang y£u ciu tu hop, doi hoi thang giang cua dai luong vat 
ly do trong he ngau nhien xung quanh gia tri tuong ting cua dai luong do 
trong he hieu dung phai bang kh6ng ((T> = 0). Yeu cau nay dan tod nhung 
han che nhat dinh cua CPA. 

Noi chung CPA la ga^n dung tot cho mot dien rong cac bai toan. No cho 
lai ket qua chfnh xac a gidri han mang ly tuong va la ga^i dung tot trong 
truong hop mat d6 tap map hay d6 rong mien hep. Tuy nhien, do yeu cau 
ve thang giang vua neu tren, trong khi CPA thucmg ap dung tot cho cac bai 
toan ba chie\i, no lai la gan dung kh6ng tot cho cac bai toan mot chi6u vi 
trong cac he m6t chieu thang giang lu6n la rat quan trong. Cung chinh thang 
giang dan den sir dinh xu cac trang thai o duoi cua vung, d bien cua cac ca'u 
true dam... nen vdi cac he loai nhu vay, CPA cung khong phai la gdn dung 
dang tin cay. 



7.3 Ham Green va cong thurc do dSn dien Kubo 

Khai niem ve do din dien da duoc trinh bay o tiet 1 .4, 6* do cung da thao 
luan v\ sao vdi cac he khong trat tu hinh thurc luan Boltzmann khong con su* 
dung duoc va ta phai dung cong thurc Kubo. Muc dfch cua tiet nay la dan ra 
cong thuc Kubo mot each chi ti£t va bi6u didn no qua ham Green. 

Tenxa do dan dien duoc dinh nghla bang he thurc (1.43): 

J* (r, t) = J dt' J dr'a aP (r, r'; t - t') E 3 (r', t') . (7.25) 



178 



Chucmg 7. Cac he khdng trdt tu 



Vi trong cac vat ran do din thuong chi phu thu6c vao (r - r'), cr a/3(r y) = 
°a(3 (r - r.'), nen bang bien doi Fourier, dinh nghTa (7.25) cung cho dang 
phu thuoc tan so' va momentum cua do din a a0 (q, lj). Tan so uj dupe xac 
dinh trong bieHi thurc cua di£n trucmg 

S a (r, t) = E a exp (i (qr - ut)) . (7.26) 

C6ng thirc do dan dien Kubo doi vai a n0 (q : a;) nhan duoc trong khu6n 
kho ly thuyet phan ling tuye'n tfnh. Hamiltonian cua hat mang di£n tich e 
trong di£n tnrdng (7.26) co the viet ducn dang H = Hq + H u trong do Hi 
m6 ta tuong tac giua hat mang dien va di6n trucmg: 

H x = - J drj a (r, t) A Q (r, t) . (7.27) 

vol A (r, t) la the vecto cua trucmg: 

A Q (r, 0 = - - S Q (r, *) . (7.28) 

UJ 

Thay £ Q (r, t) b (7.26) vao (7.28), r6i thay A a (r, t) nhan dupe vao (7.27), 
lay tich phan theo r, ta duac Hi, bie\i di£n qua bien d6i Fourier j a (q) cua 
toan tvr mat d6 dong 

= -jo(q, 0^ae" ita,t . (7.29) 

UJ 

Khi viet (7.27) va (7.28) ta da chon di£u ki6n gauge dang Coulomb (Coulomb 
gauge): VA = 0 va the' v6 hucmg bang khong, dong thcri bo qua cac so 
hang bac cao cua A (gaji dung tuye'n tfnh). O day, can phan biet hai ky hieu: 
J (r, t) trong (7.25) la mat d6 dong dien gay bai di£n truong (do trong cac 
thi nghi£m), con j (r) trong (7.27) la toan tu mat d6 dong co mat trong 
Hamiltonian. Theo dinh nghla, mat dd dong dien (do duac) chfnh la so do 
gia tri van t6'c trung birth cua hat tai: 

Ja (r, t) = ^(^2 v m S (r - r,)^ == ^ ^ (v m ) (7.30) 



7.3. Ham Green va cong tiu're do dan dien Kuho 
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Tronc tnrorm neoai vol the vecto* A: 



1 



-(p,-eA(r,)) 



rn 



6 day, cung nhu trong (7.27) va (7.28), ta dat van toe anh sang c = 1. Thay 
Vj nh&n dugc vao (7.30), ta co 

,2 



Thay p qua toan tu m&t 66 ddng j = ep/ra va A qua E theo he thurc (7.28), 
ket qua cho 

2 

ne 

Ja (r, t) = (Ja (r, t)) + i S a (r, *) . (7.31) 

777 u; 

Bieu thurc nh&n dugc g6m hai phan: ph£n da ro Ja D) = (ine 2 /mu) S a (r. £) 
va phan con phai tinh ji P) = (j a (r, £)). 

Ta vie't lai trong bieu dien Heisenberg (3.2): 

J(f) = (0| e l{n » +n ^j a (r) e -<(«o+Wi)« | ^ ? (7 . 32 ) 

trong do | V) la trang thai ca ban cua H. Su dung toan rur tie'n hoa (3.9), ta 
vie't lai (7.32) duoi dang 



4 P) = W U + (t) e^ 0 ' j a (r) e~ inot U (t) | 0) . 



(7.33) 



Chuyen sang bieu dien tucmg tac, j a (r, t) = e in ° t j Q (r) e - iHot ; U (t) co 
dang (3.14) va theo (3.19) = S (0, - oo) | ), trong do | ) la trang thai ca 
ban cua H 0 . Ket hop cac dieu nay vdi chu y den bieu thurc S (£, t') (3.18), 
ta thay ngay rang bie\i thurc (7.33) co the" vie't lai thanh 



JP (r, t) = (| S + (t, - oo) j a (r, 0 S (t, - oo) |) . 



(7.34) 



Tie'p theo, trong khu6n kh6 ly thuyet phan umg tuyen tinh, ta kh6ng can 
phai khai trien d£y du S-matr&n, ma chi dung lai a so' hang b&c 1 theo Hi : 



S{t, - oo) |) = 1-z 
<|S+ («,-«>) = (| 



/ dt'Hi (f 

J -oo 

- i j dt'Hi {? 

J — DC 



l> + 0(Wi) 2 , 



+ 0(W,) : 
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Thay hai bieu thurc khai trien nay vao (7.34) va cung giu lai chi den so hang 
tuyen tfnh theo H u ta co: 

4 P) (r, t) = (I {j„ (r, t)-if dt' \j a (r, t) H, («') 

J — OO 

-Wi(Oio(r,t)]}|> ■ 

Vi khi khong co dien tnrong ngoai thi dong trung binh bang khong, nen so 
hang ngoai rich phan (| j Q (r, t)\) = 0, va ta con lai 

J( p >(r,i) = -i f dt;(\ \j a (r, t) , Hi (/,')] |) . 

J —OO 



Vdi Hi lay tit (7.29), giao hoan til dudi da'u tfch phan bien doi thanh 

\j a (r, t) , «! (f )] = - £ fl e—'' [j 0 (r, t) , j B (q, i')] 
= - £ fl (r, t) .e-^.e-C-''' [? a (r, t) , j fl (q, f )] . 



LJ 

Va, do do 



Jl* (r, t) = (r, t) e- i( "- /' <ff e**-" (| b' Q (r, 4) , j 0 (q, «')] I) • 

Day chfnh la dai hrong J^ P) = (j a (r, Z)) ma ta can tim. Thay ket qua nhan 
dirge tro* lai (7.31) va vie't mM d6 dong t<5ng cong ducti dang 

J a (r, t) = J< p > + .#» = S a/J ^ (r, 0 , 

ta se co 

Z a0 = -e" iqr /* dt' e^'-V <| [j« (r, 0 , h (Q, 0] I) + * — • 

Mac du dai luong nay dung la ht so' trong phu thu6c tuyen ti'nh cua m&t do 
dong di&n vao cudng d6 di£n tnrong, nhung no chua phai la d6 dan dien. 
Di nh&n dugc dd dan di£n cr a(3 ta phai lay trung binh E Q/3 theo vi tri r, 
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l/il j drY. a 0 (r). Trong bieu thurc cua H Q/ 3 chi co hai thura so phu thudc r, 
khi lay tfch phan chung ghep lai thanh: 

j dre-^j a (r, t) = j a (- q, t) = j a + (q, t) . 

Bang lay trung binh nhu vay, cuo'i cung, ta nhan duac cong thtic d6 dan dien 
Kubo: 

^(q,^) = f ^ eM, ~°<l[£(*0,i/>(q,O]l> 

+ i 5 a p . (7.35) 

mcu 

Cong thurc nay nhan duac trong khu6n kho ly thuye't phan umg tuyen tuih, 
ma co so cua no la dinh ly tieu tan - thang giang (fluctuation-dissipation 
theorem). Hat nhan cua c6ng thurc Kubo la m6t ham k6't hop mat dd dong 
- mat d6 dong. Dinh ly tieu tan thang giang cho ht thurc gitfa tieu tan nang 
luong cua hat khi co truong ngoai va thang giang cua mat do dong. Trong 
khi tieu tan nang luong cho phep xac dinh mat d6 dong di6n, thang giang 
m6 ta bang ham ket hop. Ket qua la, do din dien duac bie\i di£n qua ham 
ke't hop mat d6 dong - mat d6 dong nhu trong (7.35). 

Bai vi ham ket hap nam duai da'u tfch phan trong (7.35) phu thu6c chi 
vao (t - £'), bang dich bie'n thoi gian (t - t') -+ t, c6ng thurc Kubo (7.35) 
co the 7 viet lai duci dang 

1 C°° ne 2 
Van fa, w) = -o / dte^ l (\ [7+ fa, t) , j p fa, 0)]\)+i ~-8 a0 . (7.36) 

C6ng thurc Kubo (7.35) hay (7.36) cho d6 dan didn a nhi& d6 kh6ng, trong 
do | ) la trang thai ca ban cua Hamiltonian H (bao g6m tat ca cac tuang 
tac co the, trur Hi lien quan vol di6n truong). Trong khi so' hang thur hai a 
v£ phai cua cac c6ng thurc nay tuong ring vai phan urng true tiep cua h6 dol 
vai the' vecta cua truong (dong dich chuye'n), thi so' hang cMu la phan urng 
do tuong quan dong-dong. Biiu thurc tuong quan dong-dong tuong ting vai 
mot ham Green tr£ hai hat, mdt ham truy£n electron - 16 trong, co the 7 md 
ta bang cac gian d6 tr6n hinh 7.1. 
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+ 




(a) 



(b) 



Hinh 7.1: Cac gian do dong gop vao do dan dien Kubo khi co tan xa tap chat. 

Gian do (a) m6 ta qua trinh, trong do mot cap electron - 16 trong duoc sinh 
ra tai mot thdi diem nao do, truyen di m6t each doc lap vol nhau, va tai hop 
lai a mot thoi diem khac. Trong qua trinh truyen di, m6i hat co the doc lap 
tan xa len cac tarn tap. Va, nhu v£y, m6i du6ng tren gian do nay tuong ring 
voi mot ham Green mot hat tan xa tap chat. Gian d6 (b) mo ti qua trinh khi 
co tuong quan giua electron va 16 trong trong qua trinh tan xa vol tap. 



Trong tiet nay ta se lin ltfot tinh dong gop cua cac gian d6 tren hlnh 7.1 
vao d6 din dien cho trudng hop hat tan xa voi cac tap cha't phan bo hoan 
toan ngiu nhien. 

7.4.1 Tan xa tap chat 

Tan xa cua electron len t<im tap cho dong gop vao d6 din dien. M6i tarn 
tap tao mot the Coulomb tac dung t£m xa. Trong cac he thuc, do hi£u ring 
chan, ban kinh tac dung cua cac the nay bi cat ngan lai, bao dam su h6i tu 
cho cac tfch phan cua the tap: 



7.4 Tinh do dhn dien Kubo 




3 



O day Kj la vi tri tarn tap, ham delta S ss > li£n quan vol bao toan spin cua 
hat. Do tan xa, electron (hay 16 trong) chuydn tu* m6t trang thai song phang 
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nay sang mot trang thai song phang khac. Ta bo qua sir thay doi co th^ cua 
trang thai loi tap va do do anh huong nguoc lai co the cua sir thay d6i nay 
len qua trinh tan xa. 

Khi tinh ham Green cua hat vol the tuong tac (7.37), ta phai khai trien 
S-matran (4.49): 

S(J, 0 = Texp (-i j dUVj (*,) 

Vol dang the Vj (7.37), a so mu cua cac so' hang trong khai trien 5-matran, 
noi chung, co m6t dai lirong trung binh dang: 

In (qi, q2, ■ ■ • , q n ) = (^2 exp ( ic *i R i + ^2^2 + . . . + iq n Rn)) , 

a day trung binh lay theo cac cau hinh vi tri khdng gian co thi cua tap. Ta 
thudng gia thie't rang, tap phan bo' hoan toan ngau nhien trong kh6ng gian. 
Khi do, trung birth theo cau hinh tap co the 1 thuc hidn bang phuong phap 
do Kohn va Luttinger 6.6 xua't (Kohn and Luttinger 1957). Di hieai phuong 
phap nay, ta bat dau ttr tnrdng hop n = 1: 

fi(c i ) = (Y^e^=N I 6 q . (7.38) 

K£t qua nay la ro rang vi vdi Kj hoan toan ngau nhien, fi (q) chi khac 
kh6ng va bang so' tarn tap Nj n6'u q = 0. Xet trucmg hop n = 2, ta co: 

/2(qi,Q2) = ( ^exp(zq!R^ + iq 2 R m ) J 

= ( Y2 ex P (* (^1 + ^2) R*) + exp (iqiR* + iq 2 Rm) ) . 

So' hang thu: nha't chinh la fi (q) vol q = qi + q 2 , con so' hang thu hai chi 
khac khdng khi q 2 = 0 va q 2 = 0, va khi do so' hang nay bang sd' so' hang 
co trong t6ng N t (N/ - 1). Ke't qua la: 

h (qi , q 2 ) = JV/<W q2 + Nj (Nj - 1) 5 qi S q2 . (7.39) 
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Cac ke't qua (7.38) va (7.39) co the* ma r6ng cho truang hap n bat ky: 
fn (qi, Q2, • ■ • , q n ) = N r 6 (Eq») + 

N, (N, - 1) ^ 5 ( J2 ) * (53 ct ) + TV/ (Nj - 1) 

m \ 1 / \m+l / 

(iV 7 - 2) (5 (Eq) (5 (Eq) 5 (Eq) + . . . . (7.40) 

& cac so hang co tfch cua m6t so' ham S (J^ q)» ta phai lay tat ca cac to hop 
co the cua phan bo q l trong cac ham delta. VT du, vol n = 3, (7.40) cho: 

h (qi,q2,q3) = AW qi + JV / (7V / -l)[5 qi <S qa+q3 

+ Mqi+«l3 + Mqi+da] + N I ( N I ~ l ) ( N I ~ 2 ) ^1 ^q2 ^q3 ■ 

Trong cac he thuc vi N r thuong rat 16n, iV 7 > 10 10 , c6ng mure (7.40) co the 
gan dung viel duoi dang 

/ n ( qi ,q 2 ,...,q n ) = Nj8 (Eq) + NfS (Eq) 6 (Eq) 

+ N?5 (Eq) 5 (Eq) 6 (Eq) + . . . . (7.41) 

M6i so' hang trong tong tren deu co dang tfch cua cac nhan tvr N f 5 (Eq).. 
Nhan tvr nay co the 7 giai thfch nhu tan xa cua hat voi mot tap don le. Nhan 
tu 8 (Eq) ngu y la momentum cua hat bao toan trong khi tan xa. Tan xa vcti 
mot tarn tap co the m6 ta chang han bang hinh 7.2a, a do ky hieu <8> m6 ta 
tap; ducmg lien net m6 ta hat, con ducmg dut net mo ta tuong tac V (q^). 
Bao toan momentum doi hoi qi + q 2 + q3 = 0. So hang thur hai trong (7.41) 
m6 ta bang cac gian d6 tren hinh 7.2b va 7.2c. Trong gian d6 tr£n hinh 7.2 
(b) co hai ducmg tuong tac cat nhau. Gian d6 nay cho dong gop quan trong 
khi mat do tap ldn. Tr6n hinh 7.2c hai tan xa d6c lap voi nhau. 

Bay gift ta co thi vie't bi&i thurc cua ham Green tan xa tap, chang han 
G R (k, k'). Tru6c het, tir yeu cau bao toan momentum trong tan xa tap vira 
thao luan a tren, ta co ngay: 



G R (k, k') = 6 kk ,G R (k). 



(7.42) 
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\ q, + q2 + q 3 =o 



q.\ 



\ / 
\ / 
\ / 

A 
/ \ 
/ \ 



(a) 



(b) 

Hinh 7.2: 



(c) 



Ta bieu dien ti£p G R (k) theo phuong trinh Dyson (4.71): 

G R (k)" 1 = G R (k)" 1 - (k) , (7.43) 

trong do nang luong rieng E R la t6ng dong gop cua ta't ca cac gian do nang 
luong rieng t6'i gian; G R (k) la ham Green kh6ng tan xa (3.33): 

G R (k) = (E — E(k)+ ity)- 1 . (7.44) 

Ta co the 7 viet 

E R (k) = o* (k) - irfc (7.45) 

(chi s6' "ef ngu y la do cac tan xa dan h6i, elastic). Thay (7.44) va (7.45) 
vao (7.43) va (7.42), ta dugc 

G R (k, k') = (W [E - (E (k) + (Ta) + i + Tjet)]' 1 ■ (7.46) 

Y nghia cua timg so' hang trong nang luong ridng (7.45) se tror nen ro rang, 
n&'u ta chuyen (7.46) sang dang phu thu6c thoi gian 



G R (k, k') =» exp 



i(E{k) + a el )t 

h 



exp 



h 



Ta tha'y, phdn thuc a e e cua T, R (7.45) b6 sung vao nang luong cua hat, con 
phdn ao rj e e tham gia vao lam giam bien dd cua ham Green: 

\G R (k, k') | 2 =» exp [-2 ( Vtp + riet) t/h] . 

Thoi gian dac trung cho su giam nay r ("thoi gian song" cua trang thai) 
duoc xac dinh bang 



12, , 11 

r n ~ 



(7-47) 



186 



Chtfcmg 7. Cac he khong trdt ttf 



trong do = hj2r\^ va r e ^ = h/2r} e t> tuong ling, la thai gian song khong 
dan hoi (thai gian h6i chuyen pha - phase relaxation time (Datta 1992)) 
va thoi gian sd'ng dan hoi. De quan sat duoc hien tuong dinh xur phai co 

T e e <C Tp, khi do r w r e j. 

N£u ta gia thiet tan xa la ye'u (nhu thuong xay ra trong thuc te) thi co the 
bo qua a ee ben canh E (k) = h 2 k 2 /2m trong (7.46), roi su dung (7.47), viet 
lai ham Green tan xa tap dudi dang (dau +(-) tuong ting vdi G R (G A )): 

G R{A) (k, k ; ) = 5 kk , (E - E (k) ± ih/2ry 1 . (7.48) 

7.4.2 Cong thurc Drude 

Trong phln con lai cua tie't nay ta se chi thao lu&n do dan dong khong 
doi (d.c. conductivity) va thuc hien tmh toan cu the cho cac he hai chieHi. 
D6c gia nao quan tarn den do din phu thuoc tin so', cung nhu cac h£ mot 
chieu, ba chieu co the tham khao cac bai tdng quan ra't bo fch: Altshuler 
and Aronov 1985, Bergmann 1984, va Lee and Ramakrishnan 1985. 

Vai trading hop dong kh6ng d6i cdng thurc Kubo co the' viet duai dang 
(Datta 1992, Ferry and Goodnick 1997): 

^ = ^ E k * k 'p (\° R ^ k ') i 2 ) 6 - E f) - ( 7 - 49 ) 

trong do ham S (E k - Ej) ngu y rang chi nhting hat a be mat Fermi moi co 
the 7 tham gia vao qua trinh din a T = 0. 6 day, ta con dung ky hi6u (...) d6 
chi ro la dai luong \G R (k, k') | 2 = G R (k, k ; ) G A (k, k') can dugc trung 
binh theo cau hinh vi trt tap. 

Tnroc he't, xet gian do tr6n hinh 7.1a. Hai ducmg electron va 16 trong tach 
bifit nhau, kh6ng co tuong quan nao. H£ qua la (G R G A ) = (G R ) (G A ), 
trong do (G R ^) chinh la cac ham Green tan xa tap (7.48). Thay (7.48) vao 
(7.49), ta dirac 
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2fc3 



e 2 h 



kdk 

47T 2 



A' 2 cos 2 9d6 



1 



(E- E(k)Y + ri 2 



E(k) = E f 



Chuyen k'^dk = (1/2) {2m /h 2 ) EdE roi su dung gan dung 



1 



(E-E(k)Y + r 



n6{E-E{k)) 



ta duac 



e 2 H s 1 1 1 /2m\ 2 
7rm 2 47T 2 77 2 \a z J 



E{k)=E f 



Thay £ (/c) = Ej = nj (m/71-ft 2 ), trong do n la m&t d6 electron va m/nti 2 
la mat d6 trang thai trong h6 hai chieu, ta nh&n duac chmh xac c6ng thurc 
Drade(l.53) 

a = e 2 nr /m 

vdri t = h/2r). 

Di nhan duac ket qua tren ta da su dung hai gia thie't quan trong: m6t 
la, tan xa yeu (de co the 1 bo qua u e t ben canh E (k) trong (7.46)) va hai la, 
bo qua tuong quan giua hai dudng electron va 16 trong (6i co thi tinh den 
chi gian do tren hinh 7. la). 



(a) 



< ' < 



^ 6 0 



(b) 



v 1 1 



< • < • < 



Hinh 7.3: (a) Cac gian 66 thang; (b) Cac gian 66 cat cheo cue dai 



Tinh den tuong quan gitfa hai ducmg electron va 16 trong, ta phai xem 
xet cac gian 66 tren hinh 7. lb. Cac gian 66 nay bao g6m hai nhom, goi la 
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cac gian 66 thang (ladder diagrams) va gian do cat cheo cue dai (maximally 
crossed diagrams), nhu m6 ta tren hinh 7.3. Vi£c tinh cac gian do hai hat 
tuong tac nhu the nay co the thuc hi£n dua tren phuong trinh Bethe-Salpeter 
(xem, chang han, Ferry and Goodnick 1997 hay Janssen 2001). 




L a l 

Hinh 7.4: Bieu dien gian do cua phuong trinh Bethe-Salpeter 



Noi chung, noi dung co ban cua v&t ly cac hi£n tuong truyen din (trans- 
port) cung nhu cac thang giang nhiet dong, quy ve tinh cac ham tuong quan. 
Ham tuong quan hai hat L (k, k'; k", k"') ba't ky co the 7 tinh bang ky thuat 
gian d6 dua tren phuong trinh Bethe Salpeter, minh hoa tren hinh 7.4, trong 
do dai lucmg A thuong duoc goi la vertex tan xa to'i gian (irreducible scat- 
tering vertex). 

Dong gop chfnh vao A la tu tuong tac b&c hai noi hai ham Green. Vol 
hai loai tuong quan md ta bang cac gian 66 trdn hinh 7.3, ta co cac vertex 
to'i gian nhu m6 ta tren hinh 7.5. Phuong trinh Bethe-Salpeter co dang: 

L(k,k';k', k) = G R (k)G A {k)(l + A(k,k';k', k) . L(k,k';k / , k)) 

(7.50) 

S6 hang diu ti£n khong phai gi khac, ma chinh la dong gop m6 ta boi gian 
d6 tren hinh 7.1a, din tod c6ng thuc Drude ma ta vua xem xet. Di tfnh cac 
dong gop con lai, ta phai tinh A. 

Vide tinh A L cho cac gian d6 thang kh6ng c6 gi dac bi£t va chi din den 
mdt b6 chinh phu thudc vao goc tan xa ma k£t qua cuo'i cung la thoi gian 
r trong c6ng thuc Drude (1.53) duoc thay th£ bang thoi gian h6i chuyen 
momentum r m (Ferry and Goodnick 1997). Ta se t&p trung thao lu&n cac 
gian 66 cat cheo cue dai, chung md ta b6 chinh lucmg tu vao 66 din di£n. 
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II = <£ + <$> <$> + <$> <$> 4> + 

' x L ; : : : : x ; : : i i i i i 
>:-y':-:l i i i i i i 

,1,, VXtt I ' 7 ^7 ' ~ 

a = & + x + ><: + 

A < i / \ y \ \ 

Hinh 7.5: Vertex toi-gian: (a) vcri gian do thang, 
(b) A c vdi gian do cat-cheo cyc-dai. 

7.4.3 Bo chi'nh lirong tix 

Truac het ta thao luan y nghTa vat ly cua cac gian d6 cat cheo cue dai. O 
nhiet do tha'p, vdi electron dan co hai thoi gian dac tnrng: thofi gian dan h6i 
t c la thai gian song doi vdi trang thai rieng momentum va thai gian kh6ng 
dan hoi la thai gian song cua trang thai rieng nang luong. O nhiet d6 
Heli long, thuang lan gap vai bac gia tri so vdi r e . Do do electron din co 
the tan xa len nhi6u tap ma van "ghi nha" pha cua minh. Noi each khac, su 
ket hop pha cua electron van duac duy tri ngay ca khi chung da tan xa len 
nhieu tap. 

Khong tinh den hieu ting ket hop pha, tan xa tap chi dan gian dan den 
mat trat tu (disorder). Neu ma't trat tu la ye'u, ta co the sir dung ly thuyet 
Boltzmann. Neu ma't trat tu la manh, thi trang thai electron trd thanh dinh 
xur. Hieu ung ket hop pha dan den bo chinh quan trong vao d6 dan. Do la 
b6 chfnh lien quan den cac tan xa tra lai (backscatterings), duac Langer va 
Neal m6 ta bang cac gian d6 cat cheo cue dai (Langer and Neal 1966). 

Gia sir tai thol diem t = 0, m6t electron co momentum k va ham song 
a exp (i kr). Sau thoi gian r, no tan xa den trang thai vai momentum k\> 
roi sau thai gian 2r den k' 2 . . . Ta't nhien, t6n tai m6t xac sua't htru nan di 
sau m6t so' budc nao do electron nay tan xa den trang thai vai momentum 
-k: 

k > ki ► k' 9 > . . . > k' , > k n = — k, 

gi 1 g2 2 n_1 gn 

vdi cac momentum trao d6i tuong ting la gi, g 2 , . . . g„. Va, cung ta't nhidri 
la, t6n tai m6t xac sua't ngang bang di cho electron tin xa tif trang thai k 
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den — k bang con duong: 

k ► k" > k" > . . . > k" , > K = - k 

gn 1 gn-l 2 n_1 gl n 

vol chinh xac cung cac momentum trao doi nhu tren nhung theo tr&t tu nguoc 
lai: g n , g„-i . . . gi hinh 7.6a. Cac qua trinh nay co the m6 ta bang gian do 
momentum nhu trdn hinh 7.6b. R6 rang, day chinh la gian do cat cheo cue 
dai. 




(a) (b) 

Hinh 7.6: (a) Minh hoa cho y nghTa vat ly cua gian 66 Langer Neal; 
(b) Gian do Langer Neal (gian do cat cheo cue dai) 

Quan trong la hai ducmg truySn la hoan toan do'i xumg, xac sua't chuyen 
tuong ring vol tung bu6*c la nhu nhau, nang luong 6" cac trang thai trung gian 
tuong ling la nhu nhau, va do do thay d6i pha theo thoi gian (~ Et /h) la nhu 
nhau va cac bien dd a cac trang thai cud'i (— k) cung la nhu nhau, A' = A" — 
A. Do k£t hop v& pha, hai song giao thoa voi nhau va bien d6 t6ng c6ng a 
trang thai cuoi la \A' + A"\ 2 = | A'\ 2 + \A"\ 2 + A'* A" + A' A"* = 4\A\ 2 . Neu 
hai song la kh6ng ke't hop pha, thi bi£n d6 t6ng c6ng chi la 2|^4| 2 . Nhu vay, 
tren phuong tan xa tror lai cudng d6 tin xa manh len gap hai lan. Di6u nay 
han la se din deri mot bd chinh vao d6 dan. Ve ban cha't, b<5 chinh nay U6n 
quan vol cac so' hang giao thoa A'* A" + A! A"*, va gian d6 cat cheo cue dai 
tren hinh 7.6b md ta dong gop cua chinh cac so' hang nay. 

Trong kh6ng gian thuc, qua trinh tan xa tra lai co the 7 m6 ta bang hinh 
7.7a vol hai con dudng khuy£ch tan d6ng kha nang: 0 — > 1 — ► 2 — » . . . — > 
10 0 va 0 — 1' -+ 2' . . . -> 10' -+ 0. 
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Hinh 7.7: (a) Duong khuyech tan ciia electron dan; 
(b) Phan bo xac suat cua electron khuyech tan, bat dau a r = 0, t = 0 



Tur phuong trinh khuyech tan co dien (bai tap B2.3) ta biet, xac suat tim 
hat tai r a thai diem t la 

p(r ' f) = 3^k exp(_r2/4 ' Df) 

(hat bat ddu a r = 0 va t = 0). Neil tai £ hat khuyech tan tra lai vj trf ban 
dau, r = 0, thi p (0, t) = l/inDt. Neu hat khuyech tan theo hai con duong 
vai cung xac suat (hinh 7.7a), thi do ban cha't song cua electron, khi gap 
nhau cac bien do song rieng phan (chir kh6ng phai cuang d6) c6ng lai, va 
k£t qua la xac sua't tim hat a (t, r = 0) trong bai toan khuyech tan luong 
tu Ion gap hai lan trong bai toan c6 dien tuong ting (hinh 7.7b). Ta co cung 
mot burc tranh vat ly nhu vira thao luan a tren trong khong gian momentum. 

Nhu vay, ve mat vat ly, cac gian 66 cat cheo cue dai mo ta hieu ting giao 
thoa giua hai song nguoc chiSu thai gian, tan xa doc theo cung m6t vong 
km. Theo (7.50) phan b6 chinh vao do dan dien do cac gian d6 nay la 

5a xx = ^r«G fl (M)^(M)A(k,k'). 
7rnr z — ' 

G R (k', E)G A {k!, E). (7.51) 

Di tfnh b6 chinh nay ta chu y la, nhu se thay duoi day, dai luong A (k, k') 
chi phu thu6c vao k -I- k' = q, do do bang each dat k' = -k + q, ta co the 7 
chuy^n / dk J dk' — > f dkj dq y trong do tfch phan theo q se chi tac dung 
len A (q), con ttch phan theo k co thi thay bang tfch phan theo E (k) (xem 
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B7.3). Ngoai ra, khi thay k' = -k + q, d dudi mau sd cua ham Green tan 
xa (7.48) ta se gap E (k 1 ) = h 2 k f2 /2m = h 2 (-k + q) 2 /2m. Vol gia thiet 
tan xa yeu (\q\ nhd) va nhiet d6 thap, ta cd the gan dung 

E (k') = h 2 k' 2 /2m « E (k) - fcv/ (k) q . (7.52) 

O sd hang thur hai ta da thay k — > kj = mvj/h. 

Voi nhung chu y tren, ta chuyen cac tdng trong (7.51) thanh hai tich 
phan., theo q (chi tac dung 16n A (q)) va theo k (chi tac dung len cac ham 
Green). Hai tich phan nay co the tuih rieng bi£t. Thay cac ham Green bang 
(7.48) vdri gan dung (7.52), nhan rir tich phan theo k co dang: 

1 = I 7^2 k l ( E - E (*) + ^t)- 1 (E-E (k) - zh/2ry l . 
(E-E (k) + ftv,q + ih/2T)~ l (E-E (k) + hv f q- ^/2r) _1 
= / & & (k)) = k* N (E f ) j dE k F(E k ). 

Khi vie't dau bang cudi cung d tren, ta da sir dung (B7.3). Tich phan con lai 
co the* lay tr6n nira mat phang tren. Su* dung dirih ly thang dtf voi hai cue 

cua ham T (E k ) la E x = E + ih/2r va E 2 = E + hv f q + ih/2r y ta d£ dang 
nhan dtfe/c: 

I = k 2 f N (E f ) .2m = ^-s 5- . 

Voi tan xa yeu, bd qua sd hang vol q 2 b mau sd, ta co: 

I = A7Tk 2 f N(E f )T 3 /h 3 . (7.53) 

Qua la dai luong nay khdng phu thu6c vao q. Voi nhan tfr tich phan theo k 
vi)ra nh^n dugc, / = (7.53), bd chmh (7.51) chuyen thanh 



2nN(E f )T e 2 _ f dq , . 

a day, ta da dua vao hang sd khuydch tan D = vJr/2 = (h 2 kj/m 2 ) r/2. 
Vide con lai la tinh A (q). 
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De y la, neu ta quay, doi chi6u thol gian cua mot trong hai dirong (chang 
han duong dirot duong 16 trong) thi nhu thay a vi du tren hinh 7.8, cac gian 
do cat cheo cue dai tro nen co dang giong nhu gian do thang. Tuy nhien, 
giua hai gian d6 co diem khac nhau co ban: gian do thang tren hinh 7.3a 
m6 ta cap electron - 16 trong, con gian d6 tren hinh 7.8 mo ta su truy£n cua 
mot cap electron-electron (tudng tir cap Cooper). 

k ' v ' 1 • 7-*— k' k i • 1 » r*— k' 

\ i iii 

X I / II! 

01^ i 9 I 

/ ® ^ 1 1 1 

k __^ . 1 , — ^>-w k'-— 1 • 1 • "-—k 

Hinh 7.8: 

Vol phep quay nhu v£y, vertex toi gian A = A c tren hinh 7.5 (b) tra nen 
co dang nhu tren hinh 7.9. Khi viet bieu thirc giai tfch tirong ting voti cac 
gian 66 tren hinh nay ta chu y la, m6i dirong truydn cho mot tich cac ham 
Green va cac yeu to' matran tan xa. Vi du, bieu thtic tuong ting vdi gian d6 
thur ba la: 

£ J2 V„ G R (k + g, , E) V g2 G R (k + gl + g 2 , E) V 91 

91 92 

V g \G A (k' - g„ E') V; 2 G A (k' - gl - g 2 , £") v; 3 . 
O day, gia thiet tan xa la dang hudng, 

i^i 2 = |vg' = ... =2^y7 = r °- (7 ' 55) 

TCir hinh 7.9, ro rang la dai luong A co the tinh bang: 

a = r 0 + r 0 nr 0 + r 0 nr 0 nr 0 + ...' = r " , (7.56) 

1 — 111 o 

trong do T 0 xac dinh bang bieu thtic (7.55), con 

n = ° R ( k + e ; E ) ° A ( k ' - s; E ) • (7-57) 

9 
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Hinh 7.9: 



Dai lirong II nay co the ti'nh bang each dat k" = k + g va k + k' = q. Khi 
do, k' - g = - k" + q va (7.57) co thi via lai thanh 



/d\c" 
^- 2 G R (k", E)C^(-k" + q, E') 
Ult) 



dQi~" f 1 
dE 



E-E (k") + ih/2r + ih/2r^ 
1 (7.58) 



E-E (k") + hv f ci - ih/2r - ihj2r^ ' 

6 day, ta da sir dung (7.48), gan dung (7.52), d6ng thoi phu them vao nang 
lucmg rieng cua cac ham Green so' hang ih/2r ip , trong do t v la thoi gian h6i 
chuye'n pha (phase relaxation time). 

Tich phan theo nang luong trong bie\i th\jrc tren co the lay tren nira mat 
phang dudi, a do ham dudri dau tfch phan co mot cue: 

E (k") = E + hv f q- ih/2r - ih/2^ . 

Ket qua cho: 

n(q) = N(E f ).2m J 

= N 



dilifH 1 



2tt hv f q - ih/r - ihjr^ 



2n 1 + t/t^ 4- irv/q 
2nN(E f )T f dn k „ 

h J ^7" - ~ ^ v /q + 

+ \ (^/qr) 2 + . . .) 
27rN(E f )r , . . . 

(1 - r/% - Dq 2 r) . (7.59) 
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Dat (7.55) va (7.58) vao (7.56), dugc 

A ^ = o v!n n > 1 / • (7 - 60) 
Thay ket qua nhan dugc (7.60) vao (7.54), ta co b6 chfnh vao do dan: 

Sa xx = - ^ (0r)2 / 2 * ■ (7.61) 

tt/1 7 (27T) Dq^ + T/T^ 

6 day, ta nhan them hd so 2, tfnh den ca hai phuong cua spin. R6 rang la 
bieu thurc durai da'u tfch phan se phan ky khi q — * 0 (tuong ung — > oo). 
Ky di nay thuong goi la cue khuyech tan (diffusion pole). Nhu v&y, dong 
gop chu yeu vao tfch phan (7.61) la ttr mi6n gia tri nho cua q y va do do ta 
co the g<in dung gidi han tfnh tfch phan trong mi£n q < l/y/Dr ~ l/l 
(1 la quang duong tu do trung binh), nghTa la: 

2e 2 1 . r l/VEf . 2 1 



V {DT) I 

7T) • JO 



b°xx = r 71 — To ( Dt ) / *dq 



Trh (2tt) 2 • Jo Dq 2 T + T/r v 

2 

= -r^7ln(l + ^/r). (7.62) 

Day la bieu thurc bo chfnh luong tu vao do dan dien cua cac he hai chi£u. 
Bang each hoan toan tuong tu, chi vol chu y nhu neu trong thao lu&n bo 
sung (B7.3), d€ dang nMn dugc b<5 chfnh cho cac h£ ba va m6t chi6u. 

6a-M^^5ll\ ' 3 ° (7.63) 



trong do 1^ = yjDr^. 

Dai luong A (7.60) la mot ham truy£n khuech tan. No co dang giong nhu 
ham Green (mac du A la thuc). Chu y rang, ham nay kh6ng co mat trong 
cac gian do thang cua cap electron - 16 trong. Tuy nhiert, do do'i xung dao 
chie\i thcxi gian giua hai loai gian d6, thu&t ngtf "ham truyen khuyech tan" 
(diffusion propagator) thuong dung cho ca hai loai gian d6 thang cua cap 
electron - 16 trong (htnh 7.3 (a)) va cap electron-electron (hinh 7.8). Khi do, 
di phan bi£t, dai luong A (7.60) con goi la ham truyen Cooper (cooperon 
propagator). 



196 



Chtfcmg 7. Cac he khdng trdt tu 



7.5 Dinh xuf Anderson 

Vat ly hien dai cua cac ht khdng tr&t tu chu yeu dua tren nhumg tien 
b6 trong hieu biet v6 hai hien tucmg ca ban: dinh xur Anderson va tuong tac 
electron electron. 

7.5.1 Dinh xur Anderson va chuyen pha Mott 

Nam 1958 Anderson c6ng bo bai bao kinh dien (sau nay dirge trao giai 
thuong Nobel), trong do 6ng chumg minh rang, duai tac dung cua the ngau 
nhien dang dieu cua ham song electron co the bi thay doi m6t each ca ban, 
tra thanh dinh xur, neu d6 ngau nhien du manh. 

Anderson xet mot mo hinh lien ket manh mo ta bang Hamiltonian (An- 
derson 1958): 

1 (ij) 

trong do (ij) ngu y chi tirih den tuong quan giua cac nut lan c&n gdn nha't: 
yeu to' cheo e t la ngau nhien, tuan theo phan bo deu: 

f 1/2W neu \e\ < W 
p ^~\ o nefu|e|>W 

Bai toan nay co hai tham so': V dac trung cho mure do phu nhau cua ham 
song electron a cac nut lan c&n g&n nha't (kha nang lan truy£n) va W la 
so do mure d6 mat tr&t tu cua he. Anderson chting minh rang, vai m6i loai 
mang, ton tai mot gia tri nguomg (W/V) c ma neu (W/V) «: (W/V) c thi 
trang thai electron trong h6 co the lan truy^n ra xa (trang thai lan truy£n - 
extended states), con neu {W/V) > (W/V) c thi trang thai electron bi dinh 
xur (localized states): 

hHr)|aexp(-|r-r 0 |/O, (7-65) 

trong do £ la d6 dai dinh xur (localization length), kfch thuac dac trung cua 
trang thai (xem hinh 7.10 (a)). 
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Hinh 7.10: Minn hoa: (a) Trang thai djnh xu tai r 0 vol do dai dinh xur £; 
(b) Cau true vung: 1 vat lieu tinh khiet; 2 vat lieu khong trat tir; 
cac trang thai a duoi vung bi dinh xur (phan gach cheo); 
E mi , E m2 la cac nguong linh dong. 

Anderson nhan duoc ket qua tren bang su dung ly thuyet nhiSu loan. Sau 
nay m6t ltfong Ion cac cong trinh tinh toan so (Licciardello and Thouless 
1975, MacKinnon and Kramer 1983) da khang dinh ket luan cua Anderson, 
d6ng thoi cho gia tri cu the cua {W/V) c do'i voi cac loai mang khac nhau, 
chang han voi mang lap phuong don gian {W/V) c w 15, voi hypercube bo'n 
chieu {W/V) c « 24. 

Mott la nguai dau tien da mang lai cho mo hinh Anderson m6t noi dung 
vat ly cu the\ lam cho no tro nen "do duoc". Theo Mott (Mott 1966), mat 
trat tu (thang giang) dan den xua't hi£n cac trang thai trong vung cam. Cac 
trang thai a du6i vung (noi mat d6 trang thai nho) bi dinh xu\ Cac trang thai 
dinh xur phan tach voi cac trang thai truyen qua bang m6t ranh gioi, goi la 
nguong linh ddng (mobility edge), nhu m6 ta bang E mi va E m2 tren hinh 
7.10 (b). Neil mtrc Fermi Ef nam trong mi£n cac trang thai truyln qua (nhu 
tren hinh 7. 10 (b)) thi do dan dien d nhiet d6 kh6ng a (T = 0) cua ha co gia 
tri khac kh6ng. Con, neu E f nam trong vung cac trang thai dinh xur (vung 
gach cheo tren hinh 7.10 (b)) thi o (T = 0) — ► 0. Bang each nhu vay, Mott 
da gan dinh xur voi a (T = 0) (la dai luong do duoc): a (T = 0) la huu han 
neu (W/V) < (W/V) c va o {T = 0) -> 0 neu (W/V) > (W/V) c . 

Hon nua, Mott con d6 xua't mdt co che' chuyen pha kim loai - di6n m6i. 
Trong thirc nghidm, nguoi ta co thi dich chuye'n vi tri mure Fermi Ef bang 
thay d6i mat do electron. D6ng thoi, vj tri cac nguong linh d6ng cung co 
thi xe dich bang thay doi n6ng d6 tap. Thanh ra, bang thay d6i n6ng d6 tap 
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hoac thay d6i mat d6 electron ta co the" thay d<5i vi tn tuong doi giua muc 
Fermi Ej va nguong linh d6ng, chuyen he tu trang thai kirn loai, ung vcri 
mire Fermi nam trong vung truyeri qua va a (T = 0) ^ 0, sang trang thai 
dien m6i, ung vol mux; Fermi nam trong vung dinh xti va a (T = 0) — *• 0. 
Loai chuyen pha kim loai - dien moi nhu vay da quan sat duoc chang han a 
cac ban dan pha tap (doped semiconductors) (xem Pepper 1982). 

M6t cau hoi quan trong: chuyen pha nay xay ra mot each lien tuc (loai 
hai) hay gian doan (loai m6t) ? Mott cho rang, no xay ra mot each gian 
doan. 6ng ly luan nhu sau (Mott 1974). Gia sir a gan di^m chuydn pha, ly 
thuye't Boltzmann van con dung, nghia la ta van co the 1 sir dung cong thirc 
Drude: 

ne 2 T e 2 n 

O day ta da sir dung / = v/t = (hkplrr^T. Di6u kien loffe-Regel doi hoi 
lk f > 1 (tiet 1.6), dodo: 

2 2 
6 71 6 

D6 din dien trong cac ha ba chieu (3D) kh6ng the nho hon a min (3D) (7.66), 
hay noi each khac, voi cac he kim loai ba chi£u t6n tai m6t d6 dan kim loai 
cue tieu (minimum metallic conductivity) (7.66), ma trong do C 3 la m6t he 
so'. Theo danh gia cua Mott C 3 « 0.01 -f- 0.05. Vi'-du, ne'u k F = 10 8 cm" 1 
va lay C 3 = 0.03 thi a min (3D) « lO^^cm" 1 . 

Hoan toan tuong tu, ta de dang dan ra bieu thirc cho d6 dan kim loai cue 
tiexi trong cac he hai chieu 

a min (2D) = C 2 e 2 /ft . (7.67) 

D6 dan cue tie\i a min (2D) co dang ra't t6ng quat, kh6ng phu thudc vao mdt 
tham so' vat li6u nao. 

Van d6 vi kha nang t6n tai d6 dan kim loai cue tie\i se con duot thao 
luan trong phan tie'p theo cua tiet nay. V6 mat thirc nghiem, mac du thoi 
gian dau da co nhie'u so' lieu ung h6 quan diem cua Mott, da phan cac phep 
do v£ sau khang dinh rang, chuyen pha xay ra m6t each lien tuc, nghia la 
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khong ton tai do dan kim loai cue tieu (Shklovskii and Efros 1984, Lee and 
Ramakrishnan 1985). 

7.5.2 Ly thuyet ty le ve djnh xu* Anderson 

Nhung y tuong dau tien vi mot ly thuyet ty le (Scaling Theory) cua dinh 
xur Anderson da duoc hinh thanh trong cac bai bao cua Thouless va dong 
tac gia (Thouless 1974, Licciardello and Thouless 1975). Trong khi Mott 
gan dinh xur cung nhu chuyen pha voi do dan dien (conductivity), Thouless 
cho rang vi tri do khong phai cua d6 din, ma la cua conductance. 

Neii mau do co dang m6t hypercube d chieu voi canh L, thi giua con- 
ductance G va d6 dan dien a co he thirc: 

G = a.L d ~ 2 . (7.68) 

Ta thay, trong khi a khong phu thuoc kich thirdc cua he, thi G co phu thudc; 
trong khi don vi do cua a phu thu6c vao so chieii cua he (cm -1 vdi d = 2 
va cm~ l Sl~ l voi d = 3), thi don vj do cua G la nhu nhau (H -1 ), kh6ng phu 
thu6c d. Sau nay, thay cho G, ta se lam viec voi conductance khong thur 
nguyen (dimensionless conductance ), dinh nghla la: 

g = G/ {e 2 /h) . (7.69) 

Thouless cho rang, chmh g la dai luong vat ly lien quan true tie'p voi 
dinh xu cung nhu chuyen pha. Dieu nay co the hieu m6t each dinh tinh nhu 
sau: 

Vi tham so duy nha't cua m6 hinh Anderson la W/V, gia thiet cua Thou- 
less chi dung ne'u nhu ton tai m6t tuong quan duy nha't giua W/V va g. 
Di tim tucng quan nay Thouless tuong tuong viec xay dung m6t hypercube 
(2L) d (d chieu, canh L) bang each ghep cac hypercube (L) d (chang han, 
ghep b6n hinh vu6ng canh L thanh m6t hinh vu6ng canh 2L). Gia sir ta 
co the" cheo h6a Hamiltonian (7.64) cho hypercube (L) d , nghia la biet ham 
rieng va tri ri6ng cua no. Khi do, ham rieng cua hypercube {2L) d cung co 
Ihi biet, chang han bang t6 hop tuye'n tinh cac ham rieng cua m&u {L) d . 
Sfhung cac mau (L) d m6 ta bang Hamiltonian (7.64) vol d6 ma't trat tu, 
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dac tnrng boi tham so' W ', co cac mure nang luong thang giang ngau nhidn. 
Khoang each didn htnh giua cac mure ngau nhi6n nay ty le vcri W: 

W = W L ~ (N L (E) L d )~\ (7.70) 

trong do N L (E) la mat d6 trang thai. Mat khac, hang so phu Vl co the 7 xac 
dinh nhu nang luong li£n quan vori su chuydn electron giua cac mau con 
(Lf: 

V = V L ~ A/r t = ft.D/L 2 . (7.71) 

O day, r L la thori gian song dac tnrng cua electron trong mau (L) , r L = 
L 2 /£> vol D la hang s6' khuyech tan. Phoi hop (7.70) va (7.71), ta dugc 

YL~ —DN l (E) L d . 
W L L 2 Ly } 

Sir dung h£ thuc Einstein D = a/e 2 N L (£), ta viet tiep: 

Vl ~ fl) oh" = 9L . (7.72) 



W L \e 2 

Nhu v&y, qua la co m6t h6 thuc don gian giua (V/W) va g. Noi khac, g 
dung la dai luong v|t ly dac trung cua hi£n tuong dinh xu Anderson. Luu 
y rang, khi dan ra (7.72), chung t6i kh6ng co y dinh tim m6t h6 thuc chi'nh 
xac, ma chi muon chung to mo'i tuong quan don nhat giua hai dai luong. 
Thuc ra, h£ thuc giua chung th&m chi co the 7 kh6ng tuyen tinh (xem chang 
han, Anderson and Lee 1980). 

Tro lai thi nghiem tuong tuong cua Thouless. Gia su ta xuat phat tir 
hypercube ban dau v6i kfch thucrc (L) d = {l) d , b day I la quang duong tu 
do trung binh, bang ghep lai tirng budc, tao cdc hypercube (2L) d , r6i (4L) d 
va w. Goi go = 9 (0 la conductance cua hypercube cau hoi dat ra la: 
g thay d6i the' nao khi kfch thucrc cua hypercube tang mai cho d£n khi dat 
kich thuofc cua cac mau do thdng thudng? Tra loi cau hoi nay chinh la n6i 
dung cua ly thuyel scaling v6 dinh xu. 

Trudfc he't ta xem xet hai trucmg hop gidi han. 
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Trudng hop guyi hqn mat trdt tit yeu. Ham song electron co dang dieu 
lan truyen, giong nhu song phang; / > /cj 1 , ly thuyet Boltzmann van lam 
vide va ta van co the su dung cong thurc Drude: 

a = ne 2 T/m = ne 2 l/hkf . 

D6 din cr khong phu thudc vao ki'ch thudc cua he. Con, conductance phu 
thudc vao L theo (7.68): 

g (L) = oL d - 2 (j^j . (7.73) 

Day chi'nh la dang phu thuoc kich thudc cua conductance a gidi han dinh 
xu yeu cua kim loai. 

Tru&ng hop giai hqn mat trdt tumqnh. Cac trang thai gan muc Fermi bi 
dinh xu* dang (7.65). O nhiet d6 tha'p, electron nhay doc theo cac trang thai 
dinh xur vol xac sua't giam theo ham e mu khi khoang each tang. Khi kich 
thudc cua mau do du 1dm, L » £ > /, conductance cua h6 trd n6n co dang: 

0(L)ocexp(-L/O . (7.74) 

Day chinh la dang phu thudc ki'ch thuorc cua conductance trong gidi han mat 
trat tu manh cua di£n m6i. 

Vol d6 mat trat tu trung gian nao do, khi kich thudc cua mau tang dan 
tu /, dai luomg g (L) thay d6i lien tuc, trom tru tir g (I) = g 0 va se dan ti£n 
tod m6t trong hai gidi han (7.73) hoac (7.74) khi L du ldn. Xua't phat tu y 
tuong "scaling" cua Thouless, ket hop voti cac bieu thurc gidi han (7.73) va 
(7.74), Abrahams va d6ng tac gia da d6 xua't h6 thurc t6ng quat cho dang 
phu thudc g (L) (Abrahams et al. 1979): 

Vol 0 (g) la ham chi cua kh6ng phu thudc L cung nhu cac tham so' vat 
lieu khac. Mac du kh6ng co mdt ca so* that la chac chan v6 mat ly thuyet, 
he thurc scaling (7.75) phu hop vol ket qua cua ly thuyet nhiiu loan (Gorkov 
et al. 1979, Abrahams and Ramakrishnan 1980) va dugrc su ung hd cua mdt 
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lucmg 1cm cac c6ng trinh tfnh toan so' (chang han, Lee and Fisher 1981). 
He thurc (7.75) con dan den nhGng tien doan ra't quan trong va cung rat bat 
ngor. VI v&y, mac du van con nhung cau hoi chua dugc tra loi, nhung ph6 
phan chua duoc thao lu&n thfch dang, he thurc scaling (7.75) cua Abrahams 
va d6ng tac gia van giu vai tro trung tarn trong ly thuye't hien dai v6 cac he 
kh6ng trat tu. 

Ta xet dang cu the cua ham 0 cho hai trucmg hop gioi han. 

Vai gioi han mat trqt tuyeu (hay la g lan), su dung g (L) (7.73) ta co 

0(g) = d-2. 

Trong gioi han nay ly thuye't nhieu loan van lam vi£c to't. No din den m6t 
b6 chinh vao bieu thuc tren, dang a g~ l . Va, nhu v&y: 

0(g) = d -2- C d /g (g lorn) , (7.76) 

trong do Cd la m6t hang so duong (Gorkov et al. 1979). 

Vai gioi han mat trqt tumqnh (hay la g nho), su dung g (L) (7.74) co 

0 (g) = In g + const. (g nho) . (7.77) 

6 day g < 1 va hang so' "const." co gia tri co don vi, n£n 0 (g) < 0. 

Bay gior ta co the 7 ve duong cong scaling 6Ay du bang each thac trien 
liSn tuc va don dieu gitfa hai gioi han (7.76) va (7.77) cho cac trucmg hop 
d = 3, 2 va 1 ruiutrenhinh7.11. 

a. Trirang hap ba chieu (d = 3) 

6 gioi han g 1cm, 0(g) — ► 1 theo (7.76), trong khi vdi g < 1, theo 
(7.77), 0 (g) < 0. Nhu v&y, ducmg cong 0 (g) phai cat true hoanh tai m6t 
di^m g — g c nao do (chon lam gdc he true toa d6 tr£n hinh 7.11). 6 lan can 
g c , ducmg cong 0 (g) co th^ gan dung m6 ta bang 

0(g) « s In (g/g c ) ; \g - g c \/g c < 1. (7.78) 

Cdc hang so' g c va 5 co vai tro quan trong, co thi tfnh bang gan dung giai 
tfch (Vollhardt and Wolfle 1982) hoac m6 phong so' (Stein and Krey 1980, 
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Kramer and MacKinnon 1993). Cac ket qua thong nhat vol nhau, cho 5 co 
gia tri co don vj (nhung khong chinh xac bang 1), con g c ^2-^-3. 

P(g) 



sln(g/g c ) 




Hinh 7.11: Cac ducmg cong scaling, 0 (g) bieu-dien theo In g, cho cac he 3, 2 
va 1 chieu. Mui ten chi chieu tien trien cua g khi tang ki'ch thuorc cua he. 

Xu&'t phat tu* conductance g 0 = g(l) cua hypercube vi m6 kich thuorc / 
(quang ducmg tu do trung binh), ta quan tarn xem g (L) tien trie'n the' nao 
khi kich thuorc cua mau tang len mai L = /, 21, 41 . . . Co hai kha nang. 

Mdt la v&i g Q > g c . Diem xua't phat nam 6" nua ben phai cua true hoanh 
tr6n hinh 7.11, n6n 0 (g) > 0. Theo (7.75), dieu do nghia la, khi L tang, g 
don dieu tang, va khi L du 1cm, 0 —* 1 (gidti han mat tr&t tu y6u), he mang 
tfnh kim loai. 

Hai la vai go < g c . Diem xu<ft phat nam 6* ntira ben trai cua true hoanh 
trdn hinh 7.11, nen 0 (g) < 0. Di£u do nghTa la, voi g 0 < g c , conductance 
g don dieu giam khi L tang, he "chay" xuo'ng theo chieu mui ten tren hinh 
7.11 va tien ve trang thai dien mdi vol 0 (g) co ding dieu mat tr&t tu manh 
(7.77) khi L du 1cm. 
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Tai g — g cy co 0 (g) = 0, conductance kh6ng phu thudc vao L. Dieu nay 
nghla la, nS'u 6* mdt ki'ch thudc nao do conductance cua mau do bang g Cy thi 
no se bang g c a moi kich thudc, ke 7 ca khi L — » oo. H£ qua la, Xzig = g c do 
dan di6n cua h6 <r a g c L 2_d = g c /L — > 0 khi L — > oo. Theo thuat ngu cua 
ly thuye't nhom tai chuan hoa (Wilson and Fisher 1972), diem g = g c duoc 
goi la diem 6n dinh (fixed point) va ly thuye't scaling tien doan co chuyen 
pha kim loai - di6n m6i trong cac he ba chieu tai diim nay. Theo ly thuyet 
scaling, moi he (vat li6u) ba chieu d£u "nam" tren mot duomg cong (3 (g) 
chung. Sir khac nhau giua cac vat li£u la d conductance vi m6 g 0 : tat ca vat 
lieu co go > g c deu la kim loai (vat dan), con cac vat li£u co g 0 < g c deu la 
di6n moi. Tham so' "dieu hanh" su chuyen giua hai trang thai (kim loai va 
di£n m6i) la e = \g 0 - g c \/g c . 

Ta xem xet mi£n lan can cua diem chuyen pha, e« 1. Trong mien nay 
P (g) co the mo ta bang (7.78). Goi £ la kich thudc dien hlnh, ma khi L > £, 
dudng cong (3 (g) roi khoi che d6 (7.78) chuyen sang dang dieu cua ht vT mo 
((7.76) hoac (7.77)), thi £ dong vai tro nhu d6 dai tuong quan (correlation 
length) trong ly thuy€t chuyen pha va co the 7 danh gia bang each nhu sau. 
Tich phan ttr I den £ hai ve cua dang thurc d In g/d In L = s In (g/g c ) cho 

In (g (0 /gc) 



In {go/g c ) 

Tur day suy ra 



= (W 



, const 

t~ l ^JT« le (7-79) 

O day, ta da dua vao v — 1/s, ky hi6u quen thuoc cua chi so tori han (critical 
exponent) lidn quan vol d6 dai tuong quan trong ly thuye't chuyen pha. Chi 
so' nay xac djnh dac trung phan ky cua £ khi e — ► 0 (dan tori diim chuyen). 

Mdt he qua quan trong nua cua ham scaling j3 (g) trong truong hop ba 
chieu la v& dang di€u cua chuyen pha kim loai - didn m6i. d tren ta da nhan 
xet, tai g = g c , d6 dan a — > 0 khi L — ► oo. O lan can g c , khi L thay d6i tir 
/ d6n f thi conductance g thay d6i kh6ng qua m6t bac gia tri, va do do d6 
dan kim loai vT md co thi danh gia bang 

"~"(£ = fl~|^~ ^~ 2> (7-80) 
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Hoa ra, dang dieu tori han cua a duac xac dinh bang cung chi so' v nhir £. Khi 
e — ► 0, tire la dan tai diem chuyen pha, £ — ► oo, con cr — > 0. Theo (7.80), ro 
rang do din cr tien tai 0 mot each lien tuc. Noi khac, theo ly thuyet scaling 
thi chuyen pha kim loai - dien moi xay ra mot each lien tuc, do la chuyen 
pha loai hai. Va nhu v£y, ly thuyet scaling v6 dinh xur phu nhan sir ton tai 
cua d6 dan kim loai cue tieu do Mott di xuat. 

b. Trirdmg hop hai chieu (d = 2) 

Vi ngay ca 0 giai han tren, (3(g) = d-2 — C 2 /g = —C2/9 cung la am, 
nen vai # 0 xua't-phat bat ky, g luOn don dieu giam khi L tang va he luon 
"chay" xuo'ng giai han mat trat tu manh vai g(L) oc exp (— L/f ) khi L du 
lan. Noi khac, ly thuyet scaling tien doan rang, he hai chieu ba't ky, du vai 
d6 mat tr$t tu yeu den dau chang nua, cung khong bao gia t6n tai a trang 
thai kim loai. 

Tuong tu vai trudng hap ba chi£u, ta cung co the danh gia ki'ch thu6c 
dac tnrng £, ma a do he bat ddu rai khoi ch£ d6 (3 (g) « — C 2 /g, chuyen 
sang dang dieu vT m6 cua gioi han ma't trat tu manh (7.77). Mu6n vay, ta 
tich phan hai ve dang thurc din g/d\n L = -C 2 /g vai can lay tu* / den £. 
K£t qua cho 

<7(O=0o-C 2 ln(£/Z). 

Luu y rang a kfch thuac £ conductance g (£) da la ra't nho, va do do co the 
gan dung: 

£*lexp{g 0 /C 2 ) . (7.81) 

NSu lay C 2 = 1/tt 2 con g 0 = kfl/2ir (xem Lee and Ramakrishnan 1985), 
thi f ~ / exp (irk / 1/2) va tror n£n kha Ion trong giai han ma't trat tu yeu vai 
kjl » 1. Noi khac, trong he hai chieu dinh xur thuong la yeu va do do kho 
quan sat. 

c. Trudng hop mot chieu (d = 1) 

Tuong tu nhu trudng hap hai chieu, vi (3 (g) lu6n am, nen du go nhu the' 
nao, thi khi kfch thu<fc L tang, ha lu6n "chay" xuo'ng gioi han ma't trat tu 
manh, tuc la trong cac he m6t chi£u kh6ng t6n tai trang thai kim loai. Thuc 
ra di£u nay da duac n6u ra tir nhi6u nam truac: do tan xa tra lai nhieu ldn, 
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t&'t ca cac trang thai trong he m6t chieii lu6n bi dinh xu (Mott and Twose 
l961;Landauer 1957). 

Ta co the 7 danh gia d6 dai dinh xti f bang cung mot each nhir voi ht hai 
chi£u. Tfch phan dang thtic d\ng/d\nL = -1 - d/g tu I den ( r6i xem 
g (£) la nho, bo qua, ta de dang nh&n duoc 

£ ^ I. (7.82) 

Trong he mot chieu do dai dinh xur ra't nho (chi ca quang duong tu do trung 
binh), nghia la cac trang thai electron bi dinh xti manh. 

Di k6t thuc tiet nay ta ndu lai nhung tidn doan quan trong nha't cua ly 
thuyet scaling ve dinh xu: (i) co chuyen pha kim loai - dien m6i trong cac 
he ba chieu; (ii) chuyen pha xay ra mot each li6n tuc; va (iii) khong t6n 
tai trang thai kim loai trong cac h£ hai va mot chi£u. Mac du cac k£t lu&n 
nay duoc suy ra tu mot ly thuyet rat don gian (khong tuong tac, mot tham 
so), chung da nh&n duoc su ung ho cua rat nhi6u ke't qua tfnh toan so' cung 
nhu k£t qua thuc nghiem a cac h6 (v&t li6u, c#u true) khac nhau. Doc gia 
nao quan tarn chi tiet van di nay co the 7 tim hieu o Shklovskii and Efros 
1984, Lee and Ramakrishnan 1985, hay Imry 1997. Chung t6i chi mudn 
gidi thieu rang, ke ttr c6ng bo' cua Kravchenko et al. 1995 cho den nay, 
da co m6t so dang k6 cac k£t qua thuc nghiem khang dinh su t6n tai cua 
trang thai kim loai trong h£ hai chieu. Ve mat ly thuyet, hi£n co mot y kie'n 
tuong do'i thong nha't la, trang thai kim loai (neu t6n tai that) han phai la h6 
qua cua tuong tac electron- electron, m6t hieu ting chua duoc tfnh d6n trong 
ly thuy£'t scaling ve dinh xti cua Abrahams va d6ng tac gia (Abrahams et 
al. 1979). Tuong tac electron-electron trong cac hd khdng tr&t tu dan den 
nluiu hieu ting quan trong va bat ngo\ D6c gia nao quan t&m van de nay co 
the 7 tham khao a Altshuler and Aronov 1985 (cho cac he ma't trat tu y£'u); 
Shklovskii and Efros 1984, Nguyen et al. 1985 (cho cac ha ma't tr&t tumanh). 



7.5. Di nh xl( Anderson 



207 



Thao luan bo xung va bai tap 

B7.1 Quang duang tu do trung binh (mean free path) / la khoang each trung 
binh ma electron dich chuyen dirge truac khi momentum ban dau cua 
no bi pha huy. 6 nhiet do thap, tfnh chat dan truyen dugc xac dinh 
chu yeu bai cac electron a lan c&n b& mat Fermi, nen / = VfT m , 
trong do vj la v&n toe Fermi, r m la thai gian h6i chuyen momentum 
(momentum relaxation time). Thai gian r m thuong Ion han nhi6u thai 
gian va cham. 

Thoi gian hoi chuyen pha (phase relaxation time, hay con goi, thai 
gian pha huy pha phase breaking time) la khoang thoi gian trung 
binh ma electron luu giu dugc ky uc v& pha cua minh. Thai gian nay 
liert quan vai do dai ket hop pha : = vjt^ cho cac ban din co 
d6 linh dong electron cao, khi < r m hoac I? = Dr^ cho vat li6u 
co d6 lirih d6ng electron thap, khi > r m . 



B7.2 He thur (7.55) co the nh£n dugc bang each nhu sau. Khi ti'nh trung 
binh theo ca'u hinh tap cua ham Green, neii ta dung lai a gian 66 nang 
lugng rieng b&c mot (m6t tap, hai duang tan xa, mot duang electron), 
thi nang lugng ri6ng don gian la 



XK = Y\ V (q ) |2 1 

Z^l E-E(k-q) + ir) 



Su dung gin dung (1.70): 

1 



E - E (k - q) + irj 



in5 (E - E (k - q)) 



a day, ta da bo qua phin tri chinh (thuc) do tan xa y£u nhu da lam a 
phin 7.4.1. Thuc hi£n chuyen 

E ^||sin^ j N[Eq)dEq , Eq = hW/2m ^ 
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ta se nhan dirge, sau khi thay E — ► Ej (nhi£t d6 tha'p): 

£* = i.N (E s ) J ij^V (Q) I 2 = i** (E f ) \V q \* . 

DaAi bang cuo'i cung & tren la do tan xa dang huong (V (q) = V q bo 
ra ngoai tfch phan). 

Mat khac, theo (7.48), = ih/2r. So sanh hai bieu thuc cua Z R ta 
nhan dugc (7.55): \V q \ 2 = h/2irN (E f ) r. 



B7.3 Trong tiet 7.4 ta phai lay cac tich phan dang 

-- 2 B(k) G R (E, k)G A (E' : k), 
(2tt) 

vol £ (k) la m6t ham cua momentum, khong co cue tri dac bi£t nao 
6" nang lugng Fermi. Khi do, vi tfch G R G A co cue dai manh a mure 
Fermi, ta co the 1 g£n dung tfch phan tr6n bang 

N (E f ) j (kj) J dE k G R (E, k) G A (£', k) , 

trong do d£l k la yeu to' goc vi phan, S k la di£n tfch hinh tron ban ki'nh 
don vi (S k = 27r). 

B7.4 Trong gidi han djnh xti (ma't trat tu) y£u, qua tiinh dan di6n chu yeu 
xay ra theo co ch£ khuydch tan. Su dung phuong trinh khuye'eh tan 
luong tu ta co the" gan dung nhan dugc cac b6 chinh (7.61) (7.63) m6t 
each ra't don gian. Vi vai tro cua tuong tac electron-electron trong 
gidi han nay co the 7 tim hie^i or Altshuler and Aronov 1985. Trong gioi 
han ngugc lai cua dinh xur (m£t trat tu) manh, dan di£n chu y6u xay ra 
theo co ch£ nhay (hopping conduction). Trong gioti han nay tuong tac 
electron-electron cung dan den nhi£u hi6u umg quan trong (Shklovskii 
and Efros 1984, Nguyen et. al 1985). 



Chirong 8 

Ham Green vdi cac he tit dong nhat 



Cac hi6n tircmg tit rat phong phu. Tfnh tr&t tu tir lien quan vdi spin cua 
electron duoc quan sat tha'y d nhieu v&t lieu. Trong rat nhi^u bai toan tap 
chat, spin dong vai trd quan trong. De giai thi'ch cac hten tuong nay hien co 
rat nhieu loai m6 hinh spin khac nhau, trong do hai loai chinh la: mo hinh 
cac spin dinh xur tuong tac voi nhau va mo hinh cac spin dinh xur tuong tac 
vori cac electron tu do. Trong pham vi chirong nay chung toi kh6ng the trlnh 
bay, du chi la rat ngan gon, cac m6 hinh spin, ma chi gidri han a viec gioi 
thi6u m6t each don gian phuong phap ham Green trong cac h6 spin d6ng 
nha't. Doc gia nao quan tarn hon v& cac h6 spin co thi tham khao, chang 
han, Fisher 1965 hay Toda et al. 1983 (vdi cac ht spin dong nha't); Mahan 
2000 (he spin tap), Majlis 2000. 

8.1 Spin ciia electron 

Muc dich cua tie't nay la gioi thieu torn tat cac tfnh cha't co ban cua spin 
cua electron. Noi chung, cac toan tvr spin m6t nira (spin one half) co cac 
thanh phan xic dinh bang (d day va trong ca chuong nay xem h = 1): 





(8.1) 
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a day, x,y,z ngu y cac toa d6 kh6ng gian thdng thuong; a x , cr y , cr z la cac 
ma tr&n spin Pauli. De y la co dang cheo vai cac tri rieng la ±1/2. 

Cac toan tu" spin (8. 1) tac dung len cac trang thai spin, bieu thi bang vecta 
chuan hoa dang ( a j , trong do trang thai f q j u^g V( fr s P m hudng I6n, 



con 



0 



ting vdri spin huong xuo'ng. Tac dung thuc hien nhu sau: 



S {x) 



1 

0 

1 

0 



1 

2 

1 
2 



0 1 

1 0 

1 0 
0 -1 



1 
0 



1 
2 



0 
1 



1 
0 



1 
2 



1 
0 



(8.2) 



Ta thay y J J la ham rieng, con 1/2 la tri ridng cua 

Cac toan txx S^ x \ va quan h6 voi nhau nhu cac thanh phan cua 
m6t (gia) vecta. Chang han, rich v6 huong cua va S m co dang: 



S e S m = S<*> s£> + S< v) SJM + S<*> S« 



(8.3) 



O day, cac chi so \ t, m ky hi£u vi tri dinh xur cua spin (nut mang trong m6 
hinh Heisenberg). Cac toan tu spin a cac nut khac nhau, hay la lien quan 
voi cac electron khac nhau, la giao hoan vdti nhau. Cac toan tu spin thanh 
phan tuan theo h£ thtic giao hoan: 



q(x) 
°£ ) 


q(y) 


— i Sg^ Stm , 


o(y) 


<?(*)" 


— A 

— lO e 0£ m , 


c(«) 


q{l) 


= iSl y) 5 em . 



(8.4) 



Ba toan tur S {x \ S {y \ va 5 (z) tao thanh mdt h£ ca sd (My du, qua do co the' 
bie^i di6n moi bie\i thtic spin. 

Trong thuc ta' tinh toan, thay cho 5 (x) va 5 (y) nguoi ta thuong su dung 
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hai toan tir: 

s (+) = s (x) + iS {y) .. 
= s {x) -iS iy) . 
Cac toan tu nay tac dung nhu sau: 



(8.5) 
(8.6) 



5 (+) 



+ 



i 

+ 2 



0 -i 

1 0 



0 
1 



1 
0 



(8.7) 



va tuong tu 



5 <-> 
5 (-> 

Toan tu nang spin len, 



1 

0 

1 
0 

0 

1 

0 

1 



= 0 



0 

1 



= 0 



0 



(8.8) 
(8.9) 
(8.10) 

, nen co ten la toan tu nang 



(raising operator). Con, toan tu 5 ( ) ha spin xuo'ng, ^ J ^ — > ^ J J , nen 

co t6n la toan tu ha (lowering operator). Cac h£ thuc (8.7) - (8.10) cho tha'y 
£(+) hanh d6ng giong nhu cac toan tu sinh (huy). 

B6 ba toan tu 5 (_) va S^ z) cung tao thanh mdt co so day du, tuong 
duong nhu b6 ba (S (x) , S iy \ S {z) ). Trong co scr nay, tich v6 hu6ng co dang 

S,S m = \ (s^S^ + SyS^+S^Stf. (8.11) 
Va, tuong tu nhu (8.4), ta co cac h£ thuc giao hoan: 



c(+) c(-) 

C(-) C(z) 
°e ' °m 

c(«) <?(+) 



(8.12) 
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R6 rang, ba toan tu S (+) , S (-) , va la khOng hoan toan tuong duong. 
Toan tu" co nhung dac thu rieng, trong do quan trong la no giao hoan 
vol toan tu nghTa la chung co cung h£ ham rieng. Neil goi S la spin 
toan phan cua hat thi tri rieng cua toan tu la S (S 4- 1), con tri rieng 
tuong ung cua S { e z) la: - 5, - S + 1, ... S - 1, S (tat ca 2S + 1 gia tri). 

Ta co nhan xet, cac h£ thurc giao hoan cua cac toan tu spin khong giong 
cac he thurc giao hoan cua boson, cung nhu cua fermion, ma co dang phuc 
tap hon. Spin kh6ng phai la boson, cung khdng phai la fermion. Va, vi cac 
he thurc giao hoan co vai tro quan trong trong xay dung Hamiltonian, dang 
kh6ng birth thuomg cua h£ thurc giao hoan cua cac toan tu spin la mot trong 
nhung nguyen nhan dau tien din den su phurc tap cua cac bai toan loai nay. 

8.2 Mo hinh Heisenberg 

Trong mo hinh Heisenberg nguoi ta gia thiet rang cac spin dinh xti tai 
cac nut cua m6t mang de\i dan. N6'u goi S { la spin a nut i thi Hamiltonian 
cua he spin nhu vay co dang: 



trong do g la h£ so' Lande (Lande's factor); fi D la magneton Bohr (Bohr 
magneton); B la tu tnromg ngoai; la tich phan trao d6i (exchange integral, 
hay con goi la interaction strength, coupling) giua hai spin va S^: J {j > 0 
vol tuong tac sat tu va < 0 vol tuong tac phan sat tu*. Trong m6 hinh nay 
cac spin la cung loai (md hinh spin d6ng nha't), tuong tac la dang huong. 
N6i chung, dai luong giam nhanh theo khoang each giua hai nut i va j. 
NS'u chi tinh den tuong tac giua cac spin a cac nut lan can gan nha't va chpn 
true z trung vol chien cua tir tnrdng thi Hamiltonian (8.13) chuyen thanh 




(8.13) 




(8.14) 



b day, vol moi cap lan can gan nha't (z, j) tich phan trao ddi la nhu nhau 
J tj = J va t6ng thir nha't chi lay theo cac lan can gan nha't. Mac du da don 
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gian han rat nhieu so vol cac he spin thirc, Hamiltonian (8.14), noi chung, 
van khong the giai chinh xac. 

8.2.1 Gan dung tnrong phan tur 

Xet he sat tu, tuong tac voi J > 0 giong cac spin song song vol nhau. 
Gia su rang thang giang cua spin xung quanh gia tri trung birth la du nho de 
co the 7 bo qua cac so' hang b&c hai theo thang giang. Khi do, Hamiltonian 
(8.14) gan dung chuydn v6 dang: 



voi c la so lan can gan nha't. 

Luu y rang, trong m6 hinh Heisenberg voi tir trucmg B song song vol 
true z, ta lu6n co the dat = = 0, ma van kh6ng lam thay d6i 

bai toan. So sanh (8.15) voi (8.14) ta thay, a (8.15) tuong tac cua m6t spin 
voi tat ca cac spin xung quanh trong tir trucmg ngoai da duoc xem la ty 16 
voi tuong tac cua spin do vol mdt spin trung binh (S). G£n dung nhu v&y 
goi la gan dung trucmg phan tu (cung con goi la gan dung Weiss hay gan 
dung Bragg- Williams). 

Hamiltonian (8.15) co the 7 viet lai dudi dang tong cua cac Hamiltonian 
m6t spin: 



H = -2 Jc J2 Sl z) (S)-gv B Bj2 Sl Z) , 



(8.15) 



Hi = (-2Jc(S)-gfi B B)S i . 



(8.16) 



Tuong ting, voi t6ng thong k£ (partition function), ta cung co 




(8.17) 



Voi spin Si = ±1/2, t6ng trong (8.17) voi Hi (8.16) cho 



Zi = 2 cosh (0 (Jc (S) + gn D B/2)) 



(8.18) 
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Gia tri trung binh cua spin la: 

(S)^(S i ) = J2S J exp(-pH J )/Z l . 

S3 

Voi Zi (8.18), lay t6ng theo hai gia tri 5,- = ±1/2, ta duoc 

(S) = i tanh (0 (Jc (S) + 9fJL B B/2)) . (8.19) 

Neu phuong trinh nay co lei giai (S) ^ 0 khi tu trucmg ngoai bang khong, 
thi ha co m6 men tur tu phat (spontaneous magnetic moment). Khi B = 0, 
phuong trinh (8.19) co dang don gian 

(S) = \ tanh (f3Jc (5)). (8.20) 

va c6 thi giai bang phuong phap do thi nhu tren hinh 8.1 (a). Ttr hinh nay ro 
rang la, phuong trinh (8.20) co loi giai kh6ng tarn thucmg khi: pjc/2 > 1 
hay 

T < Jc/2k B = T C . (8.21) 




Hinh 8.1: (a) Minn hpa cho 151 giai cua (8.20). 
(b) (S z ) /S nhu ham cua T/T c voi 5 khac nhau. 



Nhu v^y, phuong trinh gan dung trucmg ph&n tu (8.20) khang dinh su 
t6n tai cua nhi& d6 toi han T c (8.21), ma or nhiet dd cao hem T c , he khao sat 
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la thu&n tu, con aT < T c% he co mo men tu tu phat. Mo men tir trong mot 
don vi the ti'ch duoc ti'nh bang: 

M = pgfiB (S) . (8.22) 

trong do p la m&t do so spin (nut mang). 

Nhiet do T c (8.21) dong vai tro nhiet do Curie. Tai T c dai luong (S) 0. 
6 nhiet do tha'p hem va ra't gan T c , T c - T < T c , dai luong (S) nho, ham 
tanh (x) b (8.20) co the" khai tri^n thanh chu6i, giu lai s6' hang b£c 3, ta 
nMn duoc: 

(S) = VS[(T C - T) /r c ] 1/2 . (8.23) 

Va nhu v£y, ta nh&n duoc dang dieu phu thuoc dac trung cua tham so' trat 
tu M: 

Moc [(T c - T) /T c f ■ (3=1/2. (8.24) 

So mu (3 trong (8.24) goi la chi so' toi han (critical exponent). Gan dung 
truong phan tu cho (3 = 1/2. Gia tri thuc nghiem cua (3 tuy thudc vao vat 
lieu va thudng co 0.32 - 0.39 (Patashinskii and Pokrovskii 1980). Con gia 
tri tinh so cua (3 cho he ba chieu la 0.37 ± 0.04 (Ferrer et al 1971). 

Dang dieu phu thu6c nhiet d6 cua M (T) (8.24) (hay (S) (8.23)) duoc 
minh hoa tren hinh 8. 1 (b). Bang each hoan toan tuong tu nhu tren, ta co the 7 
danh gia dang phu thu6c M (T) cho cac gia tri khac cua spin. Di so sanh, 
tren hinh 8. 1 (b) chung t6i tiinh bay them (co tinh minh hoa) ke't qua cua 
hai trucmg hop S = 3/2 va 5/2. 

M6t dieAi can nMc den la, phuong trlnh gan dung trucmg phan tir (8.20) 
din den su t6n tai nhiet dc) Curie T c ngay ca trong trucmg hop m6t chieHi. 
Day la mdt diem yeu quan trong cua gan dung nay, vi trong he m6t chi6u 
khdng co chuyen pha. Noi chung, gan dung truong phan tir cho burc tranh 
dinh tinh chap nhan duoc, tham chi cho ke't qua chmh x£c khi T — ► 0, nhung 
no kh6ng the" cho ke't qua dinh luong dung a nhiet dd cao. Nguyen nhan la, 
di dan ra phuong trinh (8.16) ta da gia thie't thang giang cua spin la nho. 
Gia thie't nay chi dung a nhiet d6 du tha'p. 
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8.2.2 Gan dung ham Green 

Trong gan dung tnrcmg phan txr khi thay £ S<Sj- -> £ S,- z) (S), thuc ra 
ta da bo qua hai so' hang dau so vdi so hang tnti ba trong tich vo hucmg (8.11). 
Khi kh6ng co tu tnrcmg ngoai, gan dung nhu v&y chi co the xem la chap 
nhan duoc khi nhiet d6 ra't tha'p. 6 day, ta se xua't phat tir mot Hamiltonian 
day du horn va chi xet tnrcmg hop khong co tvr tnrcmg ngoai: 

H = - 2 (5W> ]T - \ £ J* (sJ +) Sj-> + S<->S< +) ) , (8.25) 

ij ij 

trong do gan dung bao g6m chi la bo qua thang giang cua thanh phan 5 (z \ 
Ta dua vao dai luong // e ff xac dinh bang 

9f i B H ef{ = 2(S^)Y / ^ ■ (8-26) 

3 

R6 rang la dai luong nay co y nghia nhu m6t truong hieu dung. 

Tuong ling vori gan dung dang sir dung, ta thay the' h£ thurc giao hoan thur 
nha't trong (8.12) bang 

[S i+ \ S { - ] ] = 2 S (z) — ► 2 (S {z) ) . (8.27) 

Trong gan dung nhu v&y, d£ thay rang phuong trinh chuye^n d6ng cua 
(r) co dang (xem bai tap B8.3) 

dS+ 



dr 



= - 9» B H eff S+ + 2 53 J 0 -5j +) (S<*>) , (8.28) 

3 

or day r — it (xem tie't 3.1). Tuong tu (3.52), ta dinh nghia ham Green 

G(i,j-,T) = - (r5< +) (r)5«- ) (0)). (8.29) 

Oac ky hieu trong (8.29) c6 cilng y nghia nhu a ham Green nhiet d6 (3.52); 
cac chi stf i, j van la cic chi s6 nut mang nhu a trfin. TTieo (8.28), ham 
Green (8.29) th6a man phuong trinh: 

~+9tJ.BH^\g{i,r,r) = 2^J it Q(e,j;r){S^)- 

- <5 (r) ( [s< + \ S<->] ) . (8.30) 
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Ham Green phu thu6c tan so' dirgfc xac dinh theo dinh nghTa (3.47): 

■G{iuj n ) = dre luJnT Q (r) , (8.31) 
Jo 

G(r) = i^e-^(zu; n ) ; (8.32) 

u n = 2mr/j3. (8.33) 

Vol bien d<5i nay, phuong trinh (8.30) chuy^n thanh 

(-i«j n +gfi D H e{f )G(i,j] iuj n ) = 2^JuG(i,3-iuj n )(S {z) ) 

-2S tj (S {z) ). (8.34) 

Vt h6 mang co tinh doi xung dich chuyen, ta co the giai phuong trinh nay 
bang thuc hi£n bien ddi Fourier theo bien kh6ng gian: 

G (L ]■ iu n ) = N' 1 J2 ex P [* k ( r < " r j)\ Q ( k ; iuJ n) ■ (8.35) 

k 

Khi do, phuong trinh (8.34) tro nen co dang 

(- iu n + gn B H ef f) G (k; iu) n ) = 2J (k) (S {z) ) G (k; zu; n ) 

-2(5 (2) ), (8.36) 

trong do 

J(k) = J2 ex P (- zk - r ^)) J *r < 8 - 37 > 
e 

He thuc (8.36) cho 

G (k, zu> n ) = 2 (S {z) )l [iu) n - 9 LL B H e{{ + 2J (k) (S<*>)] . (8.38) 

Tiep theo, ta cin tim mot phuong trinh tu hop cho Noi chung, 

khong t6n tai mot phuong phap nha't quan trong giai quyet van d6 nay. 
Bogoliubov va Tyablikov d& xu&'t phuong phap tinh cho truong hop spin 1/2 
(Bogoliubov and Tyablikov 1959). Sau do, Tahir-Kheli va ter Haar da mo 
rong phuong phap nay cho cac truong hop spin cao hon (Tahir - Kheli and 
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ter Haar 1962). 6 day, ta se giai han xet chi tru6ng*hap spin 1/2. Trong 
tnrcmg hap nay, tai nut mang ba't ky, cac toan tu spin thoa man hai phuong 
tiinh 

S 2 = (S {z) ) 2 + \ (5 (+) 5 ( - } + S^S™) = S (S + 1) = 3/4 (8.39) 



va 



(5 (2) ) 2 = 1/4 . 
Pho'i hop (8.39) va (8.40) voi he mure giao hoan: 

£(+)£(-) _ 5(-) 5 (+) = 25 (2) , 

suy ra 

5 (+) 5 (-) = 5 (5 + i) _ (s z ) 2 + = i + 
Tra lai dinh nghTa ham Green (8.29), ta co 

SUJ; 0 + ) = - <S< + >S<->) = - Q + <5W>) . 



(8.40) 



(8.41) 



(8.42) 



Mat khac, theo (8.38) ta lai co 



(J\j;0 + ) = ^EE 



fc n 



2(S^)exp(-^ n 0+) 
^ n -^// eff +2J(k) (S(*)> 



= -£<* w >£["0<) + i] 

= -2(^)[i^n(k) + l 



n(k) = {exp[/?£(k)]-l} 



-1 



(8.43) 



(8.44) 



va 



E (k) = gn B H* - 2 J (k) = 2 (SM) [J (0) - J (k)] . (8.45) 

Trong bia'n d6i" tren, di dan ra (8.43), ta da stir dung cac he thtic (8.32), (8.35) 
va t6ng dang (3.34), r6i sir dung tid'p (8.26) di nh&n duoe (8.45). 
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Tir (8.42) va (8.43) suy ra 

( sW > = r^ n(k) ' (8 - 46) 

A- 

trong do, n (k) lai phu thuoc vao (S (z) ) theo (8.44) - (8.45). Nhir vay, cac 
he thurc (8.46), (8.44), va (8.45) tao thanh mot phuong trinh tu hop doi voi 

<s (2) >- 

D6ng thori, theo (8.38) va (8.46), bang thay iu„ ->uj + iS, 5 — > 0 + nhu 
6 (3.73), ta viet duoc 

G (k, lj) = 2 (S {z) ) I\uj-E (k)] , (8.47) 

O day, ro rang la, E (k) dong vai tro nang luong kich thich. Neu mang co 
tarn doi xung, thi bang khai trien (8.37), ta thay khi k — ► 0, 

E (k) a A- 2 (8.48) 

va E (k) — > 0. Su t6n tai cac kich thich voi nang luong kich thich ra't nho 
la h£ qua chung cua su pha vd doi xung - o day la doi xung quay. Cac kich 
thich lan truyen trong mang dudti dang song. 

Phuong trinh (8.46) da duoc giai bang phuong phap so cung nhu khai 
trien a nhiet do tha'p va o lan can T c ffyablikov 1967). Chi ti'nh den tuong 
tac lan can gdn nha't, spin S = 1/2, a nhiet do tha'p, khai trien co dang: 

(5(*)) = --a 0 - a,x 5/2 - a 2 x 7 ' 2 ... - a 2 0 x 3 - 4a 0 a 1 x 4 ... , (8.49) 

trong do 

x = 3/2nvPJ (0) , (8.50) 

a 0 = C (3/2) ; ai = j ™C (5/2) ; a 2 = ttWC (7/2) , (8.51) 

vol C (z) la ham zeta Riemann (Riemann zeta function). Gia tri cua v va u 
phu thu6c vao loai mang khao sat. Chang han, 

mang lap phuong don gian: v = 1 ; uj = 33/32, 

3 

mang lap phuong tarn khd'i: v = - 2 2/3 ; u = 281/288, 
mang lap phudng tarn mat: v = 2 1/3 ; u = 15/16. 
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Bie\i thurc khai tri^n (8.49) khac vol khai trien nhi£t do tha'p chinh xac cua 
Dyson (Dyson 1956) chi a cac so' hang x 3 va x 4 . Trong khai trien cua Dyson 
kh6ng co so' hang x 3 va so' hang x 4 co m6t h6 so' khac vai a (8.49). Nguyen 
nhan cua su khac nhau nay la trong mo hinh dang khao sat ta da bo qua 
tuong tac giua cac song spin, trong khi Dyson da tinh den tuong tac nay. 
Ortenburger chi ra rang, neu thay vi gdn dung ngay tif daii nhu a tr£n, ta 
viel ham Green chinh xac, roi sau do mod dua vao gan dung truoc khi giai 
tu hop, thi k£'t qua nhan duoc se trung vdi khai trien cua Dyson den so hang 
x\ tire la T 4 (Ortenburger 1964). 

■J 

O lan can nhiet d6 T c vi phia dudti, gan dung ham Green a tren cho cung 
dang di£u phu thuoc nhiet d6 cua m6 men tfir tu phat nhu trong gan dung 
trucmg phan tir (Tyablikov 1967): 

Mac [{T c -T)/T c ] l/2 . (8.52) 

Hon nua, phuong phap ham Green cung htfu ich ngay ca khi nghien cuu 
cac song spin trong phan sat tir cung nhu ferit ttr (ferrimagnets). Tat nhien, 
vi kh6ng bi£t chinh xac trang thai co ban, n£n trong cac trucmg hop nay, ket 
qua chi co y nghla dinh tinh. 



8.3 Mo hinh Hubbard 

Trong m6 hinh Heisenberg cac spin dinh xur 6* nut mang, n£n m6 hinh 
nay chi phu hop di m6 ta cac vat li6u dien mdi, trong do cac spin electron 
dinh xur manh. M6 hinh Heisenberg kh6ng th^ m6 ta cac vat lieu kim loai, 
trong do ft ra co m6t phan dang ki cac electron chuydn d6ng gan nhu tu do. 
Trong khi do, da phan cac vat lieu sat tit lai la kim loai, nhu Fe, Ni hay Co. 
Di tim m6t m6 hinh m6 ta tmh cha't tir cua kim loai ta phai tmh d£h chuyen 
d6ng tu do cua electron, trie la phai dua vao c&i true vung cua vat li£u. M6t 
m6 hinh loai nhu vay, tuong do'i don gian ma van md ta duoc trang thai sat 
tir cua vat lidu, da duoc Hubbard d£ xua't (Hubbard 1963, 1964). Trong m6 
hinh cua mlnh, ngoai nang luong vung, Hubbard dua vao tuong tac d^y giua 
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cac electrons vai spin trai nguac a cung mot nut mang. Hamiltonian co dang 

H = ^2 £ a a ^ a jn + \ U ^2 n i<T n i-<T, (8.53) 



trong do toan tu a+ sinh mot electron (trang thai Wannier) tai nut i vai spin 
a, tham so U dac trung cho tuong tac ddy Coulomb giua hai electron tren 
cung m6t nut, con 

n ia = a+a i<T , (8.54) 

Trucrc het, ta xem xet mo hinh (8.53) - (8.54) trong gan dung trudng 
phan tu. Ta gia thiet rang thang giang cua n ia xung quanh gia trj trung binh 
{n ia ) la nho, d£ co the viet (8.53) duoi dang 

H = ^2 £ij at a Ja + U^ n ™ ( n i-<r) ~\ U Y1 ( Uia } ( n *-°) • ^ 8 - 55 ) 

Thuc chat, day chi'nh la gan dung Hartree Fock da gioi thieu a tie't 1 .2. Su 
dung Hamiltonian (8.55), bang each tuong tu nhu a bai tap B8.3, ta nh&n 
duoc phuong trinh chuye'n ddng 

= ~~ £i j a 3 a ~~ U ( n -<r) a i<n (8.56) 

trong do, do tmh bat bififn dich chuye'n, (n i<T ) = (n a ) kh6ng phu thu6c vj tn 
nut mang. 

Bay gift, ne'u ta dinh nghTa ham Green: 

G (i, j, a- r) = (Ta ia (r) a+ (0)) , (8.57) 

thi tuong tu nhu (8.30), d£ tha'y rang, ham nay tuan theo phuong trinh chuye'n 
d6ng 

Bang bien d6i Fourier nhu a tie't tr6n, phuong trinh (8.58) chuy^n vi dang 

[- iu n + U (n_ a )} Q (k, iw BI <r) = -l-E k g(k, iu n , a) , (8.59) 
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vol Ek la nang lircmg vung khi kh6ng co tirong tac. 

E k = N~ l ^2 £ ej ex P [" ik ( R ? ~ R j)} ■ ^ 8 - 6 °) 
e 

Phuong trinh (8.59) cho 

Q (k, iu n , a) = [iu n - U (n_ ff ) - E k )~ l . (8.61) 

Di y dau cua o b hai ve cua he thurc nay: cac spin "len" (cr) co nang luong 
bang E k + U (n_ CT ), xac dinh boi trucmg trung binh gay boi cac spin "xuong" 
(— cr) va ngiroc lai, cac spin "xuong" (— a) co nang luong E k + U (n a ), xac 
dinh boi trucmg trung binh gay boi cac spin "len" (a). Day chinh la dac 
trung cua gan dung Hartree. Trang thai tir cua he ducrc xac dinh bang cac 
trung binh toan tir so' spin len (n T ) va so spin xuong (n^). Neu (n^) = (nj) 
thi hd kh6ng co m6 men tir tu phat. Cac phucmg trinh tir hop voi (n T ) va 
(n^ la: 

(n T > = F^N-^Gfcujn,*) 

0>n k 

= J dEN(E)f[E + U(n l )} : (8.62) 
( n[ ) = JdEN(E)f[E + U(n ] )}, (8.63) 

a day, TV (E) la mat d6 trang thai cua vung khdng nhieu loan va f (E) la 
ham phan bo' Fermi. Trong ham / (E) co dura the hoa hoc /i. Cac phuong 
trinh (8.62), (8.63) cung voi dieu ki£n 

( n l) + (n T ) = n (8.64) 

» 

xac dinh hoan toan cac dai luong fi, (n^) va (n^) vcri n la toan tir so' hat 
(electron). H6 phuong trinh nay ludn co mdt loi giai voi (n T ) = (nj) tucmg 
img voi trang thai khdng tir tinh. 

Ta tlm di6u kien di xua't hi£n trang thai sat tir. Gia su nhtet d6 dii tha'p, 
6i c6 the 7 gan dung ham phan b6' Fermi bang ham Mc thang cua trucmg hop 
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khi electron suy hien / (£) = 0 (/x - £)» trong do £ la nang luong vung. Ta 
gidi han a truong hop sat tCr ye'u, nghia la khi 

( n T> = \ n + x ^ ( n l) = 5 n ~ * T 1 (8.65) 

voi .r la nhd « rc/2). Vol hai gia thiet nay, cac phirong trinh (8.62) va 
(8.63) dan den 

pi-Un/2 , 

T7./2 = / d£iV (0 - -U 2 :v 2 N' (// - t/n/2) (8.66) 

va 

x [1 - UN (/x - £/n/2)] - (1/6) C/ViV" (/i - Un/2) . (8.67) 

d day, TV' (N") la dao ham Mc mot (hai) cua N theo nang luong. 

Tu (8.67) ta co nh&n xet la, neu ton tai cac nang luong vung £ 0 sao-cho 
UN ($ 0 ) = 1 ma N" (£ 0 ) ^ 0, thi ta co the chon (/x - Un/2) o gan £ 0 <3e 
phirong trlnh (8.67) co led giai x khac khong. Neu TV" (f 0 ) < 0 thi ta phai 
chon (/x - Un/2) sao cho t/xV (a - Un/2) > 1. Con, neu N" (&) < 0 thi, 
nguoc lai, UN (fi — Un/2) < 1. Mot khi da xac dinh duc/c (//, - Un/2) thi 
phuong trinh (8.67) se cho x % r6i thay x tim duoc vao (8.66) ta nh&n duoc 
n, va cuoi cung, he thuc (8.65) cho {n{) va (n T ). Nhu v&y, voi nhung diSu 
kien vxra thao lu&n, mo hinh khao sat co the dan den xuat hien trang thai sat 
ttr yeu, luu d6ng. DT nhien, ket luan nay la dinh ti'nh. Trong khu6n kh6 gin 
dung Hartree-Fock, khi ta bo qua cac tuong quan dia phuong, phdn nao ta 
da danh gia qua len kha nang xua't hien trang thai sat tir. 

De tinh den cac tuong quan, Hubbard da kh6ng dung Hamiltonian gan 
dung (8.55) ma xuat phat true tiep tu (8.53). Phuong trinh chuyen d6ng do'i 
voi toan tu a la khi do la 

da ia (r) 



dr 



= -^2 El 3 a i a ~ Un *-° ( T ) a ™ ( T ) ' (8.68) 



va tuong ung, doi vol ham Green (8.57) 

d_ 



j,<r; r) = -6(T)Sij G(lJ,cr: r) 



+ U (Tn^ (r) a ia (r) a+ (0)) . (8.69) 
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Phuong trinh nay khac vol (8.58) o so' hang cuo'i, li£n quan vdi n,_ a (r). 
Neu thay n^ a bang (n^) nhu o (8.55) thi tat nhien ta se nMn lai (8.58). 
Nhan tu ben canh U o so' hang cuo'i trong (8.69) la mdt ham Green. Phuong 
trinh chuye'n d6ng cua ham nay la: 

(Tn^ a (r) a ia (r) at (0)) = - e tl (Tn^ (r) a ia (r) at (0)) 
"^2 £ a { Tn i-o i T ) ato{r) a+ a (0)) 

+ H £ ij i( Ta ta ( T ) a i-<T ( T ) a io (T) at (0)) 

- (Ta+ „ (r) a,., (r) a i<r (r) a+ (0))] 

- (7 (Tn^ (r) o fo (r) at (0) ) + <5 l; (n^) 5{t). (8.70) 

Khi vie't hai so' hang cuo'i, ta da su dung phuong trinh toan tu rii_ a (r) 
= rii_ a (r) va he thuc giao hoan [n^a^, aj a ] = n^o^. 

N6'u gia thiet rang, tuong quan giua cac electron d cac nut khac nhau la 
ye'u so vol tuong quan giua cac electron tr6n cung m6t nut, thi trong phuong 
trinh (8.70) so' hang thu ba co th£ bo qua. O so' hang thu hai ta gia thiet 
rang, thang giang cua n;_ CT la nho va thay Ui_ a bang (n_ a ). y la, ca hai 
so' hang thu hai va thu ba d£u bang kh6ng khi la cheo va khdng tlnh den 
y£u to' nhay. Thanh thu, trong trucmg hop nay, hai gia thiet gan dung do'i 
voi hai so' hang vua neu tro nen kh6ng can thiet va cac ket qua nh&n duoc la 
hoan toan chinh xac. Trong trucmg hop co y£u to' nhay, la trucmg hop dang 
quan tarn hon, k€t qua nh&n duoc se chi la gaii dung. Ke't qua cang chinh 
xac khi yS'u td' nhay cang y£'u, tuong ung vdri trucmg hop vung nang luong 
cang hep. 

Vdri cac gia thid't tren phuong trinh (8.70) chuyen v£ dang 

(J^ + e u + U^j (Tin-a (r) a ia (r) at (0)) 

= (n-„) SijS (r) - {n. 0 ) ]T e it (Ta e(r (r) at (0)) . (8.71) 
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Neu ta thuc hien bie'n doi Fourier cua ham Green b6n ve' trai 

(r?w (r) a la (r) af a (0)) = /T 1 ^ exp (- iw n r) G (i, j, cr; uj„) , 

(8.72) 

thico the' chuyen(8.71)ve 



(- icj n + £ a + U) Q (i. j, a; ia; n ) = 



(8.73) 



Trd lai phuong trinh (8.69). Thuc hien bie'n doi Fourier hai ve cua phuong 
trinh nay, trong do bie'n d6i Fourier cua so' hang cuo'i xac dinh theo (8.72) - 
(8.73). Ke't qua la, phuong trinh (8.69) trcr thanh 

(- iu n )Q (i, j, a\ iuu n ) = -5 lj - G{d,j,cr; iw n ) + 



+U (n_ ff ) 



G a\ iuj n ) + ^e l eG {£, j, °\ iu n ) 



(- iu n + £ li + U) 



-1 



Thuc hien tiep bie'n d6i Fourier theo bi£h kh6ng gian, G{i, j, cr; i^n) 
G (k, a; ia> n ), ta co: 



■iu n + E k [ \ - 



U(n_ a ) 



+ 



-iuj n + £ 0 + U J -iu> n + + U 

U (n. a ) 



= -1 + 



.£ (k, a\iu n ) 
(8.74) 



d day £o = £u. Va, do do: 
G (k,er; zo;„) = 



2W n -Eq-U {I - (n_ a )) 



(- za; Tl + (- icj n + £ 0 + U) + £/ (n_ CT ) (e 0 - E k ) ' 

(8.75) 

Thuc hien thay iu n — > u + i<5 nhu or (3.73), ta co 



G(k,<7;u;) = 



lj - e q - U(l - (n_ ff )) 



(a; - E k ) (u-e 0 -U) + U (n_ a > (e 0 - £*) 



(8.76) 
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Chucfng 8. Ham Green vfti cdc he tit dang nhd't 



VI mau so' a (8.76) la da thuc bac hai cua vdri va k da cho, ham 
Green (8.76) c6 hai cue E^J va E^J . Hem nua, vi mau so nay la duong vol 
lj 16n, la thuc va am khi u = 6q + U (1 - nen ca hai cue cua ham 

Green la thuc va thoa man ht thuc: 

££» < £ 0 + t/ (1 - <«-,» < (8.77) 

Dieu nay nghTa la, trong gan dung khao sat, cac kich thich la nhung gia hat 
nam 6* hai vung tach bi6t nhau. 

Trong trucmg hop khong co veil to' nhay, E k — e 0 , tu mau so' cua (8.76) 
tha'y ngay la cac nang luong gia hat la £q va e 0 + U, tuong ung vcri nang 
luong call thie't de dat m6t electron vao mot nut (e 0 ) va nang luong can thie't 
di dat electron thu hai cung vao nut do (e 0 + U). Hieu ung nhay lam hai 
muc nay no ra thanh hai vung nang luong rieng bi6t. 

Cuo'i cung, d£ xac dinh trang thai tir cua he, tuong tu nhu a tren, ta phai 
tim h6 thuc tu hop cho (n a ) va the' hoa hoc /i. Boi vi ham Green (8.75) ro 
rang co dang 

rn ■ \ dD(iu) n ,E k ) /dE k 

Q (k, a; iu n ) = — — , (8.78) 

D(iuj n ,E k ) 

nen ta co th£ vie't 

y ( k > °, U*> n ) = ; -TjT — , (8.79) 

- iu n - EjJ + fi - iw„ - E K k J + fl 

a day, vol cung y nghTa nhu o (8.62) - (8.67), ta da dua vao the' hoa hoc ji. 
Va, cung tuong tu nhu (8.62) - (8.67), khi nhiet d6 du tha'p d£ co the* gan 
dung ham phan bd' Fermi bang ham 6 (ji - E^ 2 ^ , ta co: 

<n T ) = p-'Y^N-'Y^GiKViiUn) 

UJn k 



(2) 



/' 

J — OO 



dE N [e T (E)} . (8.80) 



8.3. Mo hinh Hubbard 
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C) dong cuoi cung ta da d6i bien tfch phan tCr e sang nang luong gia hat E. 
Ham f\(E) lien ket nang luong khong nhi6u loan e vai nang luong nhi£u 
loan E qua he thuc 

Er - E (e T + <r 0 + t/) + (/ (n^ (s Q - c T ) + c T (e 0 + t/) = 0. 

Va, nhu vay 

T £ + j/(( ni )_i)_ £o 

Cac tfch phan a (8.80) lay theo hai vung nang luong cho phep (tuong ting 
E { k \ ] va E$) voi can tr£n la /x. 

Tuong tu, vai spin "xuong": 

(n A > = ^ dEN[e [ (E)] (8.82) 

J -OO 

va 

(n T > + ( ni ) = n. (8.83) 

Cac he thdc (8.80) - (8.83) xac dinh (n T ), (n^ va /i nhu ham cua mat do 
electron toan phan n. Cung nhu trong gan dung Hartree-Fock, cac phuong 
trinh nay lu6n co m6t loi giai (n{) = (n T ) = n/2, tuong ting voi trang thai 
khdng tu tinh. N6u trong he, so electron dung bang so' nguydn tu, thi vung 
nang luong tha'p hon se choan d£y hoan toan, c6n vung tren se hoan toan 
trong, hai vung tach biet nhau. Nhu vay, do tuoing tac U giua cac electron 
tr£n cung m6t nut, kim loai chuye'n thanh dien m6i. Chuyen pha loai nhu 
v^y thuomg goi la chuyen pha Mott-Hubbard (xem, Mott 1974). Theo thao 
luckn a tren, thi chuyen pha co thi xay ra a U bat ky. Nhung, xem xet chi'nh 
xac hon cho may chuyen pha chi co thi xay ra khi U vuot qua mdt gia tri 
toi han U c nao do. 

Khi phari sat tu la nho, thi thay d6i bac nhtft trong phuong trinh (8.82), 
li6n quan vol su I6ch nho cua (n T ) khoi n/2, c6 thi xem la bang kh6ng. 
Di£u nay ngu y: 



■oo 



(8.84) 

(n A ) = n/2 
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Chucrng 8. Ham Green vdi cdc he tir dang nhd't 



Vdd mo hinh vung chu nhat: 

N (e) = 1/W v6i - W/2 < e < W/2, e 0 = 0, (8.85) 
va vol fj, nam a vung dudi, he thuc (8.84) qui v£ 

l = (l/2)U[U 2 + W 2 /4 + UW(l-n)]~ 1/2 . (8.86) 

Ta thay, khi // nam a vung dudi, n < 1, phucmg trinh (8.86) kh6ng luon thoa 
man vdri U va W bat ky. Do tfnh do'i xting giua electron va 16 trdng, k£t luan 
nay cung dung cho trucmg hop, khi \i nam a vung tren. Nhu vay, bang khao 
sat b6 sung ta dan den k£t luan khac vol ket qua gan dung Hartree-Fock, 
trong do trang thai sat tir co the* ton tai vdi U va W ba't ky. 

Hubbard cho rang, co the 1 chon dang vung nang luong thfch hop de 7 quan 
sat duoc trang thai sat tif. Mot kha nang la: 

( S~ l , vol £ 0 - W/2 <e<e 0 - W/2 + 5/2 
N (c) = < va so + W/2 -S/2<e<s Q + W/2 (8.87) 

{ 0 , neii e khdng thu6c cac mien tren . 

Vol vung nang luong (8.87), he thuc (8.84) trdr thanh 

6 < (1/2) WU [{U/2 + W/2) 2 - nWU/4] ~ 1/2 . (8.88) 

He thuc nay lu6n thoa man vdi 8 du nho. Mo hinh vung (8.88) co dang hai 
dinh nhon, dang di£u dac trung cua cac vat lieu sat tir. Cung phai noi th6m 
rang, 6* cac kim loai thuc, cac vung d va / lu6n la suy bien, n£n viec ap 
dung cac mo hinh ly thuyet doi hoi phai co xem xet b6 sung, than trong. 

Trdn day chi la thao luan budrc dau, nhu mot minh hoa v£ ham Green 
trong mo hinh Hubbard. Trong thuc te m6 hinh nay da nhan duoc su chu y 
dac biSt ngay tir khi mod xua't hi£n va ngay nay da trdr thanh noi dung khdng 
the 7 thi£'u trong cac sach giao khoa v6 ly thuyet chat ran (xem, chang han, 
Mahan 2000). 



8 J. Mo hinh Hubbard 
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Thao luan bo xung va bai tap 

B8.1 Gia sir trong Hamiltonian (8.13) tfch phan trao doi J tJ co gia tri xac 
dinh tren hai phuong: J t] = J\\ tren phuong cua true z va Ji 3 = J± 
tren phuong vuong goc vai true z. Khi do: 

(1) Neu J± = 0, thi mo hinh Heisenberg (8.14) chuyen v6 mo hinh 
Ising (J|| = J): 

{ij) 



(2) Neu J,, = 0 va B = 0, thi ta co mo hinh XY (XY - model) 

h = -jY,s { 1 +) .s^ 

(y) 



B8.2 Chung minh rang, toan tu = (S to tai)^ giao hoan vcri Hamil- 

tonian (8.14). 

B8.3 Hay dan ra phirong trinh chuyen dong (8.28). 
Tra loi: Xua't phat tir 

n = - 9hbH*Y, s ^-\E * (^ _) + ^ (+) ) 

Theo dinh nghTa 

5< +) = - i - WS< +) ) 

4E^[( 5 i +)s . (+) 5r ) -5, (+) 5<- , si +) ) 

+ (5[ + »S(-»5«-5<-'S< + »5W)]} ■ 
Sir dung cac h6 thurc giao hoan (8.12), va gan dung (8.27), ta co 

Sl +) = -i|-swi/«irSi +) + 2^J„sj + ><SW> 
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Chu y rang, dai luong S { k +) la dao ham cua S { k +) theo t. VI dS { k +) /dt = 
idS^/dr, he thuc nhan duoc o tren cho chfnh xac phuong trinh 
chuyen d6ng (8.28). 

Cac phuong trinh chuyen d6ng khac trong chuong nay d£u co the 7 nhan 
duoc bang each tuong tu. 

B8.4 Hay dan ra he thuc (8.86) tu dieu kien (8.84) voi m6 hinh vung nang 
luong (8.85) 



Phu luc A 

• « 



Ky hieu "bra" va "ket" ciia Dirac 



Dirac xem ham song y'\ hay chinh xac hon, t&p hop cac thanh phaVi cua 
no trong m6t he true toa d6 nao do (mot bieu di6n nao do), la mot vecto 
"ket", ky hieu la | ?/')• Chang han, ham song ip n e m m ° ta trang thai voi cac 
so' hrong tirn. /, rn dirac ky hieu la \nlm). Ham lien hop phuc cua w diroc 
goi la vecto "bra", ky hi£u la Chang han, </'*^ m ky hi£u la (nhn\. Trong 
ky hi£u ma tr&n vecto "ket" tuong irng mot c6t, con vecto "bra" tuong ung 
mot ddng. Tfch v6 huong cua mot vecto "bra" ipl = (b\ va mot vecto "ket" 
ip a = | a) duoc ky hieu la (b\ a), nghla la: 

J r b (x)y a (x)dx = {b\a) . (A.l) 

Mat khac, tich vo hucmg tren lai co the giai thfch nhu la ham song w a 
trong b bieu dieVi. Noi chung, ham song ip a (x), dac tnrng bdi "a" trong 
"x"-bi£u diln, trong ky hieu Dirac co dang: 

ip a (x) = (x\ a) . (A. 2) 

Tir(A.l) va(A.2) suy ra: 

(x\a) = J (x\b) (b\ a) db , 

va 

(6| a) = (a\ b)" . 

Trong ky hi£u Dirac, phuong trinh Hip n (r) = E n ip n (r) co dang H\ip n ) = 
E n \-ip n ). Cac di&u ki6n true giao: 

J ip„ (r) ip m (r) dr = S nm (ijj n \ ip m ) = 6 nm , 
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va day du: 

J2 4, (r) f n (r') = 8{r-r')^J2\ (tn\ = 1- 

n 

Cac yeu to' ma tr&n duoc ky hidu nhu sau: 

F ba = Jr b Fil> a dn = (b\F\a) . 

Neii cac trang thai a va 6 dac tntng tuong ung boi cac so luong txx 
(n,l, m) va (n', m'\ thi ta co yeu to' ma tran cua F trong ky hi6u Dirac 

la {n'l'm'\ F\ nlm). 

Phu luc B 



Tinh chat cua ham delta 



Ham delta do Dirac d£ xua't thucmg ky hi6u la 8 (x) y trong do x la bien. Ham 
8 (x) bang khdng khap noi, trir di^m x — 0, tai do ham nay 1cm d£h n6i ma 

/ 8 (x) dx = 1 voi a < 0 < b . (B.l) 

J a 

Tinh cha't quan trong nha't cua ham delta la, vol ham F (x) li£n tuc bat 
ky, ta luon co 

/ F (x) 8 (x) dx = F (0) ; a < 0 < b . (B.2) 

J a 

Bang dich g6'c toa dd, h£ thurc (B.2) co the chuy^n v& dang 

J F{x)8{x- x 0 ) dx = F (xq) , (B.3) 
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Phu luc B. Ti'nh chat cua ham delta 
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trong do mi£n lay tfch phan bao diem x Q (neu nguoc lai, thi tfch phan se 
bang khong). 

Ham delta khong phai la ham so theo nghTa thong thuong: umg voi cac 
gia tri cua bien co cac gia tri cua ham. Ham nay dtfo*c xac dinh bang quy 
tac tfch phan tfch cua no voi cac ham lien tuc. Tuy nhien, ham delta co the 
xem xet nhu gioi han cua day cac ham giai tfch. Chang han, 

r / \ r sin(ira) 

5 (x) — hm — - . (B.4) 

q — oo 7TX 

That v&y, khi x = 0, ham sin (xa) /nx = a/ir, phan ky khi a — * oo. 
Khi tang ham nay dao d6ng manh quanh gia tri khdng voi bi6n d6 giam 
dan. Va, quan trong la, cung nhu ham 5 (x), voi a ba't ky 

/oo 
sin ax , 
dx = 1. 
■00 nx 

Txx (B.4) suy ra m6t he thirc quan trong, thuong xuyen su dung trong 
cuo'n sach nay: 

— / e ikx dk = 8(x). (B.5) 
ViS't tach phan thirc va phan ao cua ht thtic nay, ta co cac tfch phan 

— / cos (kx) dk = 5 (x) ; / sin (fcx) dfc = 0. 

Ngoai (B.4), cac bieu thurc gioi han khac cua ham 5 (x) co the 7 la: 

S(x) = - Urn " , (B.6) 

7T a^O + X 2 

hay 

5(x) = -^= lim [a exp (- x 2 /a 2 )] . (B.7) 

Ham S (x) con co the 7 xac dinh nhu dao ham cua ham b&c thang (Heav- 
iside function) 6 (x): 0 (x) = 0 vdi x < 0 va 6 (x) = 1 voi x > 0. R6 rang 
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Phu luc B. Tinh chat cua ham delta 



la, giong nhu 8 (x), ta co 0' (x) — 0 khi x ^ 0. Va, hen nua 0' (x) cung co 
tinh cha't (B.2): 

/•b />b 

I F{x)e'(x)dx = F(x)6(x)\ b a - 6(x)F'(x)dx 

J a J a 

= F(b)- f F' (x) dx = F (0) . 

J a 

Vol khf electron suy bi£n, ham phan bo' Fermi co the gan dung bang ham 0 
va h6 thurc 0' (x) = 8 (x) rat co ich trong tinh cac tich phan. 

Diroi day la m6t so' dong nha't thurc co ban. Y nghTa cua cac dong nha't 
thurc nay la a ch6, n£u six dung nhu la m6t nhan tix duoti da'u tich phan thi 
hai v£' cua m6i dang thurc se cho cung mdt k6't qua: 

8(-x) = 6(x) ; 5'(-x) = - 8' (x) ; 
xS (x) — 0; x5' (x) = — 5 (x) ; 

5 (ax) = -8 (x) ; a > 0 ; 
a 

5(x 2 -a 2 ) = [J(x-a) + 5(x + a)]/2|a| ; 
8 (a — x) 8 (x — b) dx — 8 (a — b) ; 

f(x)8(x-a) = / (a) 5 (x - a) ; 
y f(x)8 , (x-a)dx = -f'(a) ; 

*[/(*)] = E^^-^/iw/^m. 

trong d6 x { la nghiSm don gian cua phuomg trinh f (x) = 0. 

Ham 8 (x) la m6t ham chan, nen (x) la m6t ham le. Vi 8 (x) la ham 
chan, n6n ta co: 



/ 



L 



.«<■)*-{.% 2::;. 

Ham delta ba chi£u 8 (r) duoc dinh nghTa bang: 

<S (r) = * (x) (5 (y) 8 (z) = (2tt) ~ 3 ^ e ikr dk . (B.9) 



Phu luc B. Tinh chat cua ham delta 
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Ham 8 (r) co tinh chat: 



J 8(r)F(r)dr = F (0) ; (B.10) 
5( T ) = 5(r)/27rr 2 - (B.11) 
<J(r'-r) = -| (Hn'-n^fr'-r), (B.12) 

trong do n' va n la cac vecto don vi theo phuong r' va r. Cung giong nhu 
v6i6(x) y cac d6ng nha't thurc a tren doi voi (r) cung co nghia la, n£u trong 
ti'ch phan co mot nhan tu la ve nay hay ve kia cua dang thtfc thi cac ket qua 
la nhu nhau (tfch phan lay txr r = 0). 

Cung vol dong nha't thurc (1.70) a phan thao luan bo sung B1.3 (chucng 
I), ta con co 

lim 1 = nS {x) -ip(l). (B.13) 



Trong cac tai lieu tham khao, ngoai ham 5(x), d6i khi con gap cac ham 

5+ (x) va J_ (x): 

5+ (x) = 8*_ {x) = lim (x-ia)' 1 . (B.14) 

ZTTl a— 0 

Tir(B.14) va(B.6), ta co: 

6+ (x) + 8- (x) = lim - a 



a-*0 7T x 2 + a 2 
= 8{x) ; (B.15) 



6 + (x)-6-(x) = lim . (B.16) 

a^O 7TZ x 2 4- a 2 
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Phu luc C. Luang tu hoa lan thu hai 



Phu luc C 

Lifting tu hoa lan thii hai 



Trong chuong 2, cac ham Green m6t hat dugc xac dinh true tie'p qua cac 
ham song, con trong chuong 3, cac ham Green cua he hat co tucmg tac dugc 
dinh nghTa qua cac toan tu truong, tuc la ham song da dugc lugng tu hoa 
thanh cac toan tu (lugng tu hoa lan thu hai). Noi dung cua phu luc nay la 
gidri thieu torn tat phuong phap lugng tu hoa lan thu hai. 
Triidng hop cac hat bose. Phuong trinh Schrodinger cua mot hat trong the 
ngoai U (r) la: 

ik Ft + £ y2 " u (r) ) * (r, ^ } = ° • (Cl) 

Phuong trinh nay co the 7 nh£n dugc tu phuong trinh Lagrange voi mat do 
Lagrangian: 

h 2 

L = ihip + tp - — V^ + V^ - Uip + ip . (C.2) 
2m 

xem ip va ip + la cac bien d6c-l&p. 

Trong hlnh thuc lu&n Lagrange, gitfa bien ip va momentum lien hop voi no 
7r, co he-thuc n = dL/dip. Vol Lagrangian L dang (C.2), ta co: 

7T = ihip + (r) . (C.3) 

Khi do, mat d6 Hamiltonian la: 

' • • 

h 2 

H = tti/j — L = — Vip+Vip + U^+ip. (C.4) 

2m 

D6ng thoi, cap bien lien hop (ip, n) thoa man ht thuc giao hoan: 

(r, t) , 7T (r',t)] = ihS (r - r') , (C.5) 

hay voi n tu* (C.3): 

[1> (r, J) , V (r', t)] =5(r-r'). (C.5') 



Phu luc C. Liiclng tit hoa Ian thi't hai 
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He thuc giao hoan nay chinh la co so cua luong tir hoa liin hai cac hat bose, 
ma noi dung cua no la thay bien ip va momentum lien hop cua no tt bang 
cac toan tir thoa man he thuc giao hoan (C.5). 

Neii Hamiltonian H = — (h 2 /2m) V 2 + U (r) co cac ham rieng 4>\ va 
trj rieng tuong ung £\, thi ta luon co the khai trien ip (r, t) va ip + (r, t): 

<Mr, = X><Mr) e~ iE ^ h ; (C.6) 

A 

^ + (r,0 = ^aj«(r) e iE ^ h . (C.6') 

A 

H6 thurc giao hoan (C.5') se dugc thoa man, neu cac toan tu sinh a + va huy 
a tuan theo cac he thuc giao hoan sau: 



[a x , a J] = a * a x> ~ a v a A = 
[a A , ay] = 0; [aj, aj] = 0. 

Cac h£ thurc giao hoan vol cac bien trudng la: 

(r, t) , V (r', *)] = 0; (r, 0 , ^ + (r', t)} = 0 ; 

(r, 0 , 0+ (r', 0] = Ex 4>x (r) « (r') = (5 (r - r') . 



(C.7) 



(C8) 



Vol ip (C.6) va (C.6') Hamiltonian m6t hat co dang 

H = [ drip + Hij = J2 a t a y [ dr<f>l{r) H(}>x> {r) = Yl € * a t a *- < C - 9 ) 

J XX' J A 

Hamiltonian nay mo ta mot dao d6ng tu di£u hoa. Ham ri£ng va trj ri6ng 
cua (C.9) tuong img la: 

TT ±±L- 0 va E = Texnx, 

v ^ v 

trong do n A la s6 choan d£y cua trang thai A. 
Toan n> mat d6 co dang 

p (r) = (r) ^ (r) = £ a+a v « (r) ^ (r) (CIO) 

AA' 
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Phu luc C. Luang tu hoa tan thu hai 



va toan tir so' hat: 



N = J drp{r) = J2aW (C.11) 



Trung binh nhi£t cua N la (N) = ]T A (n A ) trong do, a can bang nhiet 

(n A ) = [exp (/? (e x - /i)) - l]" 1 . 

Tririmg hop cac hat Fermi. Voi cac hat tuan theo thong ke Fermi, thay 
vi (C.8), cac toan tu truomg tuan theo he thtic phan giao hoan dang: 

{il> (r) , ^ (r')} = </> (r) ^ + (r ; ) + ^ (r') ^ (r) = 6 (r - r') ; 

{iP (r) , (r')} = 0; {^ + (r) , V + (r')} = 0, (C12) 



Nell phan tich i> (r) va ip + (r) theo h£ ca sa <£ A (r): 

V (r) = 53 c A 0 A (r) ; (r) = £ C J 0* (r) , 

A A 

thi cac toan tir sinh c A va huy c A tuan theo he tntfc phan giao hoan 

{c A , c+} = 6 X x'\ {ca, c x ,} = 0; {c+, cj} = 0. (C.13) 

Hai he thurc cuo'i cua (CI 3) cho c A c A = 0 va c A c A = 0. Day la he qua cua 
nguyen ly Pauli: a m6t trang thai A ba't ky kh6ng the 7 co nhieu hon m6t hat. 
N6u ky hieu | 0) A va 1 1) A la cac trang thai A kh6ng co hat nao va chi co m6t 
hat, thi ro rang la: 

ca 1 1> A = |0> A ; c A |0) A = 0; c+ 1 1) A = 0 ; c+|0> A = |l) A . 

Di6u nay cung thay ro n£u ta xem xet toan tu so' hat 

N\ = c \ c x (C14) 
Binh phirong cua dai luong nay cho 

^a = c a c x c t c * = c a I 1 - c a c a) c a = c A c A - Clc^cxcx = c+c A = N x 

Di thoa man he thurc nay 7V A chi co thi nh|n hai gia tri : kh6ng ho£c mdt. 
Do chinh la nguyen ly Pauli. 



Khi lam viec voi he fermion, Hamiltonian thirang gap nhat co dang 



A. + Ulll)+ l Y,V(r,-r J ) 



(CI 5) 



trong do U (r) la the ngoai, con V (r, — r,) la the tuong tac cap. Trong bieu 
di£n luong tu hoa lan thu hai, Hamiltonian (C.15) chuyen thanh: 

'H = H nm c^c m + - ^ Vk(mnC^ C^ n C n C ( ; 



dr€ (r) 



2 m 



V 2 + U (r) 



0m (r) ; 



ktmn 



= J dr t J drrfl (r z ) & V (n - Tj) C (tj) 0 n (r,) 



De y rang, cac Hamiltonian doi vol he boson va fermion thuong co dang 
tirong tu nhau. Khac nhau giua hai he la a cac he thuc giao hoan cua cac 



toan tu. 



Phu luc D 



Ham tuong quan va ham Green 



Trung binh cua toan tu mat do (CIO), (| (r) ip (r) |), la m&t d6 trung binh 
tai r, con A r_1 / p (r) dil lay tren tfch nho AQ co gia tri trung binh bang 
p (r) AQ, thi mang y nghTa la xac sua't tun hat trong trong do p (r) la 
mlt d6 xac sua't: 

p(r) = 7V- 1 (|p(r)|>; Jp(r)dS} = l, 
rich phan lay tren toan b6 th^ tfch cua he. 
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Phu luc D. Ham twang quart va ham Green 



Xet tich p(r) p (r'). Vi p (r) va p (r') la giao hoan vdi nhau, tich nay 
la m6t toan tu Hermite. Gia tri trung birth (\p(r)p (r') |) bang khdng ne'u 
khdng co hat caarlk r'. Tich phan N~ 2 J p (r) dfi Jp (r') dQ' lay tren 
cac the tich nho AQ va AQ' co gia tri trung binh la / P (r, r') cftW, voi 
y nghia la xac sua't di co m6t hat trong ye'u to' AQ va m6t hat khac trong 
AQ', trong do P (r, t') la melt do xac sua't co mdt hat 0 r va m6t hat khac 
o r : 

P(r,r') = Af- 2 (|p(r)p(r')|> . 

Neu khong co tuong quan nao gitfa xac sua't tim hat o r va xac sua't tim 
hat 0 r' thi P (r, r') =p{r)p (r'), turc la 

(\p(r)p(r')\) = (\p(r)\)(\p(r')\). (DA) 

Di6u nay xay ra 0 he cac hat ddc l&p v6 mat thong ke. Trong thuc te', giua 
cac hat luon co tuong tac va thucmg khong co dang thuc (DA). Hieu 

<|p(r)p(r')|)-(|p(r)|)(|p(r')|> (D.2) 

m6 ta tuong quan gitfa vi tri cua cac hat. Du rang, chmh hieu nay moi dung 
la so do cua tuong quan, nguoi ta goi dai luong 

<|p(r)p(r)|) (D.3) 

la ham tuong quan mat d6 - m&t do. 

M6t each tong quat, vdi hai toan tu bat ky giao hoan voi nhau, A va £?, 
dai luong 

C AB = (\AB\) (DA) 

duoc goi la ham tuong quan giua chung. Neu A va B kh6ng giao hoan 
voi nhau, nghia la chung khong do duoc m6t each d6ng thoi, thi, m6t each 
chmh xac, khong the^ noi ve tuong quan giura chung. Tuy nhien, voi cac h6 
vi m6, phep do dai luong nay anh hucmg kh6ng dang ke 7 den dai luong kia, 
nen ngay ca khi hai toan tu kh6ng giao hoan, nguoi ta van su dung ham 
tuong quan. Ngoai ra, trong tai li£u tham khao cung kh6ng co su nha't quan 
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v6 dinh nghia: mot so ngudi sir dung dinh nghTa (D.4), so khac, trong do c(5 
Kubo (Kubo 1957) dinh nghTa ham tirong quan gitra A va B la 

C\„= l -(\AB + BA\)= l -(\{A,B}\). (D.5) 

Dinh nghTa nay se trung vcri (D.4) neu A va B giao hoan v6i nhau. 
Ham Green mot hat trong bieu di6n toa do duoc djnh nghTa la: 

G afl (r, U r. t') = -i(\ Til> Q (r, t) ^ (r' ; t')\), (D.6) 

trong do a, f) la cac chi so spin. Khi khong co tinh sat tu va tCr tnrong ngoai, 
noi chung, khong cdn de y den bien spin, vi luon don gian co G a p = G.8 ad . 
Ta thay co sir tuong tu trong bieu thuc dinh nghTa cua ham tuong quan va 
ham Green. Cac phan irng tuyen tinh cua he co the bieu diin qua mot trong 
hai ham nay. Tuy nhien, de y toi toan tu trslt tu thai gian T trong (D.6), hai 
ham nay khdng trung nhau. Diem khac nhau co ban giua chung la, trong 
khi cac ham Green (cung nhu dao ham theo thai gian cua chung) la gian 
doan tai t = t', cac ham tuong quan khong co tinh cha't nay. 

Dl thay rang, mot mat, bang bien doi Fourier theo bien kh6ng gian, 
dinh nghTa (D.6) se chuyen ve dang ham Green trong bieu di6n momentum 
a chuang 3. Mat khac, bang su dung khai trien dang (C.6) va (C.6') tu dinh 
nghTa (D.6) ta di dang nh|n dugc dang ham Green bieu di6n qua ham song 
a chuang 2. Cac djnh nghTa nay la tuong duang. 
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